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Left-Right Asymmetry in Compton Scattering by Transversally 
Polarized Electrons 


Ss. C 


. MILLER AND R. M 


WILcox* 


Department of Physics, University of Colorado, Boulder, Colorado 
(Received April 20, 1961) 


A left-right asymmetry in the Compton scattering cross section is found for the case when only the 
target electron is polarized. The incident photon is unpolarized and the polarization of the outgoing photon 


and electron are assumed not to be measured. This asymmetry results from a radiative correction 


It is 


found that the maximum asymmetry is about one part in a thousand 


I. INTRODUCTION 


CATTERING asymmetries for polarized particles 

are well known in Mott scattering' and nuclear 
scattering. Recently similar asymmetries have been 
predicted for the leptonic scatterings?* u—e, e~—e~, and 
e —e*. In this paper we find a similar spin-dependent 
left-right asymmetry effect for Compton scattering. 
We consider the case where unpolarized incident 
radiation strikes a free polarized electron, the polar- 
izations of the recoil particles not being observed. The 
possible interaction of the electron with a nucleus to 
which it may be bound is not taken into account. 


II. CALCULATION OF CROSS SECTION 


The spin-sensitive correction to the Klein-Nishina 
formula was calculated by the standard Feynman 
method‘ described in many books on quantum electro- 
dynamics.® Essentially, the calculation is a modification 
of that of Brown and Feynman’ (hereafter called BF), 
who found the lowest order radiation correction to the 
Klein-Nishina formula. We adopt their notation by 
choosing 1, g2, pi, and pg: as the initial and final four- 


* Present address: 
Colorado. 

‘N. F. Mott, Proc. Roy. Soc. 
A135, 429 (1932). 

2 A. O. Barut and C. Fronsdal, Phys. Rev. 120, 1871 (1960). 

*C. Fronsdal and B. Jaksic, Phys. Rev. 121, 916 (1961). 

*R. P. Feynman, Phys. Rev. 76, 749, 769 (1949). 

5 See, e.g., S. Schweber, H. Bethe, and F. de Hoffmann, Mesons 
and Fields (Row, Peterson and Company, Evanston, Illinois, 
1956), Vol. I. 

6. M. Brown and R. P. Feynman, Phys. Rev. 85, 231 (1952). 


Colorado State University, Fort Collins, 


London) A124, 425 (1929); 


momenta of the photon and electron, respectively. In 
the rest frame of the target electron the necessary 
modification of the unpolarized case consists of inserting 
into the Dirac traces, which occur in that case, the spin 
projection operator, }(1+e-s). Here s is a unit vector 
in the direction of the electron spin, and @ has as its 
three components the four-by-four Pauli spin matrices. 
In terms of Dirac y matrices, 


nS Ym ny (1) 


where €/m, is the antisymmetric three-index symbol 
and repeated Latin indices are to be summed from 1 
to 3.7 In the lowest order calculations the only imagi- 
nary part is the pure imaginary @-s. Therefore, the 
traces involving this factor either vanish or cancel each 
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Fic. 1. Diagrams contributing to spin-dependent asymmetry. 


7 The metric used is goo=1, g11=222=233= —1. Also units are 
chosen such that h=c=1. 
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other, since otherwise they would contribute a purely 
imaginary part to the cross section. Thus, the lowest 
order in which @-s gives a contribution results from the 
interference between the matrix elements proportional 
to e? and e*. An argument similar to that above shows 
that in the resulting e* order trace, only the imaginary 
parts of the radiative correction integrals give non- 
vanishing terms. This is in contrast to the unpolarized 
case treated in BF where only the real parts of the 
integrals contribute. These integrals were calculated 
in general in BF and we have abstracted the necessary 
imaginary parts from them. The sign of the imaginary 
part is determined by the requirement that for purposes 
of integration the electron and photon masses be given 
a negative imaginary part. Fortunately the imaginary 
parts involve no divergences. As a check, we have also 
calculated the imaginary parts by the method of 
residues used for e~-—e* scattering.’ As emphasized in 
that paper, the only diagrams which can give rise to an 
imaginary part for the integrals are those which can be 
cut by a horizontal line into two parts such that each 
part corresponds to a real process. The relevant radi- 
ative correction diagrams for this process shown in 
Fig. 1 are examples of this. 

The calculation was greatly simplified by finding the 
traces before doing the integrations. Thus, the worst 
integral encountered was 


J ,=2ix a D, 














L4 


Fic. 2. The ratio of spin-dependent to spin-independent 
differential Compton cross section as a function of incident 
photon energy for the lower energy region. 
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with 
D= (k°—2p,-k)(k°—2po-k)(R°—2ps-k+2pi-qidk®, (3) 
pPs=fitn, 


instead of the integral 
Jomn= din ff hekedod' D 


which would have been necessary if the integration 
were performed first. The very great simplification 
involved may be appreciated by consulting the Ap- 
pendix of BF. As indicated previously, another simplifi- 
cation was obtained by taking the target electron at 
rest. The eight relevant Dirac traces were easily 
calculated by machine using a computer program 
recently developed by the authors to obtain general 
Dirac traces.* The output gave the traces, combined 
over the common denominator (1-9;)*(pi-qg2)D, in 
terms of symbols representing the following independent 
quantities: m®, pi-qi, pig2, S°(WiXue), s-(uiXk), 
s-(u2Xk), and the factors of D. Here u; and wy. are 
unit vectors in the directions of q; and qp, respectively. 
After the integrals over k and the proper factors® are 
supplied, the spin-dependent part of the differential 
cross section is found to be® 


do,/dQ= —tar?y’8 ‘Ys: (u,Xup), (4) 
where 


X= —d~"'0 csch6[_128°+ 288'+ 126°— (128'+ 166° 
+126*)y+46*y7 }+d™ In(1+ 28)[128'+ 168°+ 33? 
— (26?+48)y+ (28+ 1)y? ]+ (14+ 28)-*[248'+ 223° 
+ 68°+ (48°+68?+28)y ], (5) 
with 
B=(pirqi)/m’, d=B—y—267, 


(6) 
v= (pi- qe) m*, @=cosh (14+8—y). 


In Eq. (4) a is the fine structure constant and fr is the 
classical electron radius. Equation (4), valid in the 
laboratory system, will apply to a more general Lo- 
rentz frame if s-(u;Xue2) is replaced by (m'@y)! 
X det{s,91,92,f:1}, the four-by-four determinant formed 
from the vectors 5, g1, g2, and p; with s now the covariant 
spin vector.” Using the substitution symmetry of the 
traces under interchange of ingoing and outgoing 
particles, one can easily modify Eq. (4) so that it 
applies to the case where the target electron is unpolar- 
ized but the polarization of the recoil electron is 
observed. 


8S. C. Miller and R. M. Wilcox (to be published) 

® Note added in proof. Similar calculations were reported by G. 
V. Frolov, JETP 12, 1277 (1961). A number of terms given there 
agree with those of Eq. (5) but others disagree. His cross section 
does not reduce to the simple nonrelativistic form of Eq. (7) and 
it — to approach + ~ for small scattering angles. 

See, e.g., C. Fronsdal and H. Uberall, Phys. Rev. 111, 580 
(1958), and other references given there. In our metric s?= —1. 








LEFT-RIGHT ASYMMETRY 


At low energies Eq. (4) reduces to the simple form, 

do,/dQ= — }ar?(A./d)*8° (Ui Xue), (7) 
where A, is the Compton wavelength and A is the wave- 
length of the incident radiation. 


III. RESULTS 


The ratio of the cross section in Eq. (4) to the 
unpolarized Compton cross section, P= (do,/dQ) 
(doo/dQ), has been plotted in Figs. 2-4. We have taken 
the case of maximum asymmetry by choosing s normal 
to the scattering plane with 

S$: (UW; XU2)/ |W Xu2 = 


For various fixed angles Figs. (2) and (3) give P versus 
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differential Compton cross section as a function of incident 
photon energy for the higher energy region. 
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Fic. 4. The ratio of spin-dependent to spin-independent 
differential Compton cross section as a function of angle. The 
two energies used correspond to those that give the maximum 
effect for each sign. 


8, the incident photon energy in units of the electron 
rest energy. Figure 4 gives this as a function of scat- 
tering angle for two energies. The maximum effect 
occurs for an angle of 12.3° with 8B=9.7. The smaller 
but broader maximum of opposite sign occurs at about 
97° with 6=0.6. The scattering asymmetry is nowhere 
very large as was. also the case with the leptonic 
scatterings.” 
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Phase Separation in He*-He‘* Mixtures near Absolute Zero 


D. O. Epwarps Anp J. G. Daunt 
Department of Physics and Astronomy, Ohio State University, Columbus, Ohio 


(Received June 26, 1961) 


Phase separation in liquid mixtures of He® and Het at temperatures close to 0°K is discussed on the basis 
of the isotopic impurity models of Pomeranchuk and Zharkov and Silin. It is predicted that for He*-rich 


mixtures the phase separation line is asymptotic to the temperature axis as T 


> 0, so that phase separation 


should occur in extremely dilute solutions of He‘ in He’ at relatively high temperatures. For example, 0.003% 
of He‘ in liquid He* should begin to separate at about 0.1°K. The phase separation curve for He*-rich 
mixtures near 0°K is difficult to predict with the data available at present. One possibility is that dilute 


solutions of He* in He‘ may be stable at 0°K. 


T has recently been shown by De Bruyn Ouboter, 

Taconis, Le Pair, and Beenakker' that the thermo- 
dynamic functions and phase diagram for liquid 
He*-He* mixtures above 0.4°K are in good agreement 
with the theories of Pomeranchuk? and of Zharkov and 
Silin,® provided that the concentration of one of the 
components is not too large. Since both theories are 
intended to apply to dilute mixtures at temperatures 
close to 0°K, they may be used with some confidence to 
discuss the form of the phase separation line at very low 
temperatures, i.e., below 0.4°K, the lowest temperature 
at which reliable measurements have been made. 

Phase separation in very dilute solutions of He* in 
He’ is of some practical interest at the moment, since 
a number of experiments on liquid He’ at extremely low 
temperatures have recently been made or are planned. 
Many of these are concerned with properties of the 
liquid which may be modified by the small amounts of 
He‘ impurity which are usually present in “pure” He’. 
For instance, at very low temperatures the mean free 
path of the quasi-particles may be limited by collisions 
with He* atoms, which may affect the experimental 
values of the transport coefficients or may inhibit the 
transition to the recently proposed superfluid state.* 
Alternatively, phase separation of the He‘ impurity 
may produce small anomalies in the apparent thermo- 
dynamic functions of the “pure” liquid.' It is shown in 
this note that according to the theory of Zharkov and 
Silin the phase separation line at very low temperatures 
lies much closer to the temperature axis than might be 
expected from presently available experimental data, 
so that phase separation at very low concentrations of 
He‘ will take place within the experimentally accessible 
temperature range. However, the phase separation may 
have favorable results in some experiments by purifying 


!R. de Bruyn Ouboter, K. W. Taconis, C. Le Pair, and J. J. M 
Beenakker, Physica 26, 853 (1960 

21. J. Pomeranchuk, J. Exptl. Theoret 
1949 

>V. N. Zharkov 
(USSR) 37, 143 
102 (1960) } 

*K. A. Brueckner, T 


Phys. (USSR) 19, 42 


and V. P. Silin, J 
1959) [translation: Soviet Phys. 


Exptl. Theoret. Phys 
JETP 10, 


Soda, P. W. Anderson, and P. Morel, 
Phys. Rev. 118, 1442 (1960); L. P. Pitaevskii, J. Exptl. Theoret 
Phys. (USSR) 37, 1794 (1959) [translation: Soviet Phys.—JETP 
10, 1267 (1960) ]; V. J. Emery and A. M. Sessler, Phys. Rev. 119, 
43 (1960 


of a small 
might be 


the He*-rich phase, although the presence 
volume of the superfluid, He*-rich phase 
objectionable. 

For very dilute solutions of He’ in He’, the theory of 
Pomeranchuk indicates that the phase separation line 
may not pass through the origin of the phase diagram, 
so that a mixture of the isotopes may be stable at 0°K. 
It would be of some theoretical interest to discover 
whether this possibility is realized experimentally. 

In a phase-separated mixture of He*® and He? the 
chemical potential of each isotope must be the same in 
the upper and lower phases: 


p3(X1,7)=p (X oa 
poa( X17) =pe(X,, 7). 


(1) 


(X, and X,, are molar concentrations of He* in the lower 
and upper phases.) The experimental results indicate 
that at sufficiently low temperatures, X; and (1—X,,) 
become small enough for the He‘ in the upper phase and 
the He’ in the lower phase to be treated as impurities 
of very low concentrations. The chemical potentials 
us(X,,7) and w3(X7,7) can then be calculated from the 
Zharkov and Silin and Pomeranchuk theories. Both 
theories treat isotopic impurities in helium as independ- 
ent particles with energy-momentum relations of the 
form 

(Pomeranchuk), 


(Zharkov and Silin), 


€é3= —E3+ Pr 2m;* 


es= — Ext p’/2m5* 


)) 


where —£3 and —£, are the binding energies of the 

impurity isotopes and m;*, m,* their effective masses. 

The chemical potentials follow immediately from 
statistical mechanics’: 

VX, he 

b3'=RT In —NEs, 


V (RT)3 2(24m;* 


p> VU-%,) h 


ys"=RT In |— NE, 


| ViCRT)? (Qam,*)3) 


assuming that the concentrations XY, and (1—WN,,) are 


> The additional factor of 2 in the equation for ws! accounts for 


the spin of He’. 


640 








PHASE SEPARATION 
sufficiently small for degeneracy and interaction effects 
to be negligible. The volumes V,, and V, are the molar 
volumes of the upper and lower phases, .V is Avogadro’s 
number, and the other symbols have their usual 
meanings. 

To complete Eqs. (1) we need the chemical potentials 
of the concentrated components u;" and y,!. If the im- 
purity concentrations are low enough, the ideal solution 
form is sufficiently accurate: 


us(X,,7)=G;°(T)+RT 1nX,, 
ua(X,,7)=GE(T)+RT In(i—X)), 


(4) 


where G;" and G,’ are the Gibbs potentials of the pure 
phases. The lowest temperature at which precise meas- 
urements of the phase separation concentrations have 
been made is 0.39°K (Roberts and Sydoriak,® De Bruyn 
Ouboter e/ al.'). In this range XY; and (1—N,) are large 
enough for significant deviations from (4) to occur. To 
compare the theory with the experimental results, we 
therefore modify (4) to the empirical ‘‘regular solution” 
form’: 


ua(X,,7)=G+RT InX,4+1.57RA—X,)’, 
us(X,,7)=GP+RT In(i—X)+1.57RX ?. 


Substitution of Eqs. (5) into (1) now give simultaneous 
equations from which the X; and X, can be determined 
to give the phase separation line. We do not give the 
complete expressions here but only their limiting form 
at low temperatures, i.e., when terms involving (1—X,,)? 
Y/?, InX,, In(1—X)), etc., can be neglected and V,,= V;", 
Vi=V2, G=—L;°, GP= —LY, where L;° and L,° are 
the latent hearts of the pure isotopes at the absolute 
zero. The limiting forms are 


X= |2(2em3*kT)'V 2/N|} 
Xexpl(VE;—L;°)/ RT], (6) 
| (2ama*kT)?V 39/ Nh} ; 
Xexpl (VEy—L4°)/ RT]. 


(1—X,,) 


It will be noticed that unless the expressions in square 
brackets turn out to be zero, the temperature variation 
of the concentration along the separation line is pre- 
dicted to be exponential at sufficiently low temperatures. 

The value of the binding energy per mole for He‘ in 
He*, VF, in the Zharkov and Silin theory, has been 
determined by de Bruyn Ouboter ef al.! from specific 
heat measurements on a 95.4% He*® mixture. Their 
value is 53.6 j/mole so that (VE,—L,’)/R 
—59.50)/R=—0.71°K. The effective mass, m,*, has 
not yet been measured experimentally; its value has 
therefore been determined at 5.3 m4 by fitting the more 
exact form of the theory [using Eqs. (1), (3), and (5) | 
with the experimental values of XY, and X, at 0.5°K. 


(53.6 


6 T. R. Roberts and S. G. Sydoriak, Phys. Rev. 118, 901 (1960). 

7 R. de Bruyn Ouboter, J. J. M. Beenakker, and K. W. Taconis, 
Physica 25, 1162 (1959); A. K. Sreedhar and J. G. Daunt, Phys. 
Rev. 117, 891 (1960). 
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With the above values for the constants we obtain the 
full curve shown in Fig. 1 for the phase separation line 
in He’ rich mixtures. The broken line represents the 
limiting form of the theory, valid when T— 0, given 
by Eq. (6), or numerically, 


(1—X,)=1.137! exp —0.71°K/T]. 


It is indistinguishable from the more exact form below 
().3°K. Some predicted values of the He* concentration 
in the upper phase at very low temperatures are: 0.2°K, 
0.3%; 0.1°K, 0.003%; 0.05°K, 10-°%. However, these 
figures depend critically on the small difference between 
VE, and L4’, and it is possible that £, depends appreci- 
ably on concentration (see below). On the other hand, 
it is encouraging that the agreement between experi- 
ment and theory as shown in Fig. 1 is quite good over a 
substantial range of He* concentration. 

It is much more difficult to make any definite pre- 
dictions for the left-hand corner of the phase diagram, 
i.e., for small concentrations of He* in He‘, owing to the 
small value of (VE3;—L;°). The experimental values of 
\ E; obtained by de Bruyn Ouboter ef al. between 0.6°K 
and 1°K range from 23.8 j/mole at X=0.1 to 21.8 
j/mole at X=0.02, which may be compared with 
L;’=21.2 j/mole. Using these data, de Bruyn Ouboter 
et al. have calculated a separation curve for tempera- 
tures above 0.3°K which is consistent with extrapolation 
of the known experimental curve. But a value of VE3, 
larger than L;° and independent of concentration, would 
imply from Eq. (6) that, T— 0, X;, does not tend to 
zero but actually begins to increase with decreasing 
temperature. This means that sufficiently dilute solu- 





642 D. O. EDWARDS 
tions of He* in He* would not separate into two phases 
at O°K. In mixtures containing enough He* for phase 
separation to occur, the equilibrium concentration of 
He’ in the lower He'-rich phase at 0°K would then be 
determined by higher order terms in the free energies 
which have not been included in (6). 

On the other hand, the experimental values of VE; 
appear to vary approximately linearly with concentra- 
tion and are not inconsistent with the hypothesis that 
NE;— L;° as X—0. This hypothesis removes any 
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DAUNT 


unusual behavior from the separation line near absolute 
zero, but it is difficult to accept from another viewpoint : 
It implies that the binding energy of He*® does not 
depend at all on whether its neighbors are He’ or He’. 
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The development of a quantum-mechanical formalism for systems with dissipation that was presented 
in an earlier article, and intended mainly for application to the electromagnetic field in a cavity, is extended 
The problem of the harmonic oscillator with dissipation is shown to be the same as that of a harmonic 
oscillator coupled to a thermal reservoir, and the need of the formalism to contain the appropriate statistical 
mechanics is discussed. The derivation of relationships which permit the calculation of all moments of the 
oscillator coordinate and momentum provides the necessary extension of the theory. The formal resemblance 
of the completed theory to that of classical Brownian motion, some differences due to quantum mechanics, 
and the fact that certain fundamental relationships which are assumed in the latter are derived in the 
present analysis, are pointed out. The application of the theory is illustrated by the consideration of three 
problems: the proof of Ott’s formula, and the derivation of both the probability density and energy distri 
bution of the oscillator in equilibrium with a thermal reservoir. 


INTRODUCTION 


N the first article on the present subject’ (hereafter 
referred to as I), a quantum-mechanical theory of 

the harmonic oscillator with dissipation was developed. 
The motivation behind this theory was its application 
to the electromagnetic radiation field in a resonant 
cavity, and for this purpose, the analysis was carried 
sufficiently far. Recently, the theory has been applied 
to an entirely different subject,? and some questions 
arose which were not treated in I. In view of this and, 
possibly, other applications not yet envisaged, it is the 
purpose of present article to extend the above theory. 

The results of I will be summarized for the sake of 
intelligibility. They will be presented in a modified 
notation, the modification having no other significance 
than the simplification of the appearance of analytic 
expressions. 

The new notation is defined, essentially, by the 
statement that the part of the total Hamiltonian which 
refers to the harmonic oscillator alone (and not to the 
coupling between it and the loss mechanism or possible 
driving mechanism) is given by 

A oso= thw(ge?+ Pp’), (1 


‘I. R. Senitzky, Phys. Rev. 119, 670 (1960). 
*T. J. Krieger, Phys. Rev. 121, 1388 (1961). 


with 

Lg.p J=i. (2) 
We will refer to g and p as coordinate and momentum, 
respectively. Comparing Eq. (1) with the analogous 
expression for the electromagnetic field of a mode of 
(angular) frequency w in a resonant cavity, or with that 
for a mechanical oscillator, we can obtain immediately 
expressions for the electric and magnetic field strengths 
or for the coordinate and momentum of the mechanical 
harmonic oscillator.’ The of the oscillator is 
described, as in I, by the constant 8 which is the 
reciprocal relaxation time of the oscillator. [Energy 
other than thermal or zero-point energy decays as 
exp(—t). For the resonant cavity, B=w/Q, Q being 
the quality factor. ] It is assumed throughout that 


loss 


? 


i) 


B/w<1. 


The results of I are contained, essentially, in the 
following two relationships : 


* The electromagnetic field of a cavity mode is given by E 
= — (4rhw)*tp(t)u(r), H= (4rc°2h/w)4q(t)y Xu(r), where u(r) is a 
normalized function describing the spatial dependence of the 
cavity field. The coordinate and momentum of a mechanical 
oscillator of mass m are given by gn = (h/mw)'!q, Pm=(hwm)*p. 





DISSIPATION IN 


t 
q= goes f dt, W (t,)e“ 8-4) cosw(t—t;), 
0 


t 
p=9%e wi f dt, W (tye "-™ sinw(t—t,), (5) 


0 


where g and p© are the coordinate and momentum 
of the lossless uncoupled oscillator, and obviously 
contain the initial values of g and p. For W we have 


W=F+w, 


where F is an operator that refers to the loss mechanism 
only and describes the effects of thermal and zero-point 
fluctuations of the loss mechanism, and w refers to 
classical and/or quantum-mechanical systems coupled 
to the oscillator. The properties of F are given by two 
expectation values,‘ 


(F)=0, 
(F(t;)F (te) ) 


By Ug “| 
- +246(.—')] + 
) 


‘— 
ai lo—t, 


As discussed in I, the process of taking expectation 
values with respect to the loss mechanism involves two 
types of averaging. One type is the usual quantum 
mechanical averaging and the other is an averaging 
over a thermodynamic (canonical) ensemble at temper- 
ature JT. The nature of the systems which are coupled 
to the oscillator determine w, but for present purposes 
we have no interest in this aspect of the theory, and will 
not define w further.® 

Before turning to the main questions of the present 
article, we consider a slight modification of Eqs. (6) 
and (7). In deriving the above results, it was assumed 
that the coupling to the lossless oscillator of the loss 
mechanism and the other systems are turned oni at /=0. 
It may be more convenient (and is actually more 
realistic) to consider the loss mechanism to be coupled 
to the oscillator from ‘= — ©. We therefore transfer the 
time origin to —«,. The transient terms in Eqs. (4) 
and (5) drop out, and we have 


t 


q f dt, W(t;)e—8*-™) cosw(t—1)), 


e 


t 
p- -f dt, W(t;)e8-™) sinw(t—t)). (9) 


x 


4 Equation (7) corresponds to Eq. (I, 74) with F = (49c?/hw*)*D. 
The sign of the principal value term in the latter equation is 
wrong due to a regrettable misprint. 

5 For a treatment of specific problems in which both classical 
and quantum-mechanical systems are coupled to the harmonic 
oscillator, see, for instance, I. R. Senitzky, Phys. Rev. 121, 171 
(1961). 
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If the coupling to the systems other than the loss 
mechanism begins at some prescribed time, we let w(t) 
vanish prior to that time. For purposes of the present 
article, we consider w(t) to be zero for all ¢, and W will 
be assumed to be replaced by F in all further discus- 
sions. 

In I we considered linear, bilinear, and quadratic 
expressions in g and p; we calculated the expectation 
values of g and #, their commutation relationships, 
and also the expectation values of the energy. All the 
physically meaningful results, even if they were in 
operator form as far as the oscillator is concerned, were 
expectation values in the loss mechanism space. Thus 
Eqs. (6) and (7) were completely sufficient for our 
purposes, since F(/) occurred only in linear and bilinear 
expressions. 

Let us shift our point of view somewhat and consider 
a lossless oscillator in contact with a thermal reservoir. 
Equations (4) and (5) apply equally well in this case. 
The reservoir absorbs energy from the oscillator (as 
well as transmits thermal energy to it), and acts as the 
dissipation. One does not usually think of a dissipation 
constant in connection with a thermal reservoir; there 
exists, however, a thermal relaxation time, determined 
by the coupling between oscillator and reservoir, and 
this serves equally well to define 8.2 The thermal 
reservoir, therefore, is the dissipation mechanism, and 
alternately, the dissipation mechanism may be regarded 
as a thermal reservoir. 

Since Eqs. (4) and (5) [or (8) and (9) ] are explicit 
expressions for the coordinate and momentum operators 
of the oscillator coupled to a thermal reservoir, they 
must contain the statistical mechanics of the harmonic 
oscillator as well as its quantum mechanics. We should 
therefore expect to be able to obtain directly from these 
equations a thermal (simultaneously with a quantum- 
mechanical) distribution function for position, energy, 
or any other function of the coordinates. It is evident 
that this calculation will involve the evaluation of mo- 
ments of g and # higher than the second, which in turn 
will require expressions for 


X,=(F (t))F (te)---F(tn)), (10) 


with »>2. Thus, to describe completely all aspects of 
the behavior of the oscillator, we must add an expression 
for (10) to Eqs. (6) and (7). It is the purpose of the 
present article to do so, and then to illustrate the 
application of the theory by considering several specific 
problems. Expressions for X,, will be derived in Part I, 
and the specific problems will be considered in Part II. 


As mentioned previously, F(¢) is an operator referring 
to the loss mechanism. It corresponds to the dynamical 
variable through which the loss mechanism couples to 
the oscillator, but it is the expression for the uncoupled 
operator, describing the fluctuations of the loss mecha- 
nism in its free state. [In the case of the resonant cavity, 





644 fu Ri 


for instance, it may be the operator corresponding to 
the current (in suitable units) in the cavity walls. ] In 
general, each X, has a value determined by the dynamic 
properties of the specific loss mechanism under con- 
sideration and there need not be any simple relationship 
between the X,’s for various ». Without knowing the 
microscopic details of the loss mechanism, we would 
therefore need a different parameter to specify each X,. 
We know from the discussion in I, however, that the 
concept of dissipation (or thermal reservoir, for that 
matter) involves sufficient assumptions, approximation, 
and averaging (over the thermodynamic ensemble) in 
the description of the loss mechanism so that this 
description is contained completely, at a given temper- 
ature, in a single loss constant. We conclude, therefore, 
that the simplifications involved must permit the 
specification of the X,,’s in terms of X2, and that such 
an approximate specification exists in general. As soon 
as we assume the existence of a relationship between 
X, and X», which is independent of the individual 
characteristics of the loss mechanism, it becomes easy 
to find this relationship. We merely consider a loss 
mechanism which is specialized to a sufficient extent to 
make this relationship obvious. 

We show first, quite generally, that when m is odd, 
averaging over a thermodynamic ensemble of loss 
mechanisms gives X,,=0. Since the initial state of the 
loss mechanism is described (see I) by a diagonal 
density matrix, only diagonal matrix elements of the 
product F(t,)---F(t,) occur in X,. For n odd, we must 
have at least one factor in each term of the sums that 
constitute these diagonal matrix elements which is 
either a diagonal matrix element of F, and therefore 
vanishes, or is an off-diagonal matrix element of F not 
multiplied by its complex conjugate. Now, the phase 
of an off-diagonal matrix element is determined by the 
phases entering into the description of the initial state 
of the loss mechanism, and is a random variable in the 
thermodynamic ensemble.® Averaging will therefore 
yield X,=0 for n odd. 

We proceed now to consider X, for m even. Consider 
a loss mechanism which may be regarded as being 
composed of V (macroscopic) subsystems, NV being 
large compared to unity, where the coupling between 
subsystems is negligible when the loss mechanism is 
free.’ We can then set 


F=>,F®, 


* If the initial state is represented as a superposition of energy 
states, then the phases of the superposition constants are random 
variables in the thermodynamic ensemble. See, for instance, R. 
C. Tolman, Principles of Statistical Mechanics (Oxford University 
Press, New York, 1938). 

7 This is the specialization previously mentioned. It is not 
readily apparent to what extent we are restricting the class of 
loss mechanisms by this requirement, since it is difficult to 
envisage a specific loss mechanism for which this requirement 
does not hold. After all, a tightly coupled system could hardly 
behave like an average loss mechanism described by a single 
dissipation constant. However, this question will not be pursued 
further 


(11) 
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where F refers only to the jth subsystem, and where 
the Fs are independent of each other. (In the case 
of the cavity where the loss mechanism is the cavity 
wall, the subsystems may be small wall areas.) The 


same reasoning which led to the relationship Y,,=0 for 
n odd likewise yields 
(FO (t))-+-FO(t,))=0 (12) 


for n odd. 


Let us consider first the expression for X4. We have 


Xy= DF (4) F® (6) Fe 


ijkl 


(t3)F 


(f4) 


=P (FO (t:)F (te) KF (t3)F (ty) 
il 


+¥0 (FO (4) F (ts) (FO (12) F © (ty) 
il 
+> (FO (4) F © (ty) CF (te) F © (ts) 
+P (FO (t:) FO (te) F© (ts) F © (ty) (13) 
Use has been made of the fact that F‘® commutes 


with F for i# 7; we must bear in mind however that 
F©(t;) does not commute with F(t). Since the 
number of terms in each summation is large compared 
to unity, we can neglect the single summation compared 
to the double summations. Noting that 


YD AFO (4) FO (b))=(F (4) F (t)), (14) 
we see that 
N= (F (th) F (te))(F (ts)F (ls) + (F (4) F (ts) (F (4) F (ta) 
+(F (t;)F (ts))(F (te)F (ts)). (15) 


We thus have an expression for the expectation value 
of a fourfold product as a sum of products of the 
expectation value of twofold products. Each term in 
the sum is obtained by pairing the factors in X4, the 
order within each pair being the same as in X4, and 
then replacing each pair by its expectation value. The 
terms of the sum correspond to the different ways of 
pairing. It is obvious that the above reasoning leads to 
the same rule for any X,,, n being even. Thus, for even 


(F (t))F (te) - + -F (tn) 


= 3 (F (ti1)F (tis))-- F(t, DFG na DPe (16) 


where j2:—1<jox, and where the summation is taken 
over all the different arrangements into pairs; and, as 
we have shown previously, for odd 
F (t,)F (te)---F(t,))=0. (17) 
It can readily be seen that the number of terms on the 
right side of Eq. (16) is 
n! 


, (18) 
(4m) !2'" 
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ION IN QI 
Equations (16) and (17) thus supplement Eq. (7) so as 
to permit the calculation of any physically meaningful 
result. It is to be noted that Eq. (6) is a special case of 
Eq. (17).8 


We apply the above theory to several specific 
problems. The results to be obtained are not new, but 
the method of solution will given an insight into the 
significance and potentialities of the theory. 

The first problem we consider is the proof of Ott’s 
formula,’ which states that for a thermal distribution 
of harmonic oscillators 


(exp(iAq)) = exp (— 3A*%(q’)). (19) 


This theorem is important in the theory of x-ray and 
neutron diffraction, and will be used to show that the 
eigenvalues of g have a Gaussian distribution. We have 


» J 
{exptidg))= > 


n=0 1! 


(iA)"{g") (20) 


Equation (8) gives us g for a harmonic oscillator in 
thermal equilibrium with the loss mechanism (or heat 
reservoir). It yields 


‘Equations (16) and (17) are identical in appearance to 
relationships found in the classical theory of Brownian motion 
(see, for instance, the review article by Ming Chen Wang and 
G. E. Uhlenbeck, Revs. Modern Phys. 17, 393 (1945) ] and, 
indeed, the present theory may be regarded as a study of certain 
aspects of the Brownian motion of a quantum-mechanical har 
monic oscillator. It is therefore appropriate to place in perspective, 
at this point, the relationship of the present analysis to other 
work on Brownian motion. Equation (I, 72), which is equivalent 
to Eq. (5), is the quantum mechanical version of Langevin’s 
equation in the theory of Brownian motion. The latter is always 
assumed in the classical theory. Likewise assumed are the proper 
ties of F(t), which, in the classical theory is a random variable 
defined by Eqs. (16), (17), and the additional equation, 


F (t,) F (t2)) =const X 6(t; — te), 7a) 


instead of our Eq. (7). Equations (7a), (16), and (17) are equiva 
lent to the statement that F(t) is a Gaussian random variable 
[See, also, N. Wiener, Cybernetics (John Wiley & Sons, Inc., New 
York, 1948) ]. The essential difference between the present ’ work 
and the classical theory is not only the consideration of a quantum 
mechanical rather than a classical system [thus, F(t) is an 
operator, F(t;) and F(t.) do not commute, and therefore Eq. (7) 
has an antisymmetric part in contrast to Eq. (7a)] but also the 
fact that we are deriving, rather than assuming, the quantum 
mechanical version of both Langevin’s equation and the properties 
of F(t) 

Since the publication of I, two articles have appeared on the 
Brownian motion of a agg ye mechanical oscillator: C. George, 
Physica, 26, 453 (1960); and Julian Schwinger, J. Math. Phys 
2, 407 (1961). Both of these treatments likewise start from fun 
damental principles, rather than from the assumptions made in 
the classical theory, but the methods used are entirely different 
from that of I and the present article. An interesting characteristic 
of the present methods is their formal resemblance to the classical 
theory. 

® Equation (19) is referred to as Ott’s formula by Born and 
Sarginson (reference below). Independent proofs of this equation 
have been given by: H. Ott, Ann. Physik 23, 169 (1935); M 
Born and K. Sarginson, Proc. Roy. Soc. (London) A179, 69 

1941/42); A. C. Zemach and R. J. Glauber, Phys. Rev. 101, 118 


(1956); Julian S hwinger, reference 8. 
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(g w= f dt;:- f dt, (F (ti)---F(t,))e~28- - - 
Ket) Cosw(t—t))-++cosw(t—t,). (21) 


From Eqs. 


(16) and (17), 


(q")=0 (22) 
for n odd, and 
t t 
(q")= =f dt,- , f dt, F (ti) F (tj2))- — 
X(F (tin-1)F * (tin) 3B(t—th) . . . g—4B(t—-tn 
X cosw(t—t))+--cosw(t—t,) (23) 
for 2 even. Now 
f dui f dtjp44(F (bir) F (tir41)) 
Xexpl—38(t—t,) ] expl[— 38 (t—tir41) J 
X cosw(t—ti,) cosw(t—bir4i1)=(g?). (24) 


Each term in the summation of Eq. (23) is therefore 


(q’)'", and using (18), we have 
n! 
{q” 7)". (25) 
(4m)!2)” 
Substituting from Eqs. (22) and (25) into Eq. (20), 
we obtain 
: (7d)" 
(exp(iAq) oe (q*)*” 
ceven (497) !2)" 
5 (—)?2)P 
S - (g-)P 
p!2? 
exp(— 3A*(q")), (26) 
which is Ott’s formula. An alternative proof, based 


directly on Eq. (11) rather than on Eqs. (16) and (17) 
[which were derived from Eq. (11)] is given in Ap- 
pendix A. 

We consider next the following question: What is 
the distribution of the oscillator coordinate in thermal 
equilibrium? Let us denote the eigenvalue of g by q’ 
and the probability of finding this eigenvalue by D(q’) 


Then 


exp(7Aq) f dq’ exp(idq’)D(q’), (27) 
and ; 
1 DL 
D(q')= f dX exp(—idq’)(exp(iAq)) 

2x J _» 
1 x 

= f dd exp(—1Aq’) exp(—4d*(q?)). (28) 
lar J. ‘ 
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The value of (g*) may be derived easily from Eqs. (24) 
and (7), and is shown in Appendix B to be given by 


(¢)=$+ (e*'*?—-1)=h¢9(T), (29) 
so that 


D(q)=[re(T) 1 exp[— ¢(T)¢]. (30) 


We see that this is a Gaussian distribution function 
that coincides with the ground-state harmonic oscillator 
wave function at absolute zero, and widens as the 
temperature increases.”” 

The last problem to be considered is that of the 
oscillator energy distribution. For this purpose we 
define the non-Hermitian operators, 


a=2-"(q+ip), a*=2-4(q—ip). (31) 
The Hamiltonian of Eq. (1) is then 
Hosc= (a*at+}) hw. (32) 


From Eqs. (8) and (9) we obtain 


a= 2-4 f dt, F (tye De-te(—) —| (33) 


t 
a*=2 if dt, F(t;)e Weil», (34) 
and from Eqs. (31) we have 
[a,a* ]=1. (35) 


The expectation value of a*a is shown in Appendix C 
to be given by 


a*a)=[exp(hw/kT)—1}". (36) 


For later use, we also write this expression in the form 


x= —hew/ kT. 


a*a)=2(1—3)", (36a) 


=e", 


i] 


Just as in the case of the probability distribution for 
the coordinate, we have for the (discrete) probability 
distribution of the energy D(E,,), 

exp(iAH))=>_., exp(AE,)D(E,), (37) 


where E, is the mth energy eigenvalue of the lossless 
harmonic oscillator: 


E,= (n+ })iw. (38) 


From Eqs. (37) and (38) we obtain 


hw prihe . 
D(E,)= = f ddexp(iAH))e~*s, 
Qe Y_sihe 
1 ¥ . 
=— | ddexp(ira*a))e~". (39) 
2x J_, 


” Equation (30) has been derived by the following: F. Bloch, 
Z. Physik 74, 295 (1932); R. Kronig, Physica 9, 113 (1942); 


Julian Schwinger, reference 8 
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We must now evaluate 


1 
(ee%e) =>", —(id)"((a*a)"). (40) 
n! 

A straightforward evaluation of ((a*a)") based on 
Eqs. (33) and (34) together with the rule for evaluating 
X, is difficult. We proceed therefore in a somewhat 
indirect manner. We show first that 


(a*?a”)= p\(a*a)?. (41) 
Equations (33) and (34) yield 
t t 
(a*?q?)= ay f dl;: . f dt»! F(t): . -F(t p) 
0 0 
Xexp[—38(2pt—ti— - ++ — fey) | 
Kexp[—tw(ti+++++lp—tppi— + —lep) ]. (42) 


Using the rule of Eq. (16) for expanding the expectation 
value of the 2-fold product in the integrand into a 
sum of products of expectation values of twofold 
products, we have 


t t 
(arrar)= Ea)" f dis f dla h FF os) vee 


X(F (ti2p-1)F (tip)) expl[—38(2pt—hi—- + - — lo») | 


Kexp[—iw(tit-+-+tp—tpyi— + — top) |. (43) 
Each term in this sum can be written as a product of 
p twofold integrals, each integral being 


t t 
if dtm f dt,(F (tm)F (tn)) 


Xe 4 8(2t—tm—tn e—ielemtmt ent : (44) 


where €,, and e, each stand for +1, the sign depending 
on the index. If €,, is positive and ¢, negative, then 
expression (44) is equal to (a*a). If €,, and e, both have 
the same sign, the integrand is oscillatory and the 
integral is negligible. (There cannot be a situation in 
which ¢€, is negative and ¢, positive, since our rule for 
expanding Xs, requires n>m.) Thus, the only signifi- 
cant terms in Eq. (43) will be those for which 1< m¢ p, 
p+1<n<2p. There are p! such terms. We therefore 
obtain Eq. (41), which was to be proved. 

From Eq. (36a) it follows that (a*a) may be expressed 
as 


(a*a) = (1—2) (zd/dz)(1—z)—, (45) 
and Eq. (41) shows that 
(a*?a”)= plz?(1—z)-?, 
= (1—2) (2?d?/dz”)(1—z)"'. (46) 


Now, a product containing a’s and a*’s in any order 
may be reduced, by means of the commutation rule 
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for a and a* [Eq. (35) ], to a sum of terms in each of 
which the a*’s appear to the left of the a’s. Likewise, 
a product containing (d/dz)’s and 2’s in any order may 
be reduced, by means of the commutation rule for d/dz 
and z, to a sum of terms in each of which the 2’s appear 
to the left of the (d/dz)’s. Since 


[a,a* ]=[(d/dz),z 


it follows from Eqs. (45) and (46) that 


1 (47) 


((a*a)”)= (1—2) (2d/dz)"(1—z) (48) 
and 
(exp(iAa*a))= (1—2z) exp(iAsd/dz)(1—2z)". (49) 
From the definition of z in Eq. (36a), we have 
_ ple + ; 
s—f(s)=—/f[s(«) ], (50) 
dz dx 


where f(z) is an arbitrary function of z. We therefore 


have 
d 
(exp(iAa*a))= (1—2) exp(a Jans) 
dx 


1—exp( x) 
{=a 


=[1—exp(x)] > et, (51) 


n=) 


where note has been taken of the operator form of 
Taylor’s expansion. Substituting from Eq. (51) into 


Eq. (39), we obtain 
D(En)=(1—exp(«) J}, exp (mx) 8 nm 
=[1—exp(x) ] exp(mx), (52) 


it is recalled, 


x= —hw/kT. 


where, 


This is precisely the normalized Boltzmann distribution 
for the harmonic oscillator. It is interesting to observe 
that Eqs. (7) and (16) contain sufficient statistical 
mechanics to give us this result. 
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APPENDIX A 


We prove Ott’s formula directly from Eq. (11). We 
first set 
FO =e; f™, (Al) 
so that 


(A2) 
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where ¢€; is a c number that is small compared to unity. 


This change merely has the purpose of bringing out 


explicitly the smallness of F compared to F. From 
Eq. (8), we have 
t 
=f dt, F(t,)W(t—t,) 
a 
t 
-Eaf dt, f (ty W(t—h) (A3) 
J D 


where 


1 Le 
—3Br) Coswr. 


¥(r)=exp( 


Substituting from Eq. (A3), we obtain 


(e%)=Cexp| ade f au fw). (A4) 


Since the f‘”’s commute with each other, we can write 


AQ) = <1 exp| te f dt, f‘? awe-a)), (A5) 


and since the f‘”’s refer to different systems, we have 


(etd Keane f dty f (ts WUt-—ty ))). (A6) 


In view of the fact that «;< 
nential and retain only the 
Eq. (12) 


1, we expand each expo- 
lowest order terms. From 
we have 


p“7)=%. (A7) 


We therefore obtain 


e'¢) = nf 1-: rer fl auf a 


Xf (4) fo Wo(—nvti—t)] (A8) 


and, to the lowest order in e, 


(ein [1 exo] — 1s fi aufi a 


Xf (ty) f (w—-nw(t—) 


t t 
~ex| - Eee f ats f dt 


K(f (4) f (b) vimnywci—t) | (A9) 


~ 


Now, because of Eq. (A7) and the independence of the 


fs, 


=(F (t))F (t2)). 


(A10) 
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We have, thus, 


t t 
(e%)=exp| — a0 f ats f dls 


X(PUDPUW Wt) 


=exp(— ) *¢*)), 
which was to be proved. 


APPENDIX B 


We derive here Eq. (29). From Eq. (24), we have 


t t 
¢)= rf ats f dts {F(t, ) F(ts)} ) 


q XVv(I—t)W(t—ts), (A12) 
where the symmetrized product [{A,B}=AB+BA } 
may be used, since ¢; and 2 are variables of integration 
with the same limits. From Eq. (7) we obtain 


ENITZR Y 


4({F (t1),F (t2)}) = 286(t,— le) [$+ (e*/*? 
=B5(t;—le) o(T). 
Substituting into Eq. (A12), we have 


t 


)=89(T) f dt, e~'—") costw(t— hh) 


-—Z 


(A14) 


where we have dropped an oscillatory term in the 
integrand. It is easy to see, by comparing Eqs. (8) and 
(9), that the same result is obtained for (~° 


P)=¢ 


APPENDIX C 


, so that 


(A15) 


The value of (a*a) may be obtained directly from 
Eqs. (33) and (34) together with Eq. (7). However, 
it is simpler to use the relationship 


a*a=}3(¢+p—1), (A16) 


together with Eqs. (A14) and (A15), to obtain 


a7’... J L 


(a*a)=}3 ¢(T)—-1 | = (e* 
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Charged Boson Gas* 
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The ground state energy and elementary excitations of a charged gas of bosons at high densities are exam 
ined by use of the method developed by Bogoliubov for boson gases. It is conjectured, but not herein 
established, that this method yields exact results in the high-density limit analogous to those obtained by 
Gell-Mann and Brueckner, and by Sawada, in the corresponding case of a charged fermion gas. The ground 
state energy is essentially correlation energy, and is therefore negative, and its magnitude varies as the 
one-fourth power of the density at high densities. The elementary excitations have for low momenta the 
energy appropriate to plasma waves, and for high momenta the energy appropriate to single-particle 
excitation. There is therefore an energy gap, suggesting that the gas is both a superfluid and a superconductor 
at low temperatures. At low densities the behavior of a charged gas is independent of statistics; hence, 


such a gap must disappear as the system is expanded. 


I 


ECENTLY much attention has been devoted to 

the study of the low-lying states of systems 
composed of many identical particles in view of appli- 
cations to such physical systems as superfluids, super- 
conductors, normal metals, and to the nuclear many- 
body problem.! While many of these investigations 
have been directed towards models which may _ be 
considered representative of real physical situations 
such as those described above, there are also virtues in 
studying certain systems for which no analogous 
physical system is known in view of the insight such 
investigations yield into the behavior of many-body 
systems in general. It may be remarked that in the 
case where the forces between the particles are of a 
Coulomb character, one is dealing with a particularly 
simple situation in that the ground state of the system 
is characterized by a single parameter, namely the 
density of the system, or more precisely by the ratio of 
the mean particle separation to the Bohr radius, since 
the potential in this case has no intrinsic range. The 
electron gas, in particular, has been studied? because of 
its application to electrons in metals, but the charged 
boson gas seems to have been largely neglected since 
no known system corresponds to it. Schafroth,® however, 
made an exploratory survey of the properties of such 
a system on the basis that it may be a suitable model 
for a superconductor. His investigation is based on the 
assumption of an ideal gas (which corresponds to a 
self-consistent field approximation), and primary atten- 
tion was directed to the phenomena associated with the 
Bose-Einstein condensation. In particular, he found 
that for the ground state the system has zero energy in 
this approximation since there is neither a Fermi 


* Work supported in part by the U. 
mission. 

1 For general reference, see Tie Many Body Problem edited by 
C. DeWitt (John Wiley & Sons, New York, 1959). 

2M. Gell-Mann and K. Brueckner, Phys. Rev. 106, 364 (1957) ; 
K. Sawada, Phys. Rev. 106, 372 (1957). A more comprehensive 
review may be found in reference 1. 

3M. R. Schafroth, Phys. Rev. 100, 463 (1955), also J. M. Blatt 
and S. T. Butler, zbid. 100, 476 (1955). 
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energy nor an exchange energy (at least at high 
densities) for a charged Bose gas. 

In studying Bogoliubov’s method‘ as applied to a 
low-density system of bosons interacting with short- 
range forces, the author noted that the basic validity 
condition for the approximation could also be satisfied 
when the system was at sufficiently high densities that 
there were many particles in a sphere whose radius is 
the range of the force. It was, therefore, natural to 
examine the case of the long-range Coulomb force. One 
finds here that the validity condition is satisfied when 
the density is so large that there are many particles 
within a sphere whose radius is the Bohr radius. In 
this situation there is a qualitative change from the 
behavior of a free gas since the Coulomb force leads to 
an irregular perturbation on the free system. Appli- 
cation of the Bogoliubov method leads to the result 
that the ground state of the system has a negative 
correlation energy whose magnitude increases with the 
one-fourth power of the density at high densities. 
Perhaps more interesting is the fact that the elementary 
excitations of the system have, for small momenta, 
energies characteristic of plasma oscillations (or waves) 
which pass over smoothly for large momenta to the 
energies characteristic of single particle excitation. 
Since one would intuitively expect such a character for 
the excitations of a dense charged gas, one is led to 
conjecture that the Bogoliubov method leads to the 
exact solutions in the high-density limit. A similar 
conjecture would follow from the similarity of the 
“diagrams” which are taken into account in the 
Bogoliubov method for the Bose gas and those taken 
into Gell-Mann Brueckner, and 
Sawada? in their exact calculation of the correlation 
energy of a charged fermion gas in the high-density 
limit. Further investigation is planned to determine if 
this conjecture is in fact true, but the present results 
are published without this verification having yet been 
performed. 

If in fact the Bogoliubov method does yield a correct 
picture of the high-density charged boson gas, then 


account by and 


(N. N. Bogoliubov, J Phys. (U.S.S R. 11, 23 1947). 
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since the excitation spectrum has a finite energy gap 
given by the plasma frequency, one would anticipate 
that such a gas behaves both as a superconductor and 
as a superfluid at sufficiently low temperatures. In 
this case it would provide one of the simplest models 
on which these peculiar phenomena may be quantita- 
tively studied. Without further ado, we present a 
summary of the Bogoliubov method applied to such a 
charged boson system. 


II 


We consider a gas of spinless bosons each with a 
charge e contained in a volume 2 (periodic boundary 
conditions) with a uniform rigid background canceling 
charge distribution. The Hamiltonian in_ second- 
quantized representation for the system is then 


1 
H=Stiaxytaat— © YD order uta sntanray, (1) 
. . 


2Q &”’ & 


where 
=k /2m, gp.=4re*/k’, 

and a,' and a, are creation and destruction operators 
for particles of momentum fk, satisfying the usual 
commutation relations for bosons. The prime on the 
summation indicates that the term with k=0 is to be 
omitted; the absence of this term is the consequence 
of the assumed background charge. The approximations 
of Bogoliubov are then: (1) the dropping of those 
terms in the second sum in the above Hamiltonian 
which contain fewer than two creation or destruction 
operators for particles of momentum zero; (2) the 
replacement of ad» and ay’ in the remaining terms by 
the c numbers .V>!, where Vo is the mean occupation 
number of the zero-momentum state and is assumed 
to be very large. 

Bogoliubov has discussed these approximations and 
given arguments to support their validity in the case 
where the system contains a large number of particles, 
and the major fraction of the particles are contained 
in the state of zero momentum. We shall find a posteriori 
that the latter condition is satisfied in our case in the 
high-density limit. The second approximation above 
forfeits the constancy in number of particles so that the 
total number of particles .V is to be identified with 

N=Not(d x’ ax'ax), (2) 
where the second term represents the expectation value 
of the number of particles in states other than the 
zero-momentum state. 

With these approximations the Hamiltonian takes 
the form 
H=Dx'[ (tet moge)an'ant 4noge (ana eta;'a x) |, (3) 


where 
no= No/Q. 


Leonen 4%. 
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This Hamiltonian is diagonalized by the canonical 


transformation, 


ay = Cpa, — Spa e's (5) 
where 
Se=([ (tat moge— ex) ex |}, 
Ce=([ (tet noget ex) 2e, }}, 


€x=[2mogite th? }'= hw, +h2k*/4m?}}, 


(7) 
(8) 
with 


Wp= (4arnge”/m)!, (9) 


the plasma frequency of the system, at least insofar as 
the actual density, 


n= N/Q (10) 


can be approximated by no. 
Under this transformation, the Hamiltonian then 

takes the form 
i= Utd,’ €10,' Ok, 


where the ground-state energy of the system L’y is 
given by 


(11) 


© x 
Uo= Qe" (ee be mag ) = f (€,—/,— Mog, )R’dk; (12) 
2r’? Jy 


here the last step follows on allowing the volume 2 to 
become infinitely large while maintaining » fixed. 

Before discussing the transformed Hamiltonian, we 
derive Bogoliubov’s validity criterion by calculating 
the expectation value of the number of particles in 
states of nonzero momentum: 


' 


1 £ 
f s,°k'dk. 
2r*ny Fo 


Transforming the variable of integration to 


(V—No)/No= (n— np) /no= 


= (h?/4armnge’)'h, 
one obtains 
(n—no)/no=Or,0', 
where 
r,o= (3/42) !me*/ (h?no!), 


1yly! pp e+2 
oH) Le 
Tr 3 0 (¢#+4)! 


Thus we see that most of the particles are in the 
zero-momentum state at high densities (small 7,9) and 
that the fraction in this state approaches unity in the 
high density limit. The rms fluctuation in the number 


and® 


1¢=0.2114. 


5 The precise values of the constants Q and S are 


-(2)§LF (4 /2,1/v2) 
5x 


~2K (x/2,1/v2)], 


where F and K are complete elliptic integrals of the first and 
second kinds, respectively. 
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of particles in states of nonzero momentum is easily 
determined to be of the same order as the mean occu- 
pation number of these states. This indicates that the 
validity criterion is not upset by fluctuations and at 
the same time shows why occupation numbers of states 
of low momentum, which can have a large average 
value for a large system, nevertheless cannot also be 
treated classically as c numbers. 

Turning now to the ground state energy, one finds 
on making the same transformation of the variable of 
integration in (12) that the energy per particle in 
rydbergs is given by 

uy= Uo/NRy=S(no/n)reo, (17) 
where® 


) x 
S= yf [#(4+é)!—g—2 jdt= —1.606. (18) 
T 0 


We may rewrite this result in terms of the more custom- 
ary variable 


r,= (3/4) me?/h?n', (19) 


since from (14) we have 


nN/ No = 1+0r.0', 
and 


r= (no/n) 're0= rol 1+Qre0' } 3 (20) 


which determines 7,9 implicitly in terms of r,. For 


sufficiently small r,9, we have 


r.o=1.+40r,""4, (21) 
and 


uo= Sr, *— (5/4) SO= —1.606r,-?+0.424. (22) 


It is not clear from our analysis that the constant term 
in (22) is correct or even that m» possesses an expansion 
in powers of r,! as this equation would suggest, since 
the order in r, in which the present calculation is valid, 
in view of the first Bogoliubov approximation, is not 
obvious. A more intensive analysis of the problem is 
necessary for clarification of this point. On the other 
hand, there is no particular reason to suspect that the 
first term is not correctly given by the analysis here 
presented, and that it represents the analog in the 
boson vase of the first term in the correlation energy 
of the charged fermion gas at high densities as computed 
by Gell-Mann and Brueckner, and by Sawada. In the 
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boson case, there is of course no Fermi energy nor 
exchange energy, so that the energy computed above 
may be regarded as correlation energy. 

Turning finally to the second term in Eq. (11), 
which describes the elementary excitations of the 
system, it is clear from the excitation energies as given 
in Eq. (8) that for small k these must be of the nature 
of plasma oscillations or plasma waves with a specific 
dispersion relation. The fact that there is a finite 
energy gap, at least in the approximation here con- 
sidered, suggests that a charged boson gas at high 
densities is both a superfluid and a superconductor. It 
is perhaps interesting that there is a continuous change 
in the energy of the elementary excitations, as the 
momentum of the excitations increases, from that 
appropriate to plasma waves to that appropriate to 
single-particle excitation. 

We remark finally that in the low-density limit, a 
gas of charged particles has a behavior independent of 
the statistics and hence is the same for a gas of fermions 
and a gas of bosons. As Wigner® has pointed out, in 
this limit the particles crystallize in a body-centered 
cubic lattice in the uniform matrix of opposite charge. 
The energy of the system is given by the Coulomb 
energy of such a crystalline array, and the next-order 
correction term is simply the zero-point vibrational 
energy of the lattice. The energy is then given by 


uo= — 1.7927, +- (2.55+0.30)r,-3, 


(23) 


in the same notation as that employed above. The 
coefficient of the second term has here been determined 
by estimating the mean vibrational frequency of the 
lattice from the mean square and mean fourth power of 
the frequency which can easily be calculated. Since 
the low-lying excitations consist of phonons, which, 
when transverse, can have arbitrarily low energy, one 
sees that the energy gap must disappear as the boson 
gas is expanded. 
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The orthogonalized plane wave method, in a perturbation approximation recently introduced by Bassani 
and Celli, is used to compute the lowest lying conduction states in (fcc) solid argon at the symmetry points 
lr, X, L,and K. The 3s and 3p valence bands are treated by tight-binding theory. The potential used in the 
computation consists of a sum of effective atomic potentials in which a free-electron-like expression is used 
for the exchange contribution. The lowest conduction state appears to be s-like (1), lying 12.4 ev above the 
highest valence state (I'15). The results of the computation are compared with present theoretical] and ex 
perimental knowledge of the electronic structure of the solid rare gases. 


I. INTRODUCTION 


HE thermal and mechanical properties of the solid 

rare gases have been studied for many years, 
but only recently has experimental investigation of 
their optical properties been undertaken.' These crys- 
tals are expected to be excellent insulators and are 
transparent to visible and near-uv light. We feel that 
an investigation of their band structure along the lines 
of the elementary one-electron approximation is of 
interest because no comparable study has been made, 
and because such a calculation might give some indica- 
tion of the conduction band structure of more compli- 
cated solids such as ionic crystals, which also consist 
of closed-shell atoms. A calculation of the 3p valence 
band of NaCl has been made by Casella,’ using a model 
of an argon sublattice. More recently one of us*® has 
computed the exciton band structure of solid argon, 
using the Frenkel model. 

In the present paper we make an attempt to calculate 
the electronic band structure of solid argon in the one- 
electron approximation. We find it necessary to use 
different methods for valence and conduction states. 
For the former we use the tight-binding approximation ; 
the procedure and calculations are described in Sec. II. 
For the conduction band we use the second-order 
perturbation approximation developed in a series of 
papers by Bassani and Celli.*° This is related to but 
simpler than the conventional orthogonalized plane 
wave (OPW) method and usually gives equivalent re- 
sults. The conduction-band calculation is described in 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission; supported in part by the U. S. Air 
Force Office of Scientific Research. 
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Sec. III. Section IV contains a brief discussion of the 
results as they relate to the optical properties of solid 
argon. 


Il. VALENCE BANDS 


The total one-electron Hamiltonian used in all parts 
of this calculation was taken to be 


H=p?/2m+ >, Va(r—R.,), (1) 


in which V,(r—R,) is an effective potential due to a 
single argon atom located at the lattice point R,, and 
the sum runs over all lattice points. V, consists of a 
Coulomb part derived from the Hartree-Fock atomic 
charge density® and an average exchange potential? 
first computed for argon by Casella.? Our valence-band 
calculation is in fact quite similar to Casella’s treatment 
of a fictitious argon crystal in connection with the 
valence bands of NaCl; nearest-neighbor tight-binding 
theory was used in treating the 3s and 3p bands, but all 
bands lying below 3s were considered flat. (In Sec. III 
we shall refer to the former as the ‘‘valence”’ states and 
to the latter as 

It is convenient to work with explicitly normalized 
valence band functions, e.g., 


¥3.(k)=[NO;,(k) }-! ¥, exp(ik- R,)u3,(r—R,), (2) 


‘“‘core”’ states.) 


where .V is the number of cells in the crystal, u3,(r—R,) 
is the atomic Hartree-Fock 3s function centered at the 
lattice point v, and 


O3.(k) =>, exp(ik- R,)(u;,(r), u3.(r—R,)). (3) 


Similarly, for the p bands, we use normalized sym- 
metry-adapted linear combinations 


Wap7=[.NO3p2(k) J} Som Cm (Kk) 


m 


Xo, exp(ik- R,)t39m(r—R,) (4) 


in which the “},,, are the atomic p functions, O3,°(k) is 
®*D. R. Hartree 


A166, 450 (1938). 
7J. C. Slater, Phys. Rev. 81 


and W. Hartree, Prox Roy. Sox London 


385 (1951 


652 





BAND 


TaBLe I. Two-center integrals evaluated at a nearest-neighbor separation of R=2~4a=7.10ay. Here 
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» is a Hartree-Fock 


atomic function and V, is the effective atomic potential described in the text. 


nlm (tntm(£), Untm(r—R)) 


3s0 +0.00229 
3po —0).0269 
3pr +0.00438 
4so +0.55 


again a normalization factor, and the coefficients c“(k) 
transform the unsymmetrized Bloch functions into 
basis functions of the irreducible representation a@ of 
the small group of k. 

We have evaluated matrix elements of H between 
all pairs of states of the form (2) and (4), neglecting 
three-center terms and two-center terms involving 
other than nearest neighbors. Also evaluated were the 
overlap terms (W35.%,W3)%), Which are of great importance 
in connection with mixing of the 3s and 3p bands. 
Lattice sums necessary for these calculations have been 
published by Slater and Koster’; numerical values of the 
two-center integrals used are shown in Table I. A 
lattice constant (cube edge) of a=10.05a)=5.33 A, 
corresponding to a density at 20°K of 1.764 g cm™ as 
measured by Dobbs e? al.,? was used. The small overlap 
between wave functions on second-nearest neighbors 
justifies our nearest-neighbor approximation. For ex- 
ample, the 3po-3po overlap at R=a is —0.0021,> com- 
pared with the nearest-neighbor value —0.0269. 

The results of the valence-band calculation are listed 
in Table II and sketched in Fig. 1. As expected, the 
computed 3p bands closely resemble Casella’s bands?; 
however, they are slightly narrower in spite of the 
slightly smaller lattice constant of solid argon compared 
with that of NaCl, because we have included overlap 
in our calculation. As pointed out below, mixing be- 
tween the 3s and 3p bands was found to have a negli- 
gible effect on their energies. Hartree-Fock eigenvalues’ 
have been used in positioning the 3s and 3p valence 
bands in Table II and Fig. 1, and in locating the core 
bands in the OPW formalism (Sec. III). We have thus 
assumed that the Hartree-Fock functions are good 
eigenfunctions of our effective atomic Hamiltonian, 
with the Hartree-Fock eigenvalues. Although this is 
certainly not the case with our choice of effective ex- 
change potential,’ we feel confident that the error thus 
introduced will be small. This is justified by the follow- 
ing considerations. We have verified that coupling be 
tween the 3s and 3p bands is negligible along all tines of 
high symmetry and at the point A, where the possi- 
bility of mixing between the two A, levels exists. Let 
us however compute the matrix element responsible for 
the mixing at the point A in two ways using the Her- 
mitian property of H and using the assumption men- 


* J. C. Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954). 

* E. R. Dobbs, B. F. Figgins, G. O. Jones, D. C. Peircey, and 
D. P. Riley, Nature 178, 483 (1956). 

See, e.g., D. R. Hartree, Phys. Rev. 109, 840 (1958) 


(tinim(8), Va(r)tntm(r—R)) 


(tnim(t), Val(r— R) nim (r)) 


—0.00140 ry 
+-0.01554 
—().00202 


—0.0276 ry 
—0).0364 
—(0).0252 


tioned above, i.e., that the Hartree-Fock functions are 
eigenfunctions of p?/2m+ V.. We obtain 


(W3p(Ki),AW3.(K1))= Aes. +B 
= Aésp tC, (5) 


where A, B, and C are various linear combinations of 
overlap and other two-center integrals involving the 
effective potential, a 3s function at one center, and a 
3po function on the other. The two forms have com- 
puted values —0.02077 and —0.02031, respectively ; we 
take this close agreement as an indication that the 
potential seems fairly accurate for computing two-center 
integrals in the valence-band structure calculations. 

The spin-orbit term of the Hamiltonian has been 
ignored, as in earlier calculations of chloride valence 
bands. The most noticeable effect of the spin-orbit 
interaction will be a splitting of the 3p valence band at 
I into two bands (I's and I's), separated by about 0.1 
ev. The limited objectives of the present work do not 
warrant a specific calculation of this effect. 

At an early stage of this work an attempt was made 


(0.0.0) 27 (1,0,0) (0.0.0) ¥ (32.0) 


L 
(LE) 


Fic. 1. Band structure of solid argon. Energy is in rydbergs, 
measured relative to the energy of an electron at rest at infinity. 
Note changes of scale between bands. 
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Tasie II. Computed energies (in rydbergs) at the symmetry points [, X, L, and K in the reciprocal lattice of fcc argon (cube 
edge = 10.05a9). Eigenvalues for the 1s, 2s, and 2p core states are — 237.2, —24.65, and —19.15 ry, respectively. Also included are the 
normalization coefficients O,.(k) for valence-band Bloch states. Notation for the symmetry types is that of Bouckaert, Smoluchowski, 


and Wigner.* 


X a’ 


Band Tr; ‘ Ths “5° X, 
3s — 2.894 ee — 2.884 
3p 

Cond 


— 1.506 
+0.414 


~0.507 +0.152 ~0.031 —0.243 
Os, 1.027 ve nn be, 
Os» +: 0.927 1.108 


* L. P. Bouckaert, R. Smoluchowski, and E. P. Wigner, Phys. Rev. 50, 58 


to compute the obviously tightly bound 3s and 3p 
valence bands using the OPW formalism of Sec. III. 
This attempt failed, predicting metallic argon at the 
normal lattice spacing. 


Ill. THE CONDUCTION BAND 


The energy levels of the conduction band cannot be 
calculated in the tight-binding approximation, because 
the argon 4s atomic function is greatly extended in space 
relative to the valence wave functions" and the overlap 
of these functions centered on different atoms is very 
large (0.55 for nearest neighbors!). This is not surpris- 
ing, since from the high ionization potential of atomic 
argon (15.8 ev) we expect a rather large energy gap for 
solid argon and consequently a _nearly-free-electron 
wave function for the conduction band. 

To calculate the energy levels of the conduction 
band we expand the wave function in crystal symmetry 
combinations of plane waves (CSCPW) belonging to a 
given row of a given irreducible representation of the 
small group of k, with the additional requirement that 
the final wave function be orthogonal to the states of 
lower energy. The Schrédinger equation is then solved 
for the energy by second-order perturbation theory® 
rather than by the variational theorem as in the com- 
plete orthogonalized plane wave (OPW) method.” 

As discussed in reference 5, the unperturbed states 
are the solutions of the ‘empty lattice” problem. The 
corresponding eigenfunctions are CSCPW’s denoted by 
S,%, as described in the Appendix, and the correspond- 
ing eigenvalues are taken to be 


k+h 


where V (0) is the space average of the crystal potential 
and h, is any reciprocal lattice vector of the set from 


24+. V'(Q), (6) 


E(T;)=V(0)+{>,[V(0)—E,. JO,.7 
—8|V(3)+>,.[V (0)—E,.]O,. 


" R.S. Knox, Phys. Rev. 110, 375 (1958). 


—0.422 


An(0)|*}{1+20, 0,07 


Xs K, K; K; Ly ou Ly 
— 2.884 ee oe — 2.886 . 
—1.536  —1.522 
—0.439 
0.992 
1.028 


— 1.544 


— 1.526 
ane —0.415 


vs —1.514 
—0.268 vee 

ras a es 1.000 ap 
0.983 0.966 1.073. --- 0.937 


(1936). 


which S,* is constructed. An effective perturbation 
potential R can be written as an operator on any set of 
plane waves and in our case it also includes terms due to 
orthogonalization to the valence as well as to core 
states. We have 

RS ,*=([V.—V (0) )S#+)30-(E%— E-) (We%,S pve 

+>, ( ke — Ek, iy, ©5 P is, 

where V, is the total crystal potential [cf. Eq. (1) ] 


V.=>, V.(r—R,), 


(7) 


(8) 


y.-* and y,% are eigenfunctions of the core and valence 
states, respectively, with eigenvalues £, and £,, the 
first summation extends over the core states and the 
second over the valence states, and £* is the desired 
eigenvalue. 

Matrix elements (.S,7,RS,*) are used in the perturba- 
tion approach; they are evaluated to first order by 
letting E*= ko", where /o* is the unperturbed eigen- 
value (6), and to second order by letting k*= Ay*+ £14, 
where £)? is the first-order correction to the energy. 
A formula is given in the Appendix to express (S,%,y.*) 
X (ve%,5p%) in terms of the standard” orthogonality co- 
efficients A,;( k+h, ). 

The calculation has been done at the points I’, X, L, 
and K of the reduced zone. The CSCPW’s for the fcc 
lattice have been obtained, in the way described by 
Herman"; typical such combinations of plane waves 
have been given by Casella."* We use only those sets of 
unperturbed states having energies up through 11(27/a)* 
+V(0) and then obtain, to second order of perturba- 
tion theory, explicit expressions for the energies. For 
example, the energy of the lowest conduction state so 
computed is 


A,,(0) |?) 


14 ng(O)A na(3) |2/3(2e/a)? 
—6/V(4)+E,.0V (0)— En. JOne A ne(O)A ns (4) |? 
—12! V(8)+E.[V (0)— Ene JOn A ne (0)A ns (8) |? 
—24|V(11)+E,.[V (0)— Ens Ons A ns (O)A na(11) (2/11 (20/a)?. 


4(27/a)? 
/8(2x/a)? 


(9) 


'?C. Herring, Phys. Rev. 57, 1169 (1940); T. O. Woodruff in Solid-State Physics, edited by F. Seitz and D. Turnbull (Academic 


Press, Inc., New York, 1957), Vol. 4, p. 367. 
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*R. C. Casella, Phys. Rev. 109, 54 (1958). 
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ras_e III. Fourier coefficients of the crystal potential in rydbergs. V(p) is defined in connection with Eq. (10) of the text. 


pb 0 3 4 
V(p) 


—1.578 —0.432 —0.366 


TABLE IV. Selected values of orthogonality 


p 0 3 


A;,(p) 

A2,(p) 
—tAe,(p) 

A3s(p) 
—iA;,(p) 


0.01252 
-0,09847 
0 
0.6026 
0 


0.01242 
—().08878 

0.03636 

0.2072 
—0.3867 


The summations extend over all core and valence states 
of symmetry I, (s-like). For convenience we have used 
the abbreviation V (p) to stand for the Fourier coefficient 


V(b) =" f V(r ih-tdy 


in the case h?= p(2x/a)*. In Eq. (10), Q is the volume 
of the unit cell and the integral extends over the whole 
crystal. A similar abbreviation is used in A ,:(p). 

The Fourier coefficients V(p) were evaluated from 
the analytic approximation to V,(r) given by Casella 
and are listed in Table III. The orthogonality coeff- 
cients were obtained by numerical integration directly 
from the atomic functions,* and are listed in Table IV. 
They have been calculated at other points but these 
results are not tabulated because for all practical pur- 
poses they can be reproduced from Table IV by in- 
terpolation and extrapolation. The energies of the core 
states are taken as the Hartree-Fock eigenvalues but 
the energies of the valence states and their normaliza- 
tion constants are taken from the valence-band calcula- 
tion of Sec. II and can be found in Table II. It is 
understood that O0,,=O02,=O2,= 1. 

The results for the lowest conduction band levels are 
included in Table II and Fig. 1. The minimum of the 
conduction band appears to be at the center of the 
reduced zone and corresponds to a totally symmetric 
state [';. At the points Y and L, however, the p-like 
states Ly» and Ny are lower than the s-like states YX, 
and 1;. The forbidden energy gap for solid argon is 
smallest at the point I’ and is about 12.4 ev. The “elec- 
tron affinity,” or depth of the conduction band mini- 
mum below the vacuum, is about 6.6 ev. 

It is very difficult to estimate the accuracy of our 
results because of the approximations involved in the 
perturbation procedure and because of the approximate 
nature of the potential chosen. In the perturbation 
calculation the second-order terms arising from the 
matrix elements (.S,7,RS,*) with g#p are very small 
compared with the energy denominators and this points 
to good convergence. The reason lies in a cancellation 
between the Fourier coefficients of the potential and the 


(10) 


coefficients. A,:(p) stands for An:(|k+h,|) in the case 


11 12 20 


—().136 


16 19 


—0.200 —~0.189 —0.158 ~0.141 


k+h, |?= p(27/a)?. 


4 


0.01238 
—0.08582 

0.04059 

0.1497 
—0).3245 


8 i 
0.01215 
~(0).06825 
0.05390 
0.0054 

—0.1078 


0.01225 
—0.07516 
0.05041 
0.0373 
0.1680 


terms which arise from orthogonalization to the inner 
states, as recently pointed out by various authors.*!3.!5 
This is particularly true in the case of the lowest con- 
duction state [',, but for higher states the cancellation 
becomes much less effective. A greater source of error 
lies in the choice of the potential which is only approxi- 
mately consistent with wave functions and eigenvalues 
of atomic argon, as discussed in Sec. II. However, we 
are dealing with a closed-shell atom and expect the 
approximation to exchange to be much better than in 
the case of metals and semiconductors, where it was 
previously used.'® The value of V (0) obtained by direct 
integration of the potential appears to be reasonable and 
not too large by a factor of about 3 as it has been found 
to be for open-shell atoms (see .Woodruff, reference 12). 
A better approximation to the potential may decrease 
the value of V(0) by as much as 20% and produce an 
increase in the energy gap of the order of 2 ev, but we 
do not expect it to change the details of the band 
structure. 


IV. DISCUSSION 


Very little experimental information on the optical 
properties of solid argon is available. The work of 
Schnepp and Dressler' supplies some clue as to what 
one can expect, however. They find no optical absorp- 
tion in argon whatsoever up through photon energies 
of 10 ev, but in two other rare gas films (Kr,Xe) strong 
absorption bands are observed at wavelengths corre- 
sponding very nearly to the energies of the first excited 
states of atomic Kr and Xe. It is probable that these 
bands can be attributed to exciton absorption and that 
a similar phenomenon will be observed in solid argon, 
i.e., exciton absorption will occur somewhere in the 
vicinity of 11.5 to 12.0 ev. Clearly, experiments are 
necessary to confirm this extrapolation which is not 
inconsistent with our band gap of 12.4 ev. Traditionally 


16 E. Antontik, Czech. J. Phys. 4, 439 (1954); J. C. Phillips 
and L. Kleinmann, Phys. Rev. 116, 287 (1959); M. H. Cohen and 
V. Heine, ibid. 122, 1821 (1961). 

16 See J. Callaway, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, 
especially pp. 107-108. 
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the rare-gas solids have been regarded as “tightly 
bound” crystals, even in discussions of exciton states. 
However, it is not yet known decisively whether tight- 
or weak-binding exciton theory is appropriate.'? 

At higher photon energies strongly allowed band-to- 
band transitions can take place, giving rise to an ab- 
sorption edge and accompanying photoconductivity. 
It is of course easy to suggest many standard experi- 
ments to verify the argon band structure but it will be 
hard to convince experimentalists of the ease of perform- 
ing them at the wavelengths involved (~ 1000 A). 

We feel that calculations of effective masses directly 
from the band structure would be unreliable at the 
present stage since they are too sensitive to the details 
of the E versus & curves near the extrema. However, 
one may roughly guess from the widths of the bands in 
the (100) direction that the 3p valence-band effective 
masses are 1.8 and 4 electron masses. In the conduction 
band, the (100) effective mass, as estimated using a 
nearly-free electron approximation, is roughly 1.0 to 1.5 
electron masses. 

Besides the specific predictions of the energy gap and 
band structure of argon, our results indicate that a 
similar attempt might be made with some chance of 
success in ionic crystals, and we are now planning work 
along these lines. Our experience with argon suggests 
that the lowest conduction state as computed by the 
OPW method will also be the s-like state [. This would 
be in agreement with the only available calculations on 
ionic crystal conduction bands, both done by the 
cellular method (LiF '* and NaCl '*). We are aware that 
the polaron effect will be important in ionic crystals, 
but feel that an attack on the “bare”’ particle states is 
essential in view of the general lack of knowledge in 
this area. 

Note added in proof. Subsequent to preparing this 
manuscript, the authors located two more calculations 
pertaining to conduction bands in ionic crystals. 
Kawamura” computed the eigenvalue and deformation 
potential at T in KCl by the cellular method and 
Tolpygo and Tomasevich” treated the lowest conduc- 
tion band in NaCl by the tight binding method. Because 
of difficulties generated by large overlapping of wave 
functions in each of these calculations, we still suspect 
that an OPW calculation will be of considerable 
interest. 
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APPENDIX 
Let a crystal symmetry combination of plane waves be 


Sp%= (NQ)-! YS ; ap;* expli(k+h,)-r].  (A1) 


The index a refers to a given column of a given irre- 
ducible representation of the small group of k and the 
coefficients a,;* are determined by group theory with 
the condition >>; a,;*|?=1. Q is the volume of a unit 
cell and V is the number of unit cells; the function is, 
therefore, normalized over the volume of the crystal. 
The wave function for a valence state is written 


Vni%(k,r) = [NO,i7(k) J! 
XDm Ctm* a exp(ik- R,)ténim(r—R,). 


(A2) 


O,1%(k) is a normalization factor which is equal to 1 in 
the case of nonoverlapping core states. The coefficients 
Cim® are determined by symmetry at special k points or 
by solving a secular equation; except for the numerical 
factor [O,.7(k) }-! they define a unitary transformation 
from the unnormalized wave functions 


Vnim(k,r)= VY, exp(ik- R,)u nim (t—R,). 


hg * 
From Eqs. (A1) and (A2) we obtain 


(Wnt®,S p*) = [On (k) | | 3 a; } Cim™ 


xf k+hj)-ty .(r)*dr. (A3 


The integral can be evaluated in terms of orthogonality 
coefficients A ,:(|k+h,; ) by expanding the exponential 
in spherical harmonics and by using the orthogonality 
of the associated Legendre functions; one obtains 
(Wni®S p®) = [Ons*(k) J! Dj @pj*L4n/ (2/+1) ]! 

XY m Cim®V tm (05,65) A ni( | k+h;! ). 
The angles ¢; and 6; refer to the vector k+h; 


expression for the orthogonality coefficients is” 


A al k+h, ) 


dir 1” 
if f r Ji k+h r)Pya(r)dr. 
(21+1)Q5 Yo 


P(r) is the usual radial part of the atomic wave func- 
tion multiplied by r. The quantities which are needed 
to obtain the matrix elements are 
(S,%nr®) Wnr%S,) 
=[On*(k) yO Ds Dj agi" p;" 
K An k+h; )*A,.() k+h,; ) 
X [49-/ (214-1) ] Som Cim™ V im (8), ¢;)* 
X dom? Com*Y im: (Bi, ¢ 


(A5) 





BAND STRUCT 
We can formally add to this expression all analogous 
terms arising from the other symmetrized valence wave 
functions Wn». with 8a since their cross product with 
S,* is zero, and then because of the unitary property of 
the transformation on the Y7,,’s this last equation can 
be written 


(Sot nl") ai Sar) 
=[On*(k) ] Uy 6 25 Baqi pj2A wi atl k+h, )* 
x Ana(( +h! )[4ar/(20+1)] 


Xdom Vim(8;,¢;)*V m(0i,¢:;). (A7) 


From the addition theorem of spherical harmonics this 
becomes 
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(Sot Mar") Wai*, 59" 
= [On™(k) ] . > ¥ Li Boi?" Gpj* 
+A ni(\ kK+h;| )*A nr(|k+h;|) Pr(cosw). 


In (A8) w is the angle between k+h, and k+hy,. 

Formula (A8) has been given by Herring for the 
particular case of nonoverlapping core states [O(k)= 1]. 

The present derivation makes use of the symmetry 
of the lattice from the beginning and allows one to 
treat orthogonalization to valence states in the same 
way as orthogonalization to nonoverlapping core states. 
This procedure can be made more general to include the 
case of mixing of wave functions with different angular 
quantum numbers in the valence states. 


(A8) 
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Exciton absorption occurs, for weak exciton lines, at an energy 
which is the energy of an exciton having a wave vector equal to 
that of the light in the medium. These excitons have a finite wave 
vector, and therefore, a finite velocity. In a uniform magnetic field, 
the Lorentz force on the electron and hole due to the center-of- 
mass velocity produces a magnetic perturbation in addition to 
those ordinarily considered. The measurement of such a perturba 
tion measures the velocity of an exciton of known wave vector, 
and therefore determines the total exciton mass. In addition, the 
measurement of this effect which depends on the exciton velocity 
provides a positive distinction between exciton absorption lines 
and absorption lines due to impurities. It is shown that this 


I. INTRODUCTION 


HE optical absorption of insulating crystals having 

a direct band gap is often dominated, at energies 

near the band gap, by the absorption due to excitons. 

These bound electron-hole pairs cause a series of dis- 

crete absorption lines below the band gap. Many ex- 

periments have been performed to try to demonstrate 

exciton motion or the current-free transport of energy 

by excitons. These experiments have, by and large, been 
marginal and ambiguous. 

Recent work by Hopfield and Thomas! in CdS and 


* This work was supported in part by the Air Research and 
Development Command, U. S. Air Force. 

t Now at Bell Telephone Laboratories, Murray Hill, New 
Jersey. 

' J. J. Hopfield and D. G. ° 
(1960). 

2 J. J. Hopfield and D. G. Thomas, Phys. Rev. 122, 35 (1961). 


‘homas, Phys. Rev. Letters 4, 357 


perturbation can be measured by the measurement of the Stark 
effect on excitons in the presence of a uniform magnetic field. The 
exciton mass for the n=2 states of excitons formed from the top 
valence band in CdS was measured by this technique, and found 
to be 0.92+0.18 in reasonable agreement with the mass calculated 
from independent experiments. The Stark effect in the absence of 
a magnetic field was also studied to ensure an understanding of 
the effect in the presence of a magnetic field. The stark effect in a 
magnetic field sometimes exhibits peculiar behavior which was 
attributed to an extraneous Hall field. This interpretation gives 
an estimate of w.7,~2 for electrons in ‘‘good’’ CdS crystals at 
1.6°K and at 31 000 gauss. 


by Gross* in Cu,O has shown that the finite wave vector 
of light having band-gap energies can produce easily 
observed effects on the selection rules for exciton transi- 
tions. Although both experiments could be most easily 
interpreted on the basis of exciton states, the finite 
wave vector of the light can produce similar effects on 
the absorption due to impurity atoms. 

The present experiments describe the measurement 
of the velocity v of an exciton of known wave vector. The 
possibility of such experiments! and early experimental 
work'® has been previously reported. The experiments 


3 E. F. Gross and A. A. Kaplyanskii, Fiz. Tverdoga Tela USSR 
2, 379 (1960) [translation : Soviet Phys. Solid State 2, 353 (1960) ]. 

4D. G. Thomas and J. J. Hopfield, Phys. Rev. Letters 5, 505 
(1960). 

5 J. J. Hopfield and D. G. Thomas, Proceedings of the Inter- 
national Conference on Semiconductors, Prague, 1960 [Czech. J. 
Phys. (to be published) }. 





658 D. G. FTFHOMAS 
demonstrate that the absorption lines studied represent 
excitons, not impurities (for the effect depends on the 
velocity of the exciton). The experiments also measure 
the effective mass of the exciton through the measure- 
ment of the relation between the velocity and the 
momentum of an exciton. The following section shows 
the theoretical possibility of such a measurement. 


Il. THEORY 


Consider a bound electron-hole pair in the effective- 
mass approximation for a band structure having non- 
degenerate bands and a vertical band gap. The electron 
and hole motion can be factored into the reduced-mass 
motion and the center-of-mass motion. The exciton 
states are characterized by a center-of-mass wave 
vector k and orbital quantum numbers representing the 
internal motion. Each internal state generates a band of 
states having all possible k and a parabolic dependence 
of the energy on k for small &. The energy of the ith 
level is thus 


Ej(q)= E:+?R?/2M x; Mex=me+my, 


with suitable trivial modifications for the case of non- 
spherical bands. m, and my are the electron and hole 
effective masses, respectively. 

A uniform magnetic field produces three different 
perturbations on the exciton energy levels. The first is 
the ordinary Zeeman effect, and the second the ordinary 
diamagnetic shift of the energy levels. There exists, also, 
a third effect (there is a derivation of this perturbation 
in reference 2) due to the center-of-mass motion of the 
exciton in the magnetic field. This perturbation is 
equivalent to the effect of an electric field, E,, 


1 
E, = (hk/M..c)XH=-vXH (1) 


c 


on an exciton at rest. This perturbation represents the 
effect of the oppositely directed Lorentz forces on the 
electron and hole due to the center-of-mass motion. 

Conservation of wave vector demands that light of 
wave vector k can directly create only excitons of the 
same wave vector. In the case of excitons coupled very 
weakly to the light (i.e., excitons which cause very weak 
absorption lines), the index of refraction and the wave 
vector of the light are well defined at the exciton ab- 
sorption line. The energies of the absorption lines will 
therefore be the energies of excitons which have the 
wave vector k of light of the absorption-line energy in 
the crystal. In the magneto-optics of excitons, the 
perturbing quasi-field E, is always present due to the 
finite wave vector of the light. 

The perturbation produced by E, is normally by far 
the smallest of the three magnetic perturbations, and it 
is quite difficult to isolate the effect from the other 
magnetic perturbations by analyzing the exciton energy 
levels in a magnetic field. To avoid this difficulty and 
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the necessity of a detailed analysis of the energy levels, 
we have made use of an electric balancing technique. 

The Stark effect on excitons is dominated by the 
simple “hydrogenic” Stark effect in the effective-mass 
approximation. For an exciton of zero wave vector, all 
Stark-effect energy shifts should thus be a function only 
of the absolute value of the electric field. All energy 
levels will be the same for an applied laboratory field 
E and for —E, and the exciton energy level spectrum 
will be symmetric about E=0. The same argument 
holds even in the presence of a uniform magnetic field, 
and follows from the inversion symmetry of the effec- 
tive-mass Hamiltonian. An exciton of finite wave vector 
k feels in addition to the applied external electric field 
E the quasi-field E,. If E, and E are arranged to be 
collinear, E, can be directly measured as follows. The 
Stark shift is plotted against the applied electric field 
E; in the absence of a magnetic field the figure will have 
a plane of symmetry at E=0. In the presence of a 
magnetic field the plane of symmetry occurs not at zero 
applied field but at a value £,, and E,=—E£,. The 
quasi-field -, can thus be measured without the need 
for an analysis of the energy level spectrum. 


Ill. EXPERIMENT AND EXPERIMENTAL RESULTS 


Observations were made at 1.6°K on the second main 
quantum state (7=2 state) of the exciton derived from 
the top valence and conduction bands of hexagonal 
CdS. CdS was chosen because its exciton level structure 
is well understood, and because it has sharp exciton 
absorption lines corresponding to states of suitable 
radius for the measurement of the Stark effect. The 
states are observed as weak absorption lines in light 
polarized parallel to the hexagonal axis. The spectra 
were recorded photographically using a Bausch & 
Lomb spectrograph having a dispersion of 2 A/mm; 
microphotometer traces of the spectra were made from 
the photographic plates. The crystals were immersed in 
the refrigerant between the pole pieces of a magnet 3 in. 
apart. As the effects obscrved were not large it was essen- 
tial to use crystals which gave sharp m= 2 exciton lines; 
the crystals were 5-10 uw thick. Only a few crystals were 
found to be suitable; some of these came from outside 
laboratories and some were grown at the Bell Telephone 
Laboratories. Crystals were grown at the Bell Labora- 
tories by passing argon at one liter/min over purified 
CdS held at about 1140°C; the crystals formed farther 
down the quartz tube in a region at about 1000°C. The 
quality of the crystals, which were stuck with a mini- 
mum quantity of glue to small glass plates, could be 
judged from the spectra taken at 4.2°K. Although 
efforts were made to produce good quality crystals 
consistently, no satisfactory method was found. The 
use of pure starting material appeared to help, but the 
physical conditions during growth seemed to be more 
important since, when good crystals were found, they 
occurred in the same batch among many poor crystals. 
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Subsequent annealing of the crystals in an inert atmos- 
phere made little difference, and high temperature 
treatment in sulfur vapor decreased the quality, both 
broadening the lines and increasing the background 
absorption. 

As explained in Sec. II the quasi-electric field can be 
detected by opposing it with an applied electric field. 
Initial attempts were made to apply this field by evapo- 
rating contacts onto the crystal and passing a de current 
through it while the crystal was illuminated and photo- 
conductive (the dark conductivity of the crystals is 
very low). A Stark effect was observed using this 
method. This arrangement, however, was not satisfac- 
tory; strain associated with the contact area broadened 
the lines, there appeared to be an uneven distribution of 
the field along the crystals, and the contacts were not 
always Ohmic. Consequently a method was used in 
which no contacts were made to the crystal. The crystal 
was held between two metal plates 0.61 cm in diameter 
and 0.43 cm apart. (See Fig. 1.) A potential difference 
between the plates formed an electric field -. The 
crystals were several millimeters long and about 104 
thick; they were held on glass plates which were of 
similar length and were 0.023 cm thick. The long dimen- 
sions were parallel to E so that near the center of the 
crystal the distortion in E produced by end effects 
could be neglected, provided that electrostatic shielding 
due to the crystal conductivity is eliminated. Since the 
crystals are photoconductive it is necessary to apply a 
square-wave voltage to the plates with a time interval 
less than the effective dielectric relaxation time of the 
crystal to avoid polarization. Since it is necessary to 
observe the effects separately for the electric field in 
both negative and positive directions, the light falling 
on the photographic plate is shuttered for one phase of 
the square wave. This was done by revolving a single 
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Fic. 1. Detailed view of crystal holder assembly. 
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Fic. 2. Schematic diagram of the apparatus used. The signal 
from the photomultiplier is used to control the voltage applied to 
the crystal electrodes shown in Fig. 1. 


sectored disk immediately in front of the entrance slit 
of the spectrograph; a commutator on the same shaft 
switched the voltage. A pulse length of 2 msec was 
reached by this means. However, higher frequencies 
were necessary and these were obtained by using a disk 
nine inches in diameter revolving at speeds up to 
10 000 rpm, in which were cut near its periphery 16 
rectangular holes. (See Fig. 2.) The holes allowed the 
light to fall on the entrance slit and allowed another 
beam of light to fall onto a photomultiplier. The signal 
from the photomultiplier was amplified and used to vary 
the grid potential on a 6293 tube. The square wave 
signal for the condenser plates was obtained from a 
2400-ohm load resistor in the output circuit of the 
6293. The wave shape was improved by adjusting the 
inductance of the load resistance. The speed of the 
rotating disk set a limit of 200 usec on the square wave 
duration. 

In other experiments, a variable rectangular pulse 
generator was used to provide the electric field, and the 
light was not chopped. By adjusting the relative lengths 
of the two halves of the rectangular wave the quasi- 
field can be measured, though less directly than in 
experiments with chopped light. Using this system, it 
was possible to apply to the condenser plate a rectang- 
ular waveform having a period as short as 6 usec and a 
potential as high as 600 v. 

The crystal was illuminated with a narrow spectral 
band of light from a Perkin-Elmer double-pass quartz 
prism spectrometer, centered on the exciton wavelength. 
In addition a polarizer passing light with its E vector 
parallel to the hexagonal c axis was placed in front of 
the crystals. These measures were necessary to keep the 
photoconductivity produced in the crystal at a mini- 
mum, so that the dielectric relaxation time should be as 
long as possible. A schematic diagram of the apparatus 
is shown in Fig. 2. 


Results 


Figure 3 shows the exciton spectrum of CdS which is 
relevant to the present work as seen in transmission for 
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Fic. 3. A microphotometer trace of a photographic plate show- 
ing the exciton spectrum of a CdS crystal 6 w thick at 1.6°K as 
seen in transmission for £'\C. There is absorption in the crystal 
when the optical density of the plate decreases. The arrows mark 
the approximate transition energies as deduced from the reflection 
spectrum seen with / 1 C. Interference effects occur where the 
crystal is transparent. The line marked “‘Cd” is a Cd emission line 
used for calibration purposes 


light with £\C. Exciton series A, made up from an 
electron in the conduction band and a hole from the top 
valence band, is strongly active for light with ELC,’ 
and in EC the comparatively weak and sharp lines 
shown in Fig. 3 are seen. The contrasting width of the 
n=1 state of exciton B which is active in both modes of 
polarization is apparent from this figure. The two lines 
which occur at the »=1 position of series A have been 
called? Apr and A, since one is a strongly forbidden 
transition and the other marks the formation of a 
“longitudinal” exciton. They occur at 2.5524 and 
2.55455 ev, respectively. In fields of up to 1000 v/cm 
these lines were shifted by less than 10~° ev, the limit of 
detection. The same is true for various “impurity” or 
“bound” excitons® which occur at longer wavelengths. 
The n=3 and n=4 states of the same exciton series 
merge into a continuous absorption at fields above 
about 200 v/cm. Consequently none of these states lend 
themselves to Stark effect experiments. 

The n=2 state was thus found to be the one most 
suitable for study. In general the lines tended to broaden 
even for this state as an electric field was applied, 
although the effect was usually more marked when a 
magnetic field, H, causing a large Hall field was present 
(see Sec. IV). The n=2 state consists, for H=O0, of a 
strong (and so apparently wide) line and a much weaker 
and sharper line at a photon energy 6.45X 10~ ev less 
than that of the strong line. The weak line has been 
termed the 2P, state? and represents the n=2P state 
with zero orbital angular momentum about the c axis; it 
is split off from the other n=2 states, which merge into 
the strong line, by the crystal anisotropy. As an electric 
field is applied parallel to the c axis, the strong line re- 
mains approximately unchanged, although at the highest 
fields a line splits off from it toward higher energies. The 
2P, state, however, is shifted to lower energies. These re- 
sults are shown in Fig. 4. At a particular applied field the 
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shift of the 2P, line was studied as a function of the dura- 
tion of the applied square wave; the results are shown in 
Fig. 5 for a light level approximately the same as that 
used in Fig. 4. It is seen that at low frequencies there is 
no Stark effect since the field is screened out by accumu- 
lation of charge near the ends of the crystal; at higher 
frequencies the Stark shift occurs and saturates as the 
frequency exceeds that of an effective dielectric relax- 
ation time. When an external lamp was focused onto the 
crystal, thus producing a considerably larger photo- 
conductivity, the Stark shift vanished as expected. The 
frequency used to obtain the data for Fig. 4 is in the 
saturation range. The Stark effect described here for 
zero magnetic field was generally reproducible from one 
crystal to another and is in reasonably good agreement 
with the theoretically predicted effects. 

The most interesting part of this work is concerned 
with the Stark effect in the presence of a magnetic field, 
when there is in addition a Zeeman splitting of the lines. 
Either the geometry H|\c or H_Lc may be chosen. The 
orientation H_1c¢ was chosen because the lines which 
fell at the extremities of the Zeeman pattern were 
strong and well resolved for H=31000 gauss, which 
was not the case for H||!c. A complication arises using 
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Fic. 4. The Stark effect of the m =2 exciton state in CdS at 1.6°K 
with the electric field, £, parallel to the hexagonal c axis. Energies 
have been measured from the energy of 2P,, at E=0. The lines 
are theoretical taking the position of 2S, at E=0 to be —1.45 
X10~* ev. The points marked A are from a run in which the electric 
field although high was not known precisely. The values of E used 
for these points were obtained by fitting the 2P, points to the 2P, 
theoretical line. Some approximate line half-widths are indicated, 
and show why 2S, cannot be resolved at low electric fields. 
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H 1c in that the absorption spectrum is different for the 
two directions of the magnetic field.! The pair of lines 
at the low-energy side of the multiplet consist of the 
spin doublet of the 2P, state, and the pair of lines on the 
high-energy side consist of the spin doublet derived 
from the 2P, state (the magnetic field is taken to be 
along the x direction). In one of the spectra the low- 
energy line of each spin doublet is strong and observed 
(these are the P,* and P,*+ states), and in the other 
spectrum the high-energy line of each spin doublet is 
observed (the P- and P,~ states). The energy difference 
between the lines P,* and P,* is almost identical to that 
between P,- and P,-. It is the changes in these energy 
differences which are used to measure the Stark effect 
for it was found that in an electric field these lines 
moved in opposite directions. The individual Zeeman 
lines become less distinct as the electric field is applied ; 
at sufficiently high fields the pattern is expected to be 
essentially a Stark pattern rather than that of the 
Zeeman effect. Thus our measurements which follow 
the individual lines are made when the Stark shifts are 
comparable with or smaller than the zero electric field 
splittings. 

The results of such measurements on crystal W2’E 
are shown in Fig. 6 taken at a certain light level indi- 
cated by the slit opening of the Perkin-Elmer mono- 
chromator. The two curves refer to the results for the 
magnetic field in each direction. At the higher electric 
fields the lines become broadened, and the fields are 
apparently less than expected. This may be caused by 
some sort of breakdown or multiplication in the crystal. 
At lower fields the curves are approximately symmetri- 
cal but their symmetry planes are displaced from the 
E=0 line. This displacement is the result expected if 
there exists a quasi-electric field, E,, as described in 
Sec. II. The value of the displacement, about 95+ 10 
v/cm, should equal the quasi-field. Furthermore know- 
ing the direction of H and q the sign of E, can be 
predicted and in this and in all other crystals examined 
the observed sign agreed with the predicted value. 

If the light were not chopped off for one phase of the 
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Fic. 5. The shift of the 2P, line at 1.6°K as a function of the 
frequency of the applied square wave at a level of illumination 
approximately equal to that used in Fig. 4. 
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Fic. 6. The separation between two pairs of lines in the Zeeman 
spectra of the n=2 exciton state in CdS asa function of the applied 
electric field. The pair of lines P-,P,~ are two lines in the absorp- 
tion spectrum with H in one direction, and the pair of lines P.*+,P,* 
are two analogous lines for / in the other direction. The half-cycle 
square-wave duration is 200 usec. The temperature is 1.6°K. The 
monochromator slit width is 0.2 mm. 


applied field then the lines would be expected to be 
broadened since for fields of +E and — E v/cm the line 
separations are not equal as a result of the displacement 
just described. If, however, the duration of the alternate 
phases of a rectangular wave of applied voltage are 
altered then the polarization of the crystal will adjust so 


that the product of the field strength and duration in 
one direction equals the same product for the other 
direction. It is therefore possible to adjust the ratio of 
the durations so that the unequal fields in each direction 
will produce equal Stark shifts and the lines should then 
become sharp. This effect was observed for the n=2 
exciton state in CdS and gave a value of E, compatible 
with the value just quoted, and again of the correct sign. 
Precise quantitative data could not be obtained by this 
method because of the following difficulty. If the total 
field applied to the crystal is only a few hundred v/cm, 
then in order to introduce fields which differ by about 
100 v/cm a large duration ratio must be employed. If, 
however, the pulse durations are widely different then 
they produce unequal darkening of the photographic 
plate and the effects become hard to distinguish. On the 
other hand if the total applied field is too large the lines 
become broadened. 

The Stark shift in a magnetic field was measured as a 
function of the square-wave frequency. For pulse lengths 
greater than 200 usec the square-wave generator had to 
be used and the light was not chopped ; as a consequence 
of the £, field the lines are broadened. The results 
obtained were not entirely consistent but they indicated 
that for the conditions used in Fig. 6 the 200-ysec pulse 
length was short enough to eliminate appreciable re- 
laxation screening of the field. 

Behavior like that just described for crystal W2'E 
was observed in a number of crystals, but in some 
crystals a much larger Stark effect occurred when a 
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Fic. 7. A plot similar to that of Fig. 6 showing the Stark shift 
for a different crystal. Notice that the Stark shifts are much 
larger than in Fig. 6 but that the minima are now only about 
30 v/cm from the origin. The half-cycle duration of 200 usec was 
used. 


magnetic field was present; simultaneously the mini- 
mum was displaced a smaller amount from the origin. 
This is illustrated in Fig. 7 for crystal An1E where the 
displacement is only about 30 v/cm. The behavior of 
such crystals as a function of frequency in a magnetic 
field was again somewhat erratic, but the result of one 
experiment is shown in Fig. 8. This and other experi- 
ments again indicated that sufficiently high frequencies 
were used to determine the displacement of Fig. 7. 
Crystals showing the abnormally large Stark effect in a 
magnetic field showed the normal effect for H=0. In 
addition it was found that if the light was directed 
parallel to H then a normal, much smaller Stark effect 
was observed, although of course in this geometry there 
is no displacement effect since HXv=0. This experi- 
ment was performed by having two small angle mirrors 
positioned between the condenser plates so arranged 
that each turned the light beam through 90°. The dis- 
tortion of the electric field by these mirrors was mini- 
mized by cutting horizontal lines on the mirrors; by 
performing the experiment with H=0 it was found that 
the distortion was not important since the results now 
agreed with those obtained without using the mirrors. 


IV. DISCUSSION 
Stark Effect in Zero Magnetic Field 


The Stark effect of the 1S exciton state can be ade- 
quately estimated from the known radius (28.7 A) and 
binding energy (0.027 ev) of the 1S state? using the 
hydrogenic model. One calculates from the well-known 
expressions for the Stark effect of a hydrogen atom’ an 
energy shift of —4X10~* ev for the n=1 state in an 
electric field of 1000 v/cm. The experimental shift of 
the 1S state in a field of 1000 v/cm was found to be less 
than 10~* ev, the limit of detection in the present ex- 


7H. E. White, Introduction to Atomic Spectra (McGraw-Hill 
Book Company, Inc., New York, 1934), p. 402. 
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periments. The “impurity excitons” were also found to 
shift by less than 10~* ev, and are therefore probably 
derived from the »=1 exciton states also. The change 
in the energy gap for a field of 1000 v/cm must also be 
less than 10~ ev, in spite of the fact that the crystal is 
piezoelectric. One can therefore associate unambigu- 
ously all observed Stark effects with the Stark shifts of 
the exciton states themselves. 

For an electric field parallel to the c axis, the Stark 
shift of the 2P,, excitons can be calculated directly from 
the formulas of reference 7 and the known exciton 
parameters. The Stark shift of the 2P, and 25S states is 
more complicated, since the degeneracy of the 2P, and 
2S states which gives rise to the linear Stark effect for 
these states in the hydrogen atom has been lifted by the 
anisotropy of the reduced mass and dielectric constant 
for the excitons in CdS. The actual energy levels are 
further complicated by the fact that the 2P, state has a 
fourfold spin degeneracy, while the corresponding 
degeneracy for the 2S states has been lifted by a longi- 
tudinal-transverse energy difference of the 2S exciton 
states. Fortunately, an electric field parallel to the 
hexagonal axis does not alter the symmetry of the 
crystal. In the absence of an electric field, only the 
states 2P, (I's longitudinal) and 2S (I's longitudinal) 
are observable. Since these states will be mixed with 
each other (but not with any of the other 2S or 2P, 
states) by an electric field in the z direction, the observed 
Stark levels should contain but two lines from the 
2S, 2P, states. The Stark effect can be satisfactorily 
estimated by assuming that the wave functions of the 
2S and 2P, states are not appreciably altered by the 
anisotropy which lifts the 2S-2P degeneracy, and 
calculating the modification in the hydrogenic Stark 
effect due to the lifting of the degeneracy. The terms 
leading to the first- and second-order Stark effects of 
the hydrogen atom are included in our calculation. The 
only parameter needed for this calculation which was 
not previously well known was the energy position at 
zero field of the 2S (longitudinal) state, which lies 
directly under part of the 2P,, line. This energy value, 
previously known to within +2X10~ ev, was deter- 
mined within these limits to fit the data. 
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Fic. 8. A plot showing the Stark shift at a field of 280 v/cm as 
a function of frequency of the applied square wave under condi- 
tions similar to those used in Fig. 7. 
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Figure 4 shows the experimental and theoretical 
energy levels of the n=2 states in an electric field. At 
low fields, the Stark effect is dominated by the quad- 
ratic Stark effect which would be linear if the 2P and 2S 
states were degenerate. At higher fields, this effect 
becomes linear, and the ordinary quadratic Stark effect 
becomes observable. The agreement between experi- 
ment and theory confirms the exciton energy level 
assignments previously made. 

The n=3 and higher exciton states are observed to 
broaden and merge into the continuum at quite low 
electric fields. This is not unexpected. The n= 3 state has 
a diameter of about 500 A. The potential energy differ- 
ence in a field of 500 v/cm across an n=3 state is thus 
about 2.5 millielectron volts. The binding energy of this 
state is about 3 millielectron volts. Electric field ioniza- 
tion of the m=3 state will thus be extremely rapid and 
the lines will broaden. The simple Stark effect of the 
n=3 and higher levels should therefore disappear at 
fields well below 500 v/cm. 


Stark Effect in a Magnetic Field 
of 31 000 Gauss 


The n=2 exciton level structure in a magnetic field 
of 31 000 gauss in the x direction is shown in Fig. 9.? In 
addition to the six ““P” states and two S states which 
have been previously identified, there are two unob- 
served § states which lie somewhere between the two 
observed S states. Each “P”’ state is doubly degenerate. 
The Stark effect is very complicated due to the complex 
structures of the four S levels, and its calculation is 
rendered essentially impossible. In the low-field range, 
where the Stark effect is quadratic, it can be roughly 
calculated (within an error of perhaps 20%) and within 
this error, is the same for the states P,, and P,_, and 
for P., and P,_. The calculated displacement of the 
minima can be obtained from Eq. (1), the known elec- 
tron and hole masses perpendicular to the hexagonal 
axis (0.20 and 0.7, respectively), and the index of 
refraction at the energy of the excitons (2.2+10%), as 
determined by an analysis of the reflection spectrum. 

In the data of Fig. 6, the shift of the minima from 
E=0 is 95+10 v/cm, and the low-field line separation 
increases with electric field (as measured from the 
minimum) as AF*, where A=1.4X10~ electron volt 
(v/cm)*. The theoretical calculation gives a shift of 
115+20 v/cm for the shift, and a value of A of (0.9 
+0.2)XK10~*. The data of Fig. 7 yields values of the 
shift and of 4 of 30+5 v/cm and 4.2X10-° electron 
volt/(v/cm)*, respectively. The same theoretical values 
should, of course, hold for all crystals in the same 
geometry. Finally, in the geometry k||H, the same 
crystal which displayed the large Stark effect (large 4) 
for kL H showed a very small Stark shift of the 2P, line, 
this line shifting as a#*, where a=0.58X10~ electron 
volt/v/cm. The theoretical value for a is (0.68+-0.15) 
x10-*. (The experimental and theoretical relation 
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Fic. 9. A schematic drawing of the n=2 exciton level structure 
of CdS in a magnetic field in the x direction of 31 000 gauss. 


between a@ and A is approximately a= 34.) In this 
geometry, no shift of the plane of symmetry is expected 
(E,=0 since k is parallel to H), and this was experi- 
mentally verified. 


Effect of the Hall Field 


Consider an ellipsoidal cylinder of dielectric having 
a major axis @ and a minor axis b. Let the complex 
dielectric constant of the cylinder be ¢(w)=1+ 47a 
+41o/iw, o representing the conductivity (in cgs units) 
of the dielectric and 1+ 47a the background dielectric 
constant. When an external electric field E is applied at 
t=0 parallel to the major (or minor) axis, an internal 
field 

E(A+vya)™ 


exists in the sample at /=0. The depolarization factor 
y depends on the geometry. For a/6>>1, y is 4 for an 
external field parallel to the minor axis, and is 2°b/a for 
an external field parallel to the major axis. The relax- 
ation time r for the internal electric field decay to 1/e of 
its original value is given in either geometry by 


r= (1+ ya)/Yyo. (2) 


The crystals used in the present experiments are 
platelets having a thickness-to-length ratio of about 
1/500. In CdS, a is about 3. The geometry is not really 
ellipsoidal, but one would nevertheless expect from 
Eq. (2) an average relaxation time for an electric field 
parallel to the platelet (7,,) to be about 100 times the 
normal dielectric relaxation time ty=€/4mo, which will 
apply to an electric field perpendicular to the platelet. 

The fact that 7,, is 100 times longer than might have 
been anticipated in the geometry in which the electric 
field lies in the plane of the platelet means that in this 
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geometry (the geometry used throughout), the condi- 
tion wro>10~ is all that need be fulfilled in order to 
avoid screening the applied electric field. 

In the presence of a magnetic field parallel to the 
minor axis of the elliptic cylinder, an electric field E 
parallel to the major axis will introduce a Hall field also 
parallel to the minor axis. This Hall field will establish 
itself in a time 79, and exist as long as a current flows 
parallel to the major axis (r,,). This Hall field will have 
the approximate value w.7,E (where w, is the cyclotron 
resonance frequency of the carriers responsible for the 
current and +, the relaxation time of the carriers) 
independent of the actual carrier density. No measure- 
ments of the mobility of electrons in CdS has been made 
in such pure specimens at low temperatures. If, how- 
ever, one extrapolates Hutson’s formulas® for the 
mobility of electrons in CdS to 1.6°K, one finds w,7, of 
the order of 5 for the electrons in a magnetic field of 
31 000 gauss. It is thus quite possible to have an electric 
field due to the Hall effect several times larger than the 
actual applied electric field. This field establishes itself 
rapidly. In the presence of a magnetic field, one must 
perform the experiments at chopping frequencies such 
that wro> 1, in spite of the fact that without a magnetic 
field, wro>1/100 is adequate. 

The Stark shifts shown in Fig. 6 yield a value of the 
coefficient A which is 20 to 50% greater than the value 
expected from the parameters which give excellent 
agreement with experiment for A in zero magnetic field 
(compare Fig. 2). The data of Fig. 7 give a value of A 
four times the expected value. These disagreements we 
attribute to the Hall field. In the presence of a Hall 
field, the theoretical expression for the Stark-induced 
energy shift between the lines of Fig. 6 or 7 is 


A=A(E-E,)?+ Blw.1,)2E2. (3) 


The coefficient B should be of the same order of magni- 
tude as A. 

There are several experimental reasons for believing 
that this additional Stark effect due to the Hall field 
exists.® First, in spite of the fact that in the absence of a 
magnetic field all crystals exhibit a Stark effect (such 
as that in Fig. 4) which agrees with theory, great 
variability between crystals and disagreement with 
theory exists as indicated earlier for the geometry 
k 1H in the presence of a magnetic field. This vari- 
ability and the size of the observed quadratic Stark 
effect can be explained if w.r, varies from crystal to 
crystal, and has values as large as one or two for the 
“best”’ crystals. Second, if the Stark separation at small 
applied fields is given by Eq. (3), then the relation 
between the electric field Es at the minimum energy 


* A. R. Hutson, Phys. Rev. Letters 4, 505 (1960). 

* The existence of a Hall field resulting from the transient flow 
of current in the crystal may be compared with A. G. Redfield’s 
method of measuring the Hall effect in insulating photoconductors 
[Phys. Rev. 94, 526 (1954) ]. 
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separation in a magnetic field and £, is 
AE,=[A+B(a1,)"JEs. (4) 


A and £, are the same for all crystals, so the right-hand 
side of Eq. (4) should be a constant for all crystals. The 
quantity [A+ B(w-.7,)*] is obtained by knowing E,, A, 
and E,,, and using Eq. (4). The quantity [4+B(w-r7,)* } 
Es is the same for all crystals within experimental 
accuracy (for example, this product has the value 
1.321077 and 1.2,X10~* for the data of Fig. 6 and 
Fig. 7, respectively, although the values of £,, differ by 
a factor of three). Finally, a crystal which showed a 
Stark effect four times too large in the geometry k LH 
exhibited a normal Stark effect in the geometry kj\|\H. 
The explanation of this experiment has nothing to do 
with the direction of propagation of the light, but 
concerns the orientation of the sample. The crystal is 
always turned so that the direction of propagation of 
the light is normal to the platelet. In the geometry 
k 1H, the Hall field is therefore perpendicular to the 
platelet, and the relaxation time for the establishment 
of the Hall field is about 10~*r,,. A Hall field can thus be 
observed. In the geometry k||H, the Hall field would 
lie in the plane of the platelet, and the formation time 
of the Hall field would be 7,,. Since all experiments are 
performed at frequencies larger than 1/7, to avoid 
screening, no Hall field can be established in this 
geometry. 

In view of the nonideal geometry, the unknown 
dependence of the crystal conductivity on electric field 
and previous history, the nonsimple electric field wave 
form, and other such complications, a detailed analysis 
of the Hall field and relaxation times is impossible. The 
fact that Fig. 8 shows a “‘large Stark effect” constant 
over three orders of magnitude of the frequency rather 
than dropping after two orders of magnitude is not 
understood. The qualitative broadening of the exciton 
lines when the Hall field is present is probably due to 
the distortion of the wave form in the Hall field. 

The anomalously large Stark effect has the expected 
geometry dependence, while the magnitude of the 
“small” Stark effect observed in many crystals is in 
rough agreement with the calculated Stark effect. We 
thus feel justified in accepting the “small” Stark effect 
as that relevant to the simple analysis of the experi- 
ment. Unfortunately, the value of A+ B(w,7,)? cannot 
be measured very accurately, since at small fields the 
energy shifts are small, and at large fields, the Stark 
effect is no longer quadratic. It is not possible to calcu- 
late A with high precision. In view of these two diffi- 
culties, it is not possible to make a reliable correction 
for the effect of the Hall field. The analysis leads one to 
believe that the actual £, is larger than the largest shift 
of the plane of symmetry measured, and that the 
experiments which represent most nearly the ideal 
experiments are those (performed, of course, at suffi- 
ciently high frequencies) which show the smallest Stark 
effect in the presence of a magnetic field. 
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V. SUMMARY AND CONCLUSIONS 


There exists a magnetic perturbation on the energy 
levels of excitons which have a center-of-mass velocity 
v in a uniform magnetic field due to the Lorentz force 
on the electron and hole. Since the excitons observed in 
optical absorption have the wave vector of the exciting 
light, they will in general have a nonzero velocity and a 
finite magnetic perturbation of their energy levels due 
to this velocity. This perturbation can be measured by 
balancing the Lorentz electric field (1/c)vXH against 
an applied electric field. The measurement of this per- 
turbation determines the velocity of an exciton of 
known wave vector, and therefore determines the total 
exciton mass. 

The effect of this quasi-electric field has been ob- 
served in CdS. The experiment is made difficult by the 
conflicting requirements of measuring the optical 
absorption at high resolution of a nearly perfect un- 
strained small crystal (which is also a good photocon- 
ductor) in known uniform electric and magnetic fields 
at liquid helium temperatures. Systematic difficulties 
arose in the experiments when both electric and mag- 
netic fields were present. As a result of these difficulties, 
the measured quasi-electric field of 95 v/cm due to the 
exciton velocity is probably 0-50% lower than the true 
quasi-field. The measured quasi-field can be interpreted 
as due to an exciton of total mass (in the direction 
perpendicular to the ¢ axis) of 1.1m, (or up to 33% 
smaller). This mass compares favorably with an 
independent estimate of 0.9m, for this mass based 
on elec tron and _ hole 
experiments. 

To aid in understanding the Stark effect in the pres- 
ence of a magnetic field, the Stark effect in the absence 
of a magnetic field was investigated. This study pro- 


masses deduced from other 
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vided a confirmation of the previously suggested energy 
level scheme in CdS. 

The difficulties which arose in connection with Stark 
effect experiments in the presence of a magnetic field 
were thought to be caused by an extraneous Hall field. 
This interpretation suggests that in the best crystals 
which could be found, w,7, for electrons in Cd§ is 
approximately 2 at 1.6°K for a magnetic field of 31 000 
gauss. 

The quasi-electric field is always present in ordinary 
exciton Zeeman effect measurements. Failure to account 
for this field can lead to systematic errors in the inter- 
pretation of the Zeeman effect on excitons of high 
quantum number and large radius. 

The basic effect studied in the present experiments, 
the effect of the quasi-field F,, is in no way specific to 
CdS. Exciton mass spectrometry experiments of this 
general variety should be feasible in many substances. 
The experiments determine the exciton mass which, in 
the case of weakly bound excitons (the only excitons 
for which the experiments are feasible), is directly 
related to the electron and hole effective mass tensors. 
The experiments provide also a positive method of 
identifying absorption lines as being due to excitons 
rather than impurities, because the observed effect 
depends explicitly on the fact that excitons move. 
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The transverse magnetoresistance of very pure single-crystal, n-type germanium has been measured as 
a function of temperature and magnetic field, in pulsed fields up to 194 kgauss, in the temperature range 
from 11° to 78°K. The results below 20°K are obscured by hot electron effects and non-Ohmic behavior of 
the crystal, but in the quantum limit and above, the magnetoresistance ratio varies linearly with magnetic 
field above 40 kgauss and has a 7~! temperature dependence. The results of these experiments do not agree 
with theoretical predictions for various scattering mechanisms. 


INTRODUCTION 


AGNETORESISTANCE, that is, the change of 
electrical resistance in a magnetic field, has been 

a valuable tool for improving the understanding of the 
conduction mechanisms of semiconductor crystals. Low- 
field magnetoresistance measurements, for example, 
have confirmed the many-valley model of the conduc- 
tion band of germanium. At very low temperatures and 
high magnetic fields (referred to as the “quantum 
limit”), the galvanomagnetic behavior of germanium is 
best described by a quantum theory.' In germanium the 
energy band structure is characterized by four energy 
ellipsoids of revolution with their axes oriented along 
[111] axes. When a magnetic field H is applied to a 
germanium crystal, the charge carriers of charge e and 
of cyclotron effective mass m* are caused to rotate about 
the field lines with an effective angular frequency wo, 
where wo= |e! H/m*c. Now if wor>1, where r is the time 
between two successive collisions, the effects of quanti- 
zation of the carrier orbits must be taken into account 
in a proper theory. The “quantum limit” is that com- 
bination of temperatures and magnetic fields for which 
hy >>kT, Ep or hie! H/m*c>kT, Ev, 


where Er= Fermi energy. 
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Fic. 1. Geometry and approximate dimensions 
of experimental sample. 
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‘E. N. Adams and T. D. Holstein, J. Phys. Chem. Solids 10, 
254 (1959). 


Now the effective mass for a given direction of mag- 
netic field is given by 


mem, 2 
m* =| — : 
m, cos°6-+m, sin’é 


where m, and m, are the longitudinal and transverse 
masses, with respect to the axes of the energy ellipsoid, 
and @ is the angle between the magnetic field and the 
major axis of the ellipsoid. With the magnetic field in 
the [110] direction, 6=90° for two of the ellipsoids 
and @=35.2° for the other two. Using m,=1.58m, 
m,.=0.082m,? m* comes out to be about 0.36m for the 
first set and 0.1m for the other set. The temperature 
range for which the assumptions of the quantum limit 
are valid is found by expressing the relation Aw >>kT in 
terms of temperature, i.e., #\e|H/m*ck>>T. Using 
H=1.9(10°) gauss and m*=0.36m for the first set of 
ellipsoids, it is required that 70.5°K>>7; for the second 
set of ellipsoids, using m*=0.1m, then 254°K>>T. From 
this it is seen that, with these large magnetic fields, the 
approach to the quantum limit is possible below 70°K. 
This condition is met in most of the experiments re- 
ported in this paper. The purpose of these experiments 
has been to determine the behavior of the transverse 
magnetoresistance in and near the quantum limit. 
Measurements of this type have been attempted but 
were not reported due to the “pronounced peculiarities 
of metal-germanium contacts in high magnetic fields.’” 


DESCRIPTION OF APPARATUS 


Apparatus similar to that used in these experiments 
has been described elsewhere.‘~’ It consists essentially 
of an air-core solenoid through which a capacitor bank 
is discharged. The magnetic field at the center of the 
solenoid builds up to a peak value of about 190 kgauss 
in 7 msec and then decays to zero. A signal proportional 
to the magnetic field drives the horizontal amplifier of 


2C. Kittel, /ntroduction to Solid Stale Physics (John Wiley & 
Sons, New York, 1957), 2nd edition, p. 376 

4H. P. Furth and R. W. Waniek, Phys. Rev. 104, 343 (1956). 

‘H. P. Furth and R. W. Waniek, Rev. Sci. Instr. 27, 195 (1956) 

5H. P. Furth, M. A. Levine, and R. W. Waniek, Rev. Sci 
Instr. 28, 949 (1957) 

*S. Foner and H. H. Kolm, Rev. Sci 

7W. F. Love and W. F. Wei, Phys. Rev 


Instr. 27, 547 (1956 
123, 67 (1961) 
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TRANSVERSE 


an oscilloscope and the voltage drop across the appro- 
priate electrodes of the crystal is applied to the vertical 
amplifier. A Polaroid picture is taken of the oscilloscope 
screen during the time the magnetic field is building up. 
The magnetic field was calibrated with a pickup coil 
and an RC integrator. Temperatures were measured 
with a gold-cobalt vs copper thermocouple. 


EXPERIMENTAL PROCEDURE 


The germanium crystal used in these experiments was 
obtained from Bell Telephone Laboratories. It is n-type 
with a room temperature resistivity of 34 ohm-cm and 
an impurity concentration of 8X10" per cm*. The 
growth axis of the crystal is in a [111] crystal direction. 
The crystal was oriented by means of a Laue back- 
reflection x-ray technique. Several x-rays were taken in 
different crystal directions in order to verify that the 
orientation was correct. It is believed that the accuracy 
of the orientation of the sample used in these experi- 
ments is within +2°. 

The crystal was cut into the bridge shape, as shown 
in Fig. 1, by means of a crystal milling apparatus 
assembled in the laboratory. The current flow in the 
crystal was in the [100] direction, and the magnetic 
field, perpendicular to the plane surface of the crystal, 
was in the [110] crystal direction. The actual cutting 
of the crystal was done with a diamond saw blade. 

The electrode surfaces were lapped, before soldering, 
with 600 grit silicon carbide abrasive, and Divco 335 flux 
was used to facilitate “tinning”’ of the electrode surfaces. 
Electrodes were attached to the eight terminals of the 
crystal by means of a tin-lead solder containing two 
percent antimony, which is an n-type impurity. The 
solder alloys with the germanium and forms a good 
electrical contact and a strong mechanical bond. The 
antimony impurity assures that the alloyed portion of 
the crystal is strongly » type, thereby preventing the 
formation of a p-n junction, which might give hole 
injection. Pictures were taken of the current-voltage 
characteristic of each of the electrodes, displayed on the 
oscilloscope. Electrodes exhibiting non-Ohmic behavior 
were resoldered until a linear characteristic was observed 
at liquid nitrogen temperature. Current-voltage charac- 
teristics were also measured at lower temperatures, and 
the current electrodes were found to be essentially 
Ohmic at 20°K. After the wires were attached to the 
electrodes, the crystal was given a quick dip in CP4 
etchant. 

EXPERIMENTAL RESULTS 


Several anomalous effects were observed in these 
experiments. At 13°K it was noticed that the Hall 
voltage, as a function of magnetic field, has a gradually 
increasing slope. This is the magnetically induced 
“freeze-out” of carriers first observed in InSb by 
Frederikse and Hosler® and Sladek.® At high magnetic 

‘sh. FP. R: Hosler, Phys. Rev. 108, 


1136 (1957). 
*R. J. Sladek, J. Phys. Chem. Solids 5, 157 (1958). 
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Fic. 2. Magneto- 
resistance voltage 
(vertical) vs mag 
netic field (horizon 
tal, increasing from 
left to right) at 
16.6°K, illustrating 
“hot electron” effects. 
Two sweeps. were 
photographed. 





fields the energy gap between the impurity levels and 
the conduction band is increased. The increasing slope 
of the Hall voltage corresponds to a smaller number of 
impurities being ionized at high magnetic fields. At 
higher current densities, “hot electron” effects were 
observed. Figure 2 shows the behavior of the magneto- 
resistance’ voltage (vertical) vs magnetic field (hori- 
zontal) at 16.6°K. The departure from linear behavior 
is accompanied by vertical noise-like oscillations, similar 
to those observed before in InSb." It is thought that 
these oscillations are due to impact ionization of bound 
electrons, giving an avalanche-type electrical break- 
down. Except in the anomalous cases mentioned above, 
the Hall voltage was linearly proportional to the mag- 
netic field, yielding a field-independent Hall coefficient. 

Figure 3 shows the results of the measurements of the 
resistance of the crystal as a function of magnetic field. 
The results are presented as the ratio of p(H)/p(0) 
versus field, where p(H) is the value of the resistivity at 
a given value of H, and p(() is the zero field resistivity. 
It should be noted that the transverse magnetoresistance 
increases linearly with field, except for an anomalous 
behavior at 23.1°K. With the exception of the curves 
labeled 0.1 ma, all the data shown in Fig. 3 were ob- 
tained with 1 ma flowing in the crystal. At temperatures 
below about 30°K, the magnetoresistance becomes sensi- 
tive to the current density, being higher for lower cur- 
rents. The curve marked 30°K (0.1 ma) is about where 
one would expect from the two curves on either side of 
it, whereas the curve marked 23.1°K (0.1 ma) is notice- 
ably different from its neighbor, marked 23°K. The 
crystal becomes non-Ohmic at lower temperatures. At 
11°K the resistance of the crystal was 2000 ohm with 
1 ma flowing, and about 1 megohm with 1 yamp flow- 
ing. This is interpreted as a hot-electron effect. 

In Fig. 4 is shown the 7~' behavior of the magneto- 
resistance ratio at 180 kgauss. 

Results of similar measurements were reported by 
Karasik,"' who also observed a linear behavior of the 
magnetoresistance ratio, although with a different tem- 
perature dependence. His measurements, however, were 
made with higher current densities for the low-tempera- 
ture curves than those presented in Fig. 3, and were 
just in the range where the authors have observed both 
a strong dependence of the magnetoresistance ratio on 


0 J. C. Haslett and W. F. Love, J. Phys. Chem. Solids 8, 518 
(1959). 
VY. R. Karasik, Doklady Akad. Nauk SSSR 130, 521 (1960). 
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Fic. 3. Magnetoresistance ratio vs 
magnetic field, with temperature as a 
parameter. 
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current density and erratic behavior due to hot-electron 
effects. 
CONCLUSIONS 
Adams and Holstein have developed a theory for the 
behavior of transverse resistivity in the extreme quan- 
tum limit.' They predict that the transverse resistivity 
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Fic. 4. Magnetoresistance ratio at 180 kgauss vs temperature. 


should vary as follows: For low-temperature acoustical 
scattering, as H'!7-!; for high-temperature acoustical 
scattering, as H?7T-!; and for ionized impurity scattering, 
as H°T-!. The results of these experiments indicate a 
behavior that goes as H7~' above 40 kgauss, a result 
that is not adequately explained by any scattering 
mechanism thus far suggested. Herring, however, has 
shown” that fluctuations of carrier concentration, even 
with a random distribution of impurities, can give rise 
to linear terms in the field dependence of magnetoresist- 
ance. This is a possible explanation for the observed 
experimental behavior. 
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Stable Atomic Configurations for an Interstitial in Copper* 
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The stability of various atomic configurations for an interstitial is investigated in a model representing 
copper. For the interaction between the lattice ions, a Born-Mayer and a Morse potential are used. Two 
equilibrium configurations are found for an interstitial. For the two stable positions the formation energies 
and the changes in volume of the crystal arising from the interstitial are calculated. The calculations show 
that the crowdion and the “body-centered” interstitial are unstable. 


HE different stable atomic configurations, forma- 
tion energies, and changes in volume of the 
crystal for an interstitial in copper are calculated with 
the help of the electronic digital computer Z22! using a 
general method developed by Tewordt.? In this method 
the lattice distortion around the interstitial is deter- 
mined by an iteration process minimizing the energy. 
During the relaxation of the lattice the interstitial 
migrates from an arbitrarily chosen position into an 
equilibrium configuration. In all calculations a sufficient 
number of atoms around the mobile interstitial is 
treated as movable discrete particles. For the interaction 
between a pair of ions at separation r the Born-Mayer 
potential, 
V(r) =0.053 exp[13.9(ro—r) /ro} ev, 

(ro>=a/v2, a is the lattice constant) 
given by Huntington,’ and the Morse potential, 
V(r) =0.343{expl7.78(Ro—r)/ Ro] 

—2 exp[3.89(Ro—r)/Roj} ev, (Ro=0.794a), 


given by Girifalco-Weizer,‘ are employed. The electronic 
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Fic. 1. The stable atomic configuration “A” for an interstitial 
in a cubic face-centered lattice. Two elementary cubes of the 
lattice are drawn. J is the interstitial and J’ the atom which lies 
relative to one of the cube faces symmetrically to the interstitial. 
O is the regular site of the atom /’. The distance between J and /’ 
is 0.6a. 


* Partially supported by U. 

! Electronic digital computer Zuse 22, Institut fiir Angewandte 
Physik, Universitat Miinster, West Germany. 

2 L. Tewordt, Phys. Rev. 109, 61 (1958). 

3H. B. Huntington, Phys. Rev. 91, 1092 (1953). 

4L. A, Girifalco and V. G. Weizer, Phys. Rev. 114, 687 (1959). 
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contributions to the relaxation of the lattice due to the 
redistribution of the electrons are neglected. 

The stability of various interstitial configurations is 
investigated. The most important new result is that two 
equilibrium configurations are found for an interstitial. 
The calculations performed with the potentials V; and 
V w show that the configuration ‘‘A”’, first considered 
by Huntington and Seitz,® is stable. Recently Gibson 
et al.6 and Johnson et al.’ found the same result with the 
potential V; in models very similar to that used here. In 
the stable “split” configuration “A”, shown in Fig. 1, 


Fic. 2. The stable 
atomic configuration 
“B” for an_inter- 
stitial in a cubic 
face-centered lattice. 
Three elementary 
cubes of the lattice 
are drawn. The inter- 
stitial J and the atom 
I’ are symmetrically 
located relative to 
the cube corner O 
along a [111] axis. 
O is the regular lat- 
tice site of the atom 
I’. The distance be- 
tween J and I’ is 
0.6a. 











the interstitial and one next-neighbor atom are sym- 
metrically located relative to one of the elementary cube 
faces along a cubic axis passing through the cube center. 
The stability of configuration “B’’, which is considered 
for the first time, is found using the potentials V; and 
Vw. In the stable “split” configuration “B”’, which is 
shown in Fig. 2, the interstitial and one next-neighbor 
atom are symmetrically located relative to a cube corner 
along a [111 ] axis. If the interstitial is displaced slightly 


from its position in configuration “5” toward surround- 


5H. B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942). 

6 J. B. Gibson, A. N. Goland, M. Milgram, and G. H. Vineyard, 
Phys. Rev. 120, 1229 (1960). 

7 R. A, Johnson, G. H. Goedecke, E. Brown, and H. B. Hunting 
ton, Bull. Am. Phys. Soc. 5, 181 (1960). 
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ing crowdion, “‘body-centered,” or “‘A”’ interstitial posi- 
tions the calculations show that the interstitial returns 
to its position in configuration ‘‘B’’. Configuration “‘B”’ 
is separated from possible surrounding interstitial con- 
figurations by energy barriers of about 0.3 ev. 

The interstitial configuration with the interstitial in 
the “‘body-centered” position is found to be unstable. 
Calculations performed with V; and Vy show that the 
interstitial moves from the elementary cube center along 
a cubic axis about 0.2a into the equilibrium configura- 
tion “A”. The migration energy for an interstitial 
moving between adjacent “A” configurations turns out 
to be 0.1 ev. Furthermore, the crowdion is found to be 
unstable. Using V,; or Vy the extra atom of the crow- 
dion configuration moves into a next neighbor posi- 
tion which is equivalent to the interstitial position in 
configuration “A.” These results agree with those found 
with the potential V, by Gibson ef al.® 

The number of atoms around the interstitial treated 
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as movable discrete particles is about 150 for the 
interstitial configuration “A’’ and about 50 for the 
interstitial configuration ““B”’. Using potential V,, the 
change in volume of the crystal arising from the inter- 
stitial is found to be 1.126 atomic volumes for configura- 
tion “A” and 1.432 atomic volumes for configuration 
“B”. The contributions to the formation energy of an 
interstitial arising from the potential V; turn out to be 
3.548 ev for configuration “A” and 4.098 ev for con- 
figuration ‘‘B”’. 

A more detailed description of the calculations is 
given in a paper which will be published in the Zeitschrift 
fiir Physik. 
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A fermion system with a simple attractive interaction is dis- 
cussed with the aid of time-dependent correlation functions. 
Although perturbation theory is inapplicable, a sequence of cor- 
relation approximations described in the first paper of this series 
can be employed. The lowest approximation in the sequence ex- 
presses the two-particle correlation function in terms of single- 
particle functions and leads to the Hartree approximation; the 
second expresses three-particle correlation function in terms of 
one- and two-particle correlation functions and leads to the time- 
dependent correlation functions that characterize the super- 
conducting model of Bardeen, Cooper, and Schrieffer. In the 
second section of this paper these correlation functions are deter- 
mined and the thermodynamic properties of the superconductor 
are calculated from them. 

In the third section of the paper, the electromagnetic effects of 
the superconductor predicted by the Bardeen-Cooper-Schrieffer 
time-dependent correlation functions are considered. Their un- 


1. INTRODUCTION 


N a previous paper,' a formalism for discussing sys- 
tems with many particles was developed, and certain 
systematic approximation techniques were outlined. A 
sequence of correlative approximations which did not 
involve expansion in powers of the potential was pro- 


* Supported in part by the Office of Scientific Research of 
U. S. Air Force. 

¢ National Science Foundation Predoctoral Fellow. 

t Sloan Foundation Fellow. 

1P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959), 


hereafter referred to as I. 


satisfactory description of current conservation is indicated and 
overcome in the fourth section by a more accurate solution valid 
at nonvanishing temperature. This solution predicts different 
diffusive properties but the same Meissner effect and super- 
conductive behavior, since the longitudinal current correlation 
function is modified while the transverse current correlation func- 
tion is not. 

The fifth section of the paper is devoted to the properties of a 
pure superconductor which depend on the lifetimes of the single- 
particle excitations. The effect of these lifetimes on the static 
electrical conductivity is determined, and it is shown that they 
do not destroy supercurrents although they eliminate a gap in 
the single-particle excitation spectrum. Their effect on the thermal 
conductivity is also calculated using heat current correlation 
functions. It is shown that a model which treats the lifetime of the 
single-particle excitation due to lattice interactions as constant 
yields results in agreement with observed thermal conductivities. 


posed and shown to yield many of the features which 
characterize these many-particle systems. Before ex- 
tending this general formulation, it seems desirable to 
illustrate the techniques introduced by applying them 
to a specific problem. Probably the most illuminating 
example on which to employ them is a simplified model 
of superconductivity. On the one hand, this example 
provides a rather stringent test of any approximation 
scheme, since the model is known to have features 
which cannot be derived by expansion in the coupling 
constant. On the other hand, the application of a 





MANY-PARTICLE 
general approximation procedure? yields additional in- 
sight into the results which have been derived for this 
model and indicates how they may be extended. Using 
this approach, we shall rederive many properties 
of the superconductor which have been previously 
computed and calculate some additional properties 
like the temperature-dependent electrical and thermal 
conductivities. 

The model of a superconductor which we consider is 
similar to the one originally proposed by Bardeen and 
co-workers.’ The conclusions we derive are identical 
with those derived by BCS and other authors.‘ In ob- 
taining their results, they introduced a certain pairing 
condition. One of our aims is to infer that condition 
from the simple, but reasonable, interaction originally 
proposed. We show that perturbation theory can only 
be applied to the pair correlation approximation above a 
critical temperature. Below this temperature, perturba- 
tion theory leads to an unstable correlation function 
for particles of opposite spin; however, a nonperturba- 
tive, stable solution involving a Bose condensation of 
pairs can be derived within the pair correlation approxi- 
mation. From this solution, which is identical with the 
one proposed by BCS, the various thermodynamic 
properties of a superconductor are readily obtained. A 
more accurate solution which takes some intrinsic three- 
particle correlations into account is also derived. This 
solution, similar at vanishing temperature to the one 
discussed by Anderson® and Rickayzen,® satisfies the 
current conservation condition and consequently pre- 
dicts gauge-invariant dielectric properties. In this more 
accurate solution, certain long-wavelength matrix ele- 
ments of the density are substantially altered. The 
more correct matrix elements oscillate with the sound- 
wave frequency at vanishing temperature in a neutral 
superconductor. As the temperature rises, these modes 
become unstable, disintegrating into single-particle 
excitations. The Coulomb interaction has an over- 
whelming effect on the oscillation frequencies.’ It leads 
in the usual fashion to a dominance of the plasma fre- 
quency in the longitudinal mode with a corresponding 


2 A preliminary discussion of this approach was presented by 
A Cantor and P. C. Martin, Bull. Am. Phys. Soc. 3, 202 (1958). 

’ J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957), hereafter referred to as BCS. 

4N. N. Bogoliubov, V. V. Tolmachev, and D. V. Shirkov, New 
Methods in the Theory of Superconductivity (Academy of Sciences 
of the U.S.S.R., Moscow, 1958); J. G. Valatin, Nuovo cimento 7, 
843 (1958); L. P. Gor’kov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
34, 735 (1958) ; [translation : Soviet Phys.-JETP 34, 505 (1958) ]; 
A. A. Abrikosov, L. P. Gor’kov, and I. M. Khalatnikov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 265 (1958) [translation: Soviet 
Phys.-JETP 35, 182 (1959) ]; A. A. Abrikosov and L. P. Gor’kov, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1558 (1958) [translation : 
Soviet Phys.-JETP 35, 1090 (1959) ]; and several other authors. 

5 P. W. Anderson, Phys. Rev. 112, 1900 (1959). 

® G. Rickayzen, Phys. Rev. 115, 795 (1959). 

’ The importance of the Coulomb interaction in suppressing 
low-lying longitudinal modes has been stressed by Anderson. In 
our discussion it will appear that there is complete elimination 
only in the zero-wavelength mode at vanishing temperature. How- 
ever as we might anticipate, most of the oscillator strength for 
small wavelength lies at the plasma frequencies at all temperatures. 
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reduction of the low-frequency oscillations characteristic 
of the neutral system.*® 

The most interesting features of a superconductor 
are its electromagnetic properties. In I, a general 
method was discussed for determining these properties 
of a many-particle system from the correlation func- 
tions that describe the system when no electromagnetic 
field is present. Using this method, we determine the 
current induced in a superconductor by arbitrary ex- 
ternally applied scalar and vector potentials. Questions 
involving gauge invariance are eliminated with the more 
accurate approximation, since it leads to a current cor- 
relation function which conserves charge and a fre- 
quency-dependent conductivity which satisfies the 
longitudinal sum rule.’ In this more accurate solution, 
only the longitudinal modes are modified. Consequently, 
predictions of superconductivity and the Meissner 
effect, described by the transverse conductivity, are 
unaffected. 

One feature of our discussion is the appearance of 
lifetimes for single-particle excitations and collective 
modes. In an interacting system measurements gener- 
ally lead to excitations of so many states that the num- 
ber in an infinitesimal energy range is infinitesimal. As 
a consequence, the average subsequent responses are 
characterized by finite lifetimes. While these lifetimes 
cannot be included in an effective single particle model 
Hamiltonian they may be naturally introduced into the 
equations from which we calculate the time-dependent 
correlation functions describing the system. 

Determination of the transport properties depends on 
the inclusion of these single-particle excitation life- 
times. Using them, we determine various transport 
properties in terms of correlation functions of conserved 
currents. In particular, we discuss the correlation func- 
tions which describe thermal conductivity and diffusion 
in a superconducting system. 


2. CORRELATION FUNCTIONS OF A 
SUPERCONDUCTOR 


Although a real superconductor contains an ion (or 
phonon) field coupled to the electrons, the model we 


8In the weakly interacting Fermi gas these oscillations are 
known as zero sound. In the neutral superconductor they would 
correspond to ordinary sound. 

®The problems of gauge invariance have been discussed at 
great length. See, for example, P. W. Anderson, Phys. Rev. 110, 
827 (1958); M. J. Buckingham, Nuovo cimento 5, 1763 (1957) ; 
M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951). We shall show 
that an approximate calculation of electromagnetic properties 
will be gauge invariant if it leads to diagonal two-particle matrix 
elements which satisfy the current conservation condition and the 
longitudinal sum rule. This sum rule can be expressed in terms 
of two matrix elements of the density, two matrix elements of the 
current, or one of the current and one of the density. Even in- 
accurate calculations generally satisfy the sum rule in the last 
form, since that form only depends on the equal-time commutation 
relations. The BCS matrix elements, in particular, satisfy the sum 
rule in this form [Eq. (3.8) ]. The more usual statements of the 
sum rule in terms of two current matrix elements or two charge- 
density matrix elements also invoke current conservation and 
therefore it should be no surprise that they test gauge invariance. 
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consider predicates that the important effect of the 
phonons can be effectively simulated by a nonlocal 
electron-electron coupling (|v|), and consequently that 
the system can be characterized by a Hamiltonian H 
of the form 


H=Hot+Hr:; 


Hy=X f ¥(05)(-¥ 2m) (rs), 
(2.1) 


T3530 454) 


Hy = 3 E f (risus ly 
XV" (risi Wt (rose)h (1353) (rasa). 


The summation and integration extend over all co- 
ordinate indices of the spin-} electron field y: the spa- 
tial coordinates r and the coordinates which denote the 
component of spin along the axis of quantization s. The 
latter takes on two values which we label + and —. 

We discuss the properties of this system of particles 
in terms of time-dependent field correlation functions. 
In particular, we employ the Green’s functions which 
are expectation values of time-ordered products of 
creation and annihilation operators in a grand canonical 
ensemble. This ensemble is characterized by two pa- 
rameters—the inverse temperature 8 in energy units, 
and the chemical potential u.—or equivalently, by 8 and 
a=-— yu. The definition of the Green’s functions and 
other quantities, and the notations and conventions 
conform with those employed in I. We deviate slightly 
by writing the spin coordinate of the Fermi field ex- 
plicitly. Since the Hamiltonian conserves total spin, the 
only nonvanishing Green’s functions are those in which 
the number of creation operators whose spin lies parallel 
to the axis of quantization is equal to the number of 
annihilation operators with spin in that direction. 

Many of the important features of this model can be 
characterized in terms of the one- and two-particle 
correlation functions. The latter has two forms, the 
first, Go(1+,2—;1’+, 2’—), describing the correlation 
between particles of opposite spin, and the second, 
G.(1+, 2+; 1’+, 2’+), describing the correlation be- 
tween particles of the same spin. We may denote these 
more concisely as G*~(12; 1/2’) and G**(12; 1’2’), and 
correspondingly omit spin indices from the one-particle 
function G,(1+;1'+). Indeed, taking translational 
invariance into account, we may write G,(1;1’) in 
the form G(1—1’). 

In order to determine G,; and Ges, we introduce an 
extremely simplified interaction which enables us to 
carry through the procedures of calculation outlined 
in I. The potential V in this interaction, 


H;=—} X fv" sv (es.d¥(es.)¥(e8), (2.2) 
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is implicitly understood to project out only those parts 
of the field operators whose momentum p lies in a 
small range, (| ~?—pr*|/2m)<wp, of the Fermi mo- 
mentum pr.” The symbol wp is intended to suggest 
that the range of attractive interaction in a conductor 
is effectively governed by the Debye frequency. Con- 
ductors are supposed to differ from one another as a 
result of the dominance or unimportance of this 
attractive interaction in comparison with Coulomb or 
other couplings." 

The introduction of such a momentum-space cutoff 
in the interaction potential has the effect of removing 
divergences and spreading out the simple point poten- 
tial. For most purposes this cutoff is inessential, and it 
shall consequently be ignored when unnecessary. The 
implicit notation in (2.2) forebodes this suppression. 

The characterization of the Green’s functions by an 
infinite set of coupled equations with boundary condi- 
tions was discussed in I. The first two equations in this 
hierarchy were written in the form™ 


1(0/dt;) + (V,2/2m) |G(A—1’) 
J 


=§(1,1’)+72VG*-(11;1/1*+), (2.3) 
and 
[i(0/dt;) + (V:27/2m) JG""2(12; 1/2’) 
= G(2—2')6(1,1!) —G(2—1')6(15),2’s2) 
+1VG3(151,2s0, 1—s,; 1’51,2’s0, 1*—5,). (2.4) 


A single self-consistent Hartree-Fock equation was 
obtained as a first approximation when the two-particle 
correlation function was replaced by one which neg- 
lected intrinsic two-particle effects. A closed pair of 
equations was correspondingly obtained in a second 
approximation. That approximation involved neglect- 
ing intrinsic three-particle correlations by expressing 
the three-particle correlation function in terms of the 
one- and two-particle correlation functions. One method 
of replacement of G; was discussed in I, where an 
appropriate combination of one- and _ two-particie 
Green’s functions was shown (cf. 6.13) to consist of the 
antisymmetrized product of one-particle correlation 
functions together with terms containing all permuta- 
tions of arguments of one-particle correlation functions 
multiplied by differences between one- and two-particle 
correlation functions. For the have 


interaction we 


1 This interaction in which the potential is a constant times a 
projection operator which selects momenta near the surface of 
the Fermi sea was originally proposed by Gor’kov, reference 4. 
The Gor’kov interaction is a simplified version of the Hamiltonian 
with which BCS began. However, it is much more similar to the 
true electronic interaction than the truncated Hamiltonian that 
was employed in the BCS computations. ; 

1 We inquire no further into the criteria for superconductivity 

12 In these expressions, the superscript + determines the order 
ing of the operators which refer to the same point. This super 
script should not be confused with the spin indices which have 
been suppressed except in G; which shall be eliminated 
momentarily. 
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assumed, this approximation reduces to 

G3(1s1, 252, 1—s,; 1's), 2’s0, 1+—s)) 
G(2—2')Gt (11; 11+) 
—6(s1,52)G(2—1’)G* —(11; 2’1+) 
—6(s1, —S2)G(2—1)G*~—(11; 1’2’) 
+G(1—1*)L*2(12; 1/2’) 
+6(s152)G(1—1*)G(1—2’)G(2—1’) 
—6(s)s2)G(1—2’)L*—(21; 1/1) 
—6(s1, —s2)G(1—2’)L*+~-(12; 111) 
+G(1—1’)L-*2(12; 1*2’) 

+4(s1, —s2)G(1—1")G(2—1*)G(1—2’). 


2.5) 
In (2.5) we have introduced the symbol L*'*, 
E#2(12; 1'2’)=G*#2(12; 1/2’) 
—G(1—1’)G(2—2'), (2.6) 


for the correlated part of Gz and have taken into ac- 
count the fact that y(1s)?=0 because of the exclusion 
principle. 

We may simplify the analysis of the problem by 
anticipating the irrelevance in a first approximation of 
all save the first four terms in (2.5). Inserting these 
terms in Eq. (2.6) into Eqs. (2.3) and (2.4), we obtain 
the equations 


G-TG(1—1')—G(1— 1’) ]=iVL*+-(115 1/14), (2.7) 
GL+-(12; 1'2')= —iVG(2—1)Gt+-(11; 1/2’), (2.8) 

and 
L*+*(12; 1'2’)= —G(1—2')G(2-1), (2.9) 


d = ee ° . ‘ 
where the operator, G~, is the inverse single-particle 
Green’s function in the Hartree approximation, 


G- = (i0 dt) + (¥?2/2m)—iVG(1—1*). (2.10) 


The combination —iVG(1—1*) is equal to the poten- 
tial strength times the number of particles interacting 
with a given one. This term represents an average con- 
stant potential due to the particles and is equal, in the 
zero temperature limit, to Vwpmpr/2r?=}Vwppr. Al- 
though this shift is considerably larger than the dis- 
placements we shall consider momentarily, it represents 
a trivial effect which is completely accounted for by 
changing the chemical potential from its free-particle 
value, u= pr’/2m. Indeed, it is convenient to shift the 
origin of energy to 


p= (pr*/2m)—1VG(1—1*) (2.11) 
to introduce the variable 
e(p)=(p’— pr’) /2m, (2.12) 


and to measure frequencies relative to the chemical 
P : ° ~ 
potential so that the Fourier transform of G~' becomes 


G— (ew) =w—e. (2.13) 


The definition of the singularity in the Fourier 
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transformation of G was discussed in I. It was shown 
there that its Fourier transform with respect to space- 
time difference variables could be represented in the 
form 


dos’ 1 
G(ew)= f|P— — 1id (w—w’) tanh [4 (e), 
2rl ww’ 
(2.14) 


with 


dw 
A(ew) >0 and fo (ew) =1. (2.15) 
2r 


This representation followed from the periodicity of 
the function G; in the imaginary time variable. An 
analogous periodicity was shown to hold for the func- 
tion G, in I, and the significance of this periodicity was 
discussed. Briefly, it was pointed out that the differen- 
tial equations (2.4) and the approximations (2.5) make 
no reference to the particular thermodynamic average 
we want the Green’s functions to represent. They are 
equally true differential equations for arbitrary matrix 
elements of the field operators. It is only by the bound- 
ary conditions on these differential equations that the 
thermodynamic average matrix elements are specified. 
Because the average matrix element is a trace, and the 
Boltzmann factor e~” is equivalent to an imaginary 
time translation, it is possible to characterize the ther- 
modynamic Green’s function solutions to the differential 
equations by its equality under imaginary translation 
of a single time argument. This boundary condition is 
most easily imposed on the general time-ordered func- 
tion G, by rotating all times to the imaginary axis or 
letting 8— ir. Then identity under translation and 
time ordering can be described in terms of properties 
of a function of real variables restricted to the interval 
[0,7 ]. This translational property is naturally expressed 
with the aid of Fourier series. After the Green’s func- 
tions are obtained they must be extended to real times 
and real temperatures by rotating back and analytically 
continuing to time differences outside the interval 
[0,7]. 

To obtain solutions to (2.7) and (2.8) which satisfy 
this periodicity requirement, we employ the Green’s 
function G which exhibits this periodicity and integrate 
over one period. Thus we write 


G(1—1')=G(1-1’) 


i) 
~I 
> 
— 


+i faiGa—iyve (ii;1’1+), (2. 


where the time integration extends from t,=0 to 
t;= —78, and similarly, 


E*-(2- 82) 


=i fai G(1—1)G(2—1) VG+-(11; 1'2’).  (2.8’) 














a 
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Since G is a function with the properties of G, its 
Fourier transform may be expressed in the form (2.14) 
with 

A(ew)= 2r8(w—e), 


, : (2.16) 
G(¢,w) = P[1/(w—«) ]—id (w—e) tanh(e/2). 


For the purpose of solving the integral equations (2.7’) 
and (2.8), we replace the integral representation by a 
Fourier series representation. We first investigate 
whether there is an approximate solution to these 
equations which is similar to the noncorrelative solu- 
tion L+-20, G&G appropriate to the noninteracting 
system. The consistency of such a solution is easily 
tested since L*+~ can be immediately determined by 
(2.8’) with G replaced by G. As in I, we introduce 
L*+~—(p,w,) where w,=irv/8, and v is an even integer, 


L*(1151'1)=-—¥ expl ies. 49) ff — 
ip ” (2x)? 


<exp[ip: (ti— 11’) J+ —(p,w,) 
and 


~ip 

L*+-(p,w,)= f d(u—t) fd(n—n) 
Xexp[iw, (4:—t’)] exp[—ip- (n—n')] 
«L+-(11; 11’). (2.17) 


The solution to (2.8’) then becomes 
L*~(p,w,) =2( pu») f auf ar exp[ —ip-r+tw,t ] 
x far fae(-avyteor ; 1—1)C(r'r), (2.18) 
with the factor 2(p,w,) defined by 
[2(p,w,) '=1+X(p,), 


X(pyo,)=iv f ar fa exp[ —ip-r+iw,t | 
<[G(rt) P. 


On introducing the Fourier series representation for G 
and performing the trivial integrations, we obtain 


(2.19) 


dq i 
X(puo,)=iV f - <= 2 [edpta)—3(o, +o) 
(2r)° 8 » 


X[e(4p—q)—}(w,—w,) F, (2.20) 


where v’ is an odd integer. The result of the v’ sum- 
mation is 


P dq 
X(pw.)=V | 


(2x 





Ce(4p+q)+e(4p—q)—a,}' 


8 


X $[tanh}Ge(3p+q)+tanh}se(4p—q) ]. 


(2.21) 
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For momentum transfers much smaller than pr, we 
may take g~ pr and introduce the approximation 


€,=e($p+q)—ce(q)+3pz2[de(q)/dg] (2.22) 
=e(q)+} pres. 


The function X(p,w,) is largest for small values of p 
and reduces to 


aD 1 
X(0,w,)= Vpg de(q)——— tanh} 8e(q). (2.23) 


-—wD 2e(q)—w, 


The function L+~(p=0, #) is therefore equal to 
1 1 , 
L+~(p=0, )=—¥ e~***—X2(0,,)2(Ow,). (2.24) 
ip’ V 


To invert the Fourier series, we use the technique intro- 
duced in I. We let w,=w in the summand and multiply 
by (1—e**)— for >0 and (1—e~**)— for t<0. Integra- 
tion over a contour surrounding the singularities of 
(1—e*8+)— yields the summation. Since the integrand 
vanishes at infinity, the integral may be deformed to 
pass around the singularities of X°Q in the w plane. As a 
consequence L*~(0,t), the probability amplitude for 
creating a pair of particles with total momentum zero 
and time zero and destroying them at time /, is repre- 
sented by the line integral 


L+-(0,t) 
iw (t—t’) 


dw 1 rr: 


clr JV cfe—] 


over a contour which includes the singularities of the 
bracketed part of the integrand. When the poles of the 
bracketed expression are on the real axis and the inte- 
grand is bounded at infinity, Z+~(0,t) behaves in an 
admissible manner, oscillating or decreasing as t— ~. 
This is true, for example, of the spatial Fourier trans- 
form X(p,t), of [G(r,t) ?, and of X?, the Born approxi- 
mation to L(p,t). We might therefore expect (2.25) to 
be approximately correct in the weak coupling limit. 
In particular, since there exists a dimensionless pa- 
rameter containing the potential, Vpz, it might be 
expected that (2.25) would be accurate with 0&1 for 
Vpr<1. This is not the case: At low enough tempera- 
tures an arbitrary weak attractive interaction results in 
an unstable solution for L(0,). 

A necessary condition for the stability of L(p,t) is 
that the bracketed expression in (2.25) have no poles 
for values of w off the real axis. This condition must be 
satisfied, since poles of the correlation function corre- 
spond to energy differences between states of the sys- 
tem and must consequently be real. However, a pole of 
L(p,w) will appear whenever the function of a complex 
variable w, X(p,w), is equal to minus one. If the inter- 
action is repulsive, X(p,w) will never equal minus one. 
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If, however, the interaction is attractive and weak, 
there will be two imaginary values of w for which 
1+X(0,w)=0 at zero temperature. They correspond to 
complex energy differences or real exponential time de- 
pendences, and indicate that the solution (2.25) is 
unstable. (See Fig. 1.) 

In order to see this instability in more detail, we 
consider the function X(0,w) defined by (2.23): 


X (0,w) = — Vor) de———tanh3fe. (2.26) 
0 


e— tu" 


If the interaction is repulsive, V is negative and the 
equation 1+X(0,w)=0 cannot be satisfied for || 
<|wp|. If the interaction is attractive, V is positive 
and the equation 1+X(0,w)=0 cannot be satisfied at 
high temperatures but a pair of pure imaginary roots 
exist at low temperatures. These solutions move inward 
along the imaginary frequency axis as the temperature 
increases or as p* increases. They exist for sufficiently 
small values of ~? whenever the temperature 8” is 
smaller than the critical value 8;-! at which 


1+ X(0,0)=0, (2.27) 
or more explicitly, 
“D de 
t= Vee) — tanh}£.e. (2.28) 
0 € 


Since the assumption of smail correlation leads to 
instabilities for B>8, and V <0, we conclude that if 
the potential is attractive, this assumption is only 
tenable above the critical temperature. We therefore 
consider afresh Eqs. (2.7) and (2.8) for attractive 
potentials at low temperatures. 

At the onset of instability, there is an eigenfunction 
with w=0, of the equation for Z. This implies that 
some matrix elements of the form 


(NEE|P—.| N—2, E—2u, ¢’) 


persist for infinitely long times. This suggests that at 
lower temperatures similar matrix elements in a de- 
composition of L+~—(12,1’2’) with the unprimed anni- 
hilation field points greatly separated from the primed 
field creation points might be as important as the terms 
G(12')G(21’). We therefore inquire into the possibility 
of a stable solution with these primed and unprimed 
points greatly separated. In investigating this asymp- 
totic limit, we ignore the inhomogeneous term 


-i f aiGa—-G2-NVEG-1)60-2, (2.29) 


and write (2.8) in the form 


L+-(12; 1'2’) 


- -i f aiGa-NGe-Hvie- Gi; 1'2"). (2.30) 
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Fic. 1. To see how complex poles appear in 2(0,w), we suppose 
that the system is confined to a finite region so that & has dis- 
crete values. In that case the integral for X (0,w) in Eq. (2.26) is 
replaced by a summation over discrete values en. At high tem- 
peratures, poles appear in Q=[1+X(0,) }" at real values of w 
quite close to the values of e,. As the temperature decreases, the 
position of all save two of these poles is substantially unchanged. 
These two lowest frequency poles approach one another as the 
temperature decreases and coalesce at T.. Below T, the poles dis- 
appear for real values of w but they appear as complex poles. 
These complex poles are the mathematical manifestation of the 
instability which leads to the superconducting state. 


In virtue of the Hermitian character of the Green’s 
functions, (2.30) may be iterated: 


1+-(12; 1'2")= -v fai f ar’Ga-Dee-1) 


«L+-(11; 11’)G(1’—1.)G(1’— 2’). (2.31) 
One solution to (2.30), (2.7), and (2.9) is obtained in 
the following manner: Let us suppose that L+—(11; 22) 
is independent of the separation between 1 and 2. We 
denote the value of this constant at the temperature T 
by 
L*+~(11; 22)= —Ar’/V?. (2.32) 
The constant Ar* must be real, since L represents the 
difference between the Hermitian negative definite 
matrices, G+~(11;22) and G(1—2)G(2—1), and is 
diagonal. A more physical picture of the meaning of 
L+~- and the reality requirements on A?’ is obtained 
when the points 1 and 2 are set equal. With this identi- 
fication the expression (2.32) becomes 


((n+—(n*)) (n-— (n-))) = Ar?/V?, (2.33) 
where ' n+(ri)=yt(rit)y(rt+) is the density operator 
for particles with + spin orientation. This physical 
interpretation also insures that Ay’ is real. It further 
suggests that A?’ is positive since an attractive inter- 
action between particles of opposite spin should induce 
a positive correlation. Pursuing the assumption (2.32), 
we find that 


L*+-(12; 1'2’)=F(1—2)F(1’—2’), 


(2.34) 
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where we have suppressed the T dependence of Ar and 
introduced 


F(i—2)= afar cd-nad —2), (2.35) 


This equation is consistent with (2.30) and (2.32) if 


—iVF(0)=A. (2.36) 
It will emerge that this condition can be satisfied below 
a critical temperature at which A vanishes. The critical 
temperature thus defined is identical with the one deter- 
mined in (2.28) by the appearance of complex poles. 
Below this temperature, Eq. (2.36) serves to determine 
the particular nonvanishing value of A for which (2.30) 
and (2.7) have a consistent solution. 

We derive the solution by introducing (2.32) into 
(2.7), thus obtaining 


7 "[G(i—1')—G(1—1')] 


= — A? f ai G(1—1)G(1’—1). (2.37) 


. 


The Fourier transform of this equation is 


[w,— € 1G(ew,)—1= Aw, +e} 'G(ew,). (2.38) 


The nature of the singularities in the inversion of (2.38) 
may be ascertained from the integral representation 
(2.14). Alternatively, the boundary conditions deter- 
mining the inversion may be included by utilizing the 
Fourier series analog of (2.38) and using a contour 
integral representation to express the resultant Fourier 
summation [cf. I, Eqs. (5.22)—(5.32) ]. By either pro- 
cedure we obtain the spectral function 


A (€,w) = 29 wt e|5(w’— EF), 
where 
E=+(é+a%)!. 
We may consequently write 
AG (€,w) = — (wt e)F (ew), 


where 


A 
F (€,w) = — P———+ 216 (w*— E*) tanh}GE. 


w— 


(2.42) 


Whatever the value of A, the conditions of (2.15) are 
satisfied. Moreover, as in a Hartree approximation, the 
spectral function A has no width. In contrast with the 
Hartree example, however (and reminiscent of rela- 
tivistic electron theory), there are two values of w 
associated with each e, namely, the two square roots, 
+E. When the form (2.42) is inserted in (2.36), the 
condition determining A becomes 


“D de 
= Vee — tanh3sE, (2.43) 
0 E 
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which is identical with (2.28) at the critical temperature. 
The set of Eqs. (2.33) and (2.39)—(2.42), constitute a 
correlation function description of the superconducting 
model considered by BCS and Bogolyubov." 

These correlation functions provide a convenient 
basis for deriving the thermodynamic properties. For 
example, the distribution of momentum, »(p), is im- 
mediately written as [ cf. I, Eq. (3.68) | 


dw trA (pw) 
n(p) fe 
2x efe+1 


and the energy per unit volume, (I), is given by 


[cf. I, Eq. (3.69) ] 


E dp dwi pr*\ trA (pw) 
, = [foi (otetut ) 
(V) (2r)°J 2x 2 2m/ ebe+-1 


3p N 


=~ —— i V (wppr)’ +wp*pr 
5 2m (V) 


tanh3BE. (2.45) 


In order to compare these equations with BCS 
arbitrary temperatures we first note the identity 
(2.43), which determines A, and BCS [reference 
Eq. (3.27) ]. We have used the symbols A and pg i 
place of €9 and N (0), but the equations are otherwise 
identical. We complete the comparison by observing 
that the specific heat derived from (2.45) is also identical 
with that obtained by BCS and Bogolyubov." The de- 
rivative of (2.45) with respect to 8 may be rewritten 
in the form 


dt eE “D e BE dA? 
- ome —4oe J de— (F 8 ) (2.46) 
dB8t(V) 0 (1+¢-8)? dg 


by using the identity obtained from the temperature 
derivative of the equation which determines A. 
The connection between the solution obtained above 


3Tt may be noted that Eq. (2.8’) is similar to the Bethe 
Salpeter equation [J. Schwinger, Proc. Nat. Acad. Sci. U. S. 37, 
425-455 (1951); E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 
1232 (1951)]. The similarity has led several people to surmise 
that the symmetrical equation G2.=GG+iGGvG_ solved in the 
same approximation would be more accurate. This surmise is not 
correct. The Green’s functions resulting from that equation can 
be rejected in favor of those used in BCS by means of a variation 
principle [J. Goldstone (private communication) ]. They can also 
be rejected experimentally since they give rise to a 7® specific 
heat. Finally, the formal cancellation between the terms in the 
perturbation series resulting from the symmetrical equation and 
other effects omitted from the Bethe-Salpeter equation can be 
indicated [A. Cantor (private communication) ]. 

“N. N. Bogoliubov, Zubarev, and Tserkovnikov, Doklady 
Akad. Nauk. S.S.S.R. 117, 778 (1957). 
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and a Bose condensation may be simply understood.'® 
For a free Bose system, the spectral representation, 


dw 1 
cip)= fr — (— 16 (w—w') coth} (a+) | 


2rlL w-—w 


XA(p,w’), (2.47) 


discussed in I requires an extremely singular weight 
function at low temperatures. Specifically, the spectral 
function takes the form 


A (pw) 


215 (w— p’/2m) 
ext Bw 1 * ; ra 


+ (29)*5(w)5(p)no (2.48) 


ertbu— j 
below the condensation temperature. In this expression, 
no is a constant representing the density of particles in 
the lowest mode as a function of temperature. The 
occurrence of the parameter m» may be related to 
the coalescence of the singularities in A(Ow) and 
(e*t®s—1)-!, At large separations this singular con- 
tribution dominates the Green’s function, giving rise 
to a constant value, , for G(1—1’). The correlation 
function for a pair of fermions has a spectral repre- 
sentation analogous to (2.47). Indeed, the function 
(2r)~*A*/V? plays the same role in this representation 
as mo does in (2.48). The less singular portions of the 
corresponding spectral function for L have been elim- 


inated by omitting the inhomogeneous term (2.29) 
of Eq. (2.8). 


3. GAUGE INVARIANCE AND ELECTROMAGNETIC 
PROPERTIES 


In the previous section, we developed approximations 
for the one- and two-particle Green’s functions of the 
superconductor and we saw that these approximations 
led to the results originally obtained by BCS. However, 
the BCS theory in its original form is not gauge in- 
variant. We should therefore not be surprised to find 
that the correlation functions derived in the previous 
section do not predict electromagnetic properties of the 
superconductor gauge invariantly. Before exhibiting 
this flaw, it is convenient to extend to a general gauge 
the discussion of electromagnetic transport developed 
in I. We shall then develop criteria which indicate when 
a given approximation for the correlation functions of a 
system leads to a gauge-invariant description of its 
electromagnetic properties. Finally, we use these criteria 
to rule out the BCS correlation functions and generate 
more satisfactory ones. 


A. General Discussion of Electromagnetic 
Transport 


We begin by considering a general system of charged 
particles described by a Hamiltonian which includes all 

‘8 The suggestion that the superconducting transition is a Bose 
condensation phenomenon is one originally proposed by Blatt, 
Butler, and Schaforth. 
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electromagnetic interactions between the particles. The 
effect of subjecting this system to externally applied 
electric and magnetic fields can be represented by adding 
to the Hamiltonian density an interaction Hamiltonian 
density which depends upon an external vector po- 
tential At and an external scalar potential ¢%*. This 
interaction Hamiltonian density is 

. 


-(1)[A%*(1) P 


1 
5h(1)= —-j(1)- A**(1)+ 
c 2mc* 
te(l)om*(1), 


(3.1) 


where p(1) and j(1) represent the charge density and 
current density operators in the absence of the applied 
field,!® 


p(l1)=e >, vt (1)y(1), 


e 
i(1I)=—(M1— Wr’) Lt (1) (1) 


2mi =I! 


‘ 
— {o(1),Amt(1)}. (3.2) 


2mc 


Here, Ai™*(1) is an operator which represents the vector 
potential which is induced by the particles within the 
system. The current operator in the presence of the 
external field is given by 


J j p(1)A' "(J 


mé 


(3.3) 


We wish to determine the expectation value of the cur- 
rent induced at time / by a weak electromagnetic field 
applied to a system in equilibrium at fo. Inasmuch as 
we are only interested in the linear response, we may 
employ first-order perturbation theory to derive 


‘ 1 
(Ji.(1t))= if dt'dr’([jx.(rt),j.(r't’) })—-Ar*(r'l’) 
to 


rf 


t 


ep 

° 1,/ ; 

A, t(rf)—i | di'dr 
mc 


“to 


X (eC) ert’) o'(r'l’). (3.4) 
Assuming At and ¢**t vanish for times less than éo, we 
extend the lower limit from ¢y) to — . 

Since the electromagnetic properties of the system 
were obtained in a specific gauge from [j,j] in I, we 
anticipate a connection between [j,j | and [[p,j ]. Indeed, 
we expect the relation between them to be a consequence 
of current conservation or gauge invariance. We can 


‘6 The current operator is actually nonlocal in virtue of the 
momentum cutoffs in the simplified interaction. That interaction 
is, of course, justified because the cutoff appears inessentially in 
all calculations. In other words, the momentum-dependent terms 
are of order (A/wp) or smaller and may be freely ignored. In Eq. 
(3.3) the spin current has also been neglected but we shall con 
consider it presently. 
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infer the form of this relation by comparing the values 
of (J) determined in different gauges. Under the gauge 
transformation 


‘ 1a 
o**(r!)=9**(rt)—-—A(r0); 
c at 


(3.5) 


Ac*t(rt) = Awt(rt)+VA(ri), 


the expression (3.4) is altered by the amount 


é 1 
+if dt’ dr’ (jx! t),je(r’t’) ])-V.A(r'?’) 
x c 
1 0 
—A( rt’). 


c él 


t 
+if dt'dr’((jx(rt),o(r't’) }) (3.6) 
— 


If (3.4) is to be gauge invariant, © must vanish. After 
integrating by parts with respect to the time and taking 
into account the arbitrariness of A, we conclude that 
gauge invariance is maintained if and only if 

— (8/dt)([p(rt),j,(r't’) )), 


Vi((e(rt),j(r') )) = (3.7) 


and 


(—ie(p)/m)V.6(r—r’)= ([je(rt),o(r't)]). (3.8) 
Since Eq. (3.7) follows from the current conservation 
relation, and (3.8) is readily derived by the field com- 
mutation relations, gauge invariance is assured when 
exact correlation functions are employed. Furthermore, 
the gauge invariance of calculations based on approxi- 
mate current correlation functions is preserved if and 
only if these approximate functions satisfy (3.7) and 
(3.8). 

Before turning to actual calculations based upon 
approximate correlation functions, we introduce some 
additional definitions which permit us to express the 
condition (3.8) more conveniently, and to express (3.4) 
in terms of the electromagnetic fields when (3.7) and 
(3.8) are satisfied. We begin by writing (3.4) in the form 


e(p) 
(J, (1))=i f a2Gina), 3:(2) Jr) =A=(2)-" aye) 


me 


ad J d2(Cjn(1),0(2)]ado"=*(2), (3.9) 


where the retarded commutator is defined by 


((A (1),B(2) Jr =. (t;—ts)({A (1),B(2) }). (3.10) 


We also introduce an integral representation for the 
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current-current commutator 


(Lie(t4),r(r’?’) ]) 


-f- Qxe (kw) 
(29)? 


Xexp[tk: (r—r’)—iw(t—t’)]. (3.11) 
In a translationally and rotationally invariant system, 
symmetric under space and time inversions, the con- 
ductivity tensor o%;'(k,w) occurring in (3.11) may be 
expressed in the form [cf. I, Eq. (4.37) ] 
ont (Kw) = 0’ 2 (k2w*) (ky k,/k?) 

+o’? (Rw*)[5.:— (Kek,/k*) ], (3.12) 
where LZ and T indicate longitudinal and transverse 
parts. We may write the Fourier transform of the com- 
mutators appearing in (3.9) in terms of the representa- 
tion (3.11). In particular, the transform with respect 
to the time difference variable is given by 


(Gie(4),r(8’) Je) (w) 
Sr lout (eu! 


dk 

-f dt e~ wt f— 
(2m)® 
Xexp[ik- (r—r’)+iw't+e]. (3.13) 


On carrying out the time integration we find 


(Gie(r),5:(t’) Je) (w) 


dk , % 
=f; - viitiad [wo ns’ (Kw) +4)’ (kw) |, 
T 


(3.14) 


where v;;'(k,w) is defined by 


® 


2 ww? 
ver (kw) = --f da’ p- = ont (k,w’), 
0 


T @*—oa 


(3.15) 
and 


vet (kw) = y'b (k*w*) (kk, / R?) 


+y'T (hw) [b.1— ( k,.k,/k?) ]. (3.16) 
To determine ({j(r),o(r’) ]x)(w), we invoke the relation 
(3.7) and note that the divergence operation projects 


out the longitudinal part of o,,'. We therefore write 


(Cis(w), ~(¢t))) 


dw 
-v' f- =f ‘L(Ka?) 
(2x)? 


Xexp[ik- (r—r’) 


- iw(t —{') |, 


(3.17) 





MANY-PARTICLE SYSTEMS 


and integrate with respect to time, obtaining 
(Gie(r#),p(r’t’) J) 
dw ¢ dk 
=i¥,' f — | —o*(#w) 
a (2r)' 


Xexp[ik- (r—r’)—iw(t—t’)]. (3.18) 


The quantity ({jx(r),o(r’) ]e)(w) may now be written 
in the form 


(Lie (1),(8’) Jz) (w) 


doy’ 
-iw'f die “ [= Go 
(278 


Xexp[ik- (r—r’)+iw't+ ef Jo’4(R’w”). (3.19) 
On performing the time integration, we find 


((ie(r),e(t’) Jr) (w) 


dk 
-ivy f — exp[ik- (rr) 
(29) 


—— [ve a?) +- = fae a! (kw ||. (3.20) 


We now substitute (3.14) and (3.20) into (3.9) and 
take the Fourier transform of the resulting equation, 
obtaining 


(Ji ( kw) } 
e(p) ! 
= —A,**(k,w) — (vu —iwons’)-A,™*(k,w) 
Cc 


mc 


v’" (Rw?) 
+> des'a"™(Kus"?)-+———-— 0 *( kes 5] 
T 1W* 1a) 


Xikie™*(kyw). (3.21) 


Under the gauge transformation (3.5) the right-hand 
side of Eq. (3.21) is changed by © where 


o-[-F4- f do'a’ "(kw » kaa (3.22) 


Hence, if Eq. (3.21) is to be gauge invariant, 
vanish, that is, the longitudinal sum rule, 


7 pw 
-f dw’ a" (k?w*) = e(p)/m, 
r/9 


must be satisfied. The right-hand side of Eq. (3.21) 
may then be expressed in terms of the externally applied 


© must 


(3.23) 
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electric field 


! otal 
(Ii(kyw))= {ou | ru’ +8a: 4 IB e*(kw), (3.24) 


1@) m 
where 


E;** ( kw) = (iw/c) A **( kw) —ik ge ( kw). (3.25) 


We summarize as follows. An approximation to the 
correlation functions of a many-particle system de- 
scribes its electromagnetic properties in a gauge- 
invariant manner if, and only if, the approximation 
satisfies the sum rule (3.23) and the particle-conserva- 
tion statement (3.7). Since (3.23) is a direct conse- 
quence of the equal-time commutation relation (3.8), 
a sufficient condition for gauge invariance is that the 
approximate correlation functions satisfy (3.7) and 
(3.8). 

Although it is gauge invariant, (3.24) does not char- 
acterize the electromagnetic transport properties of the 
system in the conventional manner. Ordinarily, the 
conductivity of a system is not defined as the coefficient 
which relates the induced current to the externally 
applied field, but as the coefficient relating the induced 
current to the total electric field in the system. To con- 
vert Eq. (3.24) into a relation between the induced 
current and the total field in the system, we write it 
in the form 


(Jp) = — twa,’ Eet= — iw( e’ —1),,E***, (3.26) 
where az’ is a complex polarizability tensor defined by 


(3.27) 


We would like to determine the coefficient @%; which 
appears in the relation 


(Ji)= 


9 - j 7 ° / 
water’ = — ver +bnr(e(p)/m)+iwoxy’. 


— twee, ( E,** as — ico (e— 1) art E,***), 


(3.28) 


where (E**), the total electric field in the system, equals 
Exxt+ ( Eixt), 


By using the Maxwell equation 


Vv: Ein =p (3.29) 


and the current conservation equation for the induced 
charge 


V- J+ (0/dt)p=0, (3.30) 


we obtain between the longitudinal parts of the two 
polarizabilities defined above, the relation 
= a/[1—a’" ] Re ers 


(¢'%)-, 


(3.31) 
Similarly, by using 


eVx (VX E*)+ (#@E’t/af)=—dJ/dt, (3.32) 


we learn that the transverse parts of the two polariza- 
bilities are connected by 


at=a/ Tw y—¢ LPC pe — G/T], 


=| 


(3.33) 


The quantities a’ and a, which describe the response 
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to an externally applied electric field and to the total 
electric field, are very different. The polarizability a’ is 
directly connected with a current correlation function 
of the system, while a is a derived quantity. However, 
in most discussions of electrical transport @ is the more 
natural quantity to discuss. For example, if we write 
Gei=anition/w; en=enPtien™, (3.34) 
then, the longitudinal part of o,;=we,;'*) reduces in a 
low-frequency, low wave number limit to the dc electri- 
cal conductivity. Furthermore, the quantity a” is meas- 
ured by thin film absorption experiments at low fre- 
quencies. On the other hand, the polarizability a’ 
contains a pole corresponding to plasma oscillations 
which is absent in a. Thus, in the discussion of plasma 
oscillations, it is more natural to work with a’. 

To compute a we must include the electromagnetic 
interactions between the particles in the Hamiltonian 
of the system. Their inclusion considerably complicates 
all calculations. Thus, following previous authors, we 
shall make the assumption that the complex polariza- 
bility tensor a, which represents the response to the 
total electromagnetic field, may be computed by evalu- 
ating the response to an external electromagnetic field 
for a system in which the long range part of the interparticle 
electromagnetic interaction is neglected. In other words, 
we assume that a can be approximately evaluated by 
employing Eq. (3.11), 


dw dk 
(fe (1),2(2)] -f-J wo x: ( kw) 
a? (2r)* 


Xexp[ik- (r:— re) —tw(ti— te) J, 


(3.35) 


where the expectation value is to be computed in a 
system for which the Hamiltonian includes the non- 
electromagnetic interaction between particles but only 
the short-range (screened) part of the electromagnetic 
interaction." 

This assumption is connected with the random phase 
approximation.’* Physically, it is based upon the notion 
that the electromagnetic forces are so long-ranged that 
a particle responds to the electric field created by other 


17 In order to obtain the pole at the plasma frequency in o’, 
we then use (3.31) on the approximation to @. At high frequencies, 
wo becomes exceedingly small and a approaches —ne*?/mw*. Thus, 
at very high frequencies, o’ is approximately given by (xne?/2m) 
X5(w—w,), where w,=(ne?/m)* is the plasma frequency. Since 
the plasma frequency is much larger than A or 8“ in a super 
conductor, this form for o’ is quite accurate. Moreover, the con 
tribution to o’ at the plasma frequency effectively exhausts the 
sum rule so that the low-frequency contribution to o’ must be 
quite small. 

18 P. Noziéres and D. Pines, Phys. Rev. 113, 1254 (1959), where 
references to earlier articles are also given. It should perhaps be 
pointed out that these authors proved that ¢’ satisfied a dispersion 
relation by invoking the mathematical properties of the correlation 
function (¢’)~!. Equation (3.31) indicates the physical significance 
of this fact, that is, that e’ also describes the causal linear response 
to the total field. Their mathematical sum rule for Ime’ is just the 
physical sum rule for the experimental longitudinal conductivity. 
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particles in the same manner as it responds to an ex- 
ternally applied field.'* 

Furthermore, the assumption that a’ may be com- 
puted by computing a for a system with only short-range 
interactions and then using Eqs. (3.31) and (3.33) seems 
to lead to no mathematical inconsistencies. There are 
two requirements on the consistency of this calculational 
procedure. The first is that the function a’ computed in 
this manner must satisfy Kramers-Kronig relations, 
that is, &’ must have no poles in the upper half of the 
complex frequency plane. The second is that the longi- 
tudinal part of o’ which emerges from this calculation 
must satisfy the sum rule (3.23). Fortunately, this type 
of computation must always lead to an &@’ which satisfies 
both conditions. One can easily show that if & satisfies 
these conditions, @’ must also satisfy them. Thus, the 
“random phase approximation” calculation procedure 
is internally consistent and physically reasonable. In the 
calculations which follow, we shall employ it. That is to 
say, we shall compute the current correlation function 
for a system in which there is only a short-range inter- 
action. In fact, as before, we shall choose the potential 
to be a delta function of space and time in which the 
momentum components near the edge of the Fermi sea 
are projected out. 

Even when our problem is reduced to a calculation of 
current correlation functions in the presence of short- 
ranged forces, however, we must ensure that the ap- 
proximations we employ lead to correlation functions 
consistent with particle conservation and the associated 
longitudinal sum rule on o”. Consequently, we shall 
devote part C of this section to the discussion of criteria 
which guarantee that a particular approximation leads 
to gauge-invariant results. 


B. Magnetic Properties 


Before turning to these questions of gauge invariance, 
we consider the electromagnetic properties connected 
with the transverse part of the current-correlation 
function. We shall show subsequently that the modifica- 
tions that bring about gauge invariance do not sub- 
stantially alter this transverse response. 

In I the manipulations which related the retarded 
commutator to the time-ordered product were carried 
out, and it was shown that 


woxi( kw) coth}Bw+ivi:( kw) 


s 


2 
=—— > | dridt, exp —ik- r+ iat, | 
(2m)? #142 


X (Vi — V1’) (Ve— Vo") G2(12; 12’), (3.36) 


with the limits r)/—1n, t)/— t+, m0, rr.’ 0, 
ty —+ 0, to’ — OF. It is convenient to evaluate separately 
the contributions to (3.36) arising from G** and G* 

We denote them by o;;+* (and »4;**) and o,;*~ (and 
veit), respectively. This division is useful since the 
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commutator ([j,"(1),jr°"” (2) ]) is related to dex." in the 
same manner as ([jx(1),j:(2) ]) is related to ox:. Indeed, 
the kernel 4wo,;+~(k,w) of the Fourier transform of 
((je*(1),j7-(2)]) also consists of two real functions 
o'+— (kw) and o7+~ (kw). The reality of these functions 
is a consequence of rotational invariance, time reversi- 
bility, and the Hermitian character of the operators j* 
and j-. It is simpler, however, to demonstrate the reality 
by observing that 

(*(1),-(2)) = HG(A).4(2)]) — G+) 52). 

This form enables us also to conclude that o/** 
and o/++(kw*)—o"+~(k’w*) are positive definite. 


Direct substitution of (2.9) and (2.30) into (3.36) 
yields the expressions 


(3.57 ) 


( Rw") 


walt +(kw*) coth}Bw+iv™* * (kw 


dk’ edo’ = (k’-k)? 
-(=S; te ; wan 


XG(k,w,)G(k_w_), (3.38) 


0 T+ — (Ras) coth}Bw+iv™* 


“f dk’ fete wa (k’: =) 
td (Qn) R 


KF (k,w,)F (k_w_), 


(k?w*) 


where 


k,=k’44k 


In Appendix I these integrals are evaluated in some 
limiting cases. In particular, it is shown that in the 
static limit the polarizability reduces to 
v™++(R°O) = (ne®/m)[3S7r(k?)—1], 
(k?0) = (ne?/m)$Sr(k*), 


and w ,=w'+}w 


S7(k*). 


mo.” 


lima? (k’w*) = — 


The function S7(k*) may be expressed in the form 
S7(R?) = 387 (R)—bSr (RF), (3.42) 


where 


jet phop| 
tanh3sF In| —_—_——|: 
ef \e— kop 


3A le 
S7® (Rk) =- f — tanh}pF 
kop’) ef 


de * let aeer 


x| -—<+4 ad 
kop — koe. 
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The spin susceptibility, x.,(4°0), in the BCS approxi- 
mation involves a similar computation. In particular it 


reduces to 
Xsp (0) == (ump r ‘el 1 — S$, (Rk) ], 


where yu, is the magnetic moment of the electron. The 
quantity Srp (k) takes the value 1 as k approaches 
zero at vanishing temperature. It vanishes and x takes 
on the free-electron Pauli values ask © orasA— 0. 
Therefore Sr“ may be regarded as the fraction of 
superconducting electrons in a magnetic field of wave 
number & at temperature 7 when emphasis is put on 
spin phenomena. The quantity S7(*) has similar limit- 
ing values and may be regarded as the fraction of super- 
conducting electrons of wave number & when the 
emphasis is on motional current properties. For small 
wave numbers, the functions S7, Sr, and Sr® agree 
and define the fraction of superconducting electrons 
appropriate to a two-fluid model. These functions differ 
considerably from another quantity, the fraction of 
condensate, which appeared in the analog of (2.48) and 
could also be called the fraction of superconducting 
electrons. The latter is much smaller than one, even in 
the low-wavelength limit, and is similar to the functions 
S only in that it vanishes at T=T,. 

When we insert the derived constitutive equation for 
the superconductor into Ampere’s law for a transverse 
field, neglecting the contribution of the spin current, 
we obtain 


(3.44) 


cikX B+ iwk? = J7+ (Je**)?, (3.45) 


where J°*t represents the free external currents which 
produce the magnetic field. From Faraday’s law and the 
solenoidal character of B we then obtain 
[ w — 7k? +iwat (kw?) +a? (k?w*) Bi kw) 


—ikeX Je**(k,w). (3.46) 


The transverse electric field satisfies a similar equation. 
In a static magnetic field, (3.46) becomes 


[R2+4?(R?) ]B(k) = ikx Je**/c, 


is given by 


(3.47) 


where 


x? (R?) 


T ( kw”) = (ne®/m)S7(k?). (3.48) 


2(k?) = = — lime? ‘a 


w 


It follows from (3.47) that an external point source gives 
rise to a magnetic field which falls off exponentially in 
a characteristic distance \=7kg, where ko is deter- 
mined by the solution to ky?+«?(ko)=0. For values of 
kK&Ep '=7Ar/V p, Eq. (3.48) reduces to \7?= (ne?/me?) 
xX S7r(0). This limit, the London limit, leads. to an 
an attenuation length, consistent with k&;<«<1 when 
\r&£r. Correspondingly, if kér<1, Eq. (3.41) reduces to 


3ne? x? A 
— tanh}. 


: (3.49) 
mc? 4 kup 


The attenuation distance for a point source is then 
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me tér BAr\} 
r= (== cot) , 

ne 3x 2 
which is consistent with k§y>>1 whenever A7>>ér. The 
latter limit, the Pippard limit, is typical of supercon- 
ductors except near the critical temperature. In this 
rapid attenuation limit, the temperature variation of the 


penetration depth, determined from the leading term 
in (3.50), is 


given by 


(3.50) 


\r/Ao= [Ao/Ar tanh}sArz }!. (3.51) 


The penetration depth for a more complicated field 
source differs from (3.50) by a factor of order unity. The 
determination of this factor requires solution of the 
electromagnetic problem which specifies the source con- 
figuration in question.” 


C. Criteria for a Gauge-Invariant Approximation 


For the discussion of gauge-invariant approximations 
it is useful to recast the charge-conservation correlation 
in an alternative form. We begin by introducing an 
equation sufficient to guarantee the gauge invariance 
of the current-current correlation function : 


[Go*(1)—Go4(1") JL"2(12; 1/2’) | aa 
=5,1.2f — 8 1—2’)G(2— 1’) 


+6(2—1)G(1—2")]. (3.52) 


If we apply the operator (—ie?/2m)(V.—V2) to this 
equation, set 2 equal to 2’, and use the definitions (3.2) 
of the charge density and current density operators 
neglecting the term involving A‘, we arrive at the 
statement 


a . : ne 1 
—{(o(1)j(2))4) +91 -(G(1)5(2))4)= — - 
at, m i 


XV6(1—2). (3.53) 


The discontinuity in (3.53) reproduces (3.8), from which 
we derive the sum rule on the longitudinal conduc- 
tivity; the continuous vanishing part of (3.53) leads to 
the matrix element (3.7) of the current conservation 
law. Thus, if an approximate two-particle correlation 
function satisfies (3.52), it must predict electromagnetic 
properties gauge invariantly. 

We are therefore led to search for approximations 
which obey (3.52). We begin by noting that (3.52) 
emerges from the exact equation of motion, 


Go7(1)Go"""2(12; 12’) 
=8(1—1')G(2—2’)—801038(1—2’)G(2—1’) 


—i f 213) ¥ G33(123; 1'2'3+)d3, (2.4) 


J. R. Schrieffer, Phys. Rev. 106, 47 (1957); R. M. May and 
M. R. Schafroth, Proc. Phys. Soc. (London) 74, 153 (1959). 
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and the time-reversed statement, 
G."(12; 1/2')Ge"(1') 
=6(1—1')G(2— 2’) —6s19.5(2—1’)G(1—2’) 


—i f o's) > G3*#243(123; 1'2’3+), 2.4’) 
83 


when the points 1 and 1’ are identified and (2.4’) sub- 
tracted from (2.4). 

In order to find an approximation for the two-particle 
correlation function, it is necessary to express G3 in 
terms of the one- and two-particle Green’s functions. 
To lowest order, this is accomplished by the expansion 
procedure suggested in I. A better approximation in- 
volves solving an equation for G;. In any event, G; is 
approximated by some functional of G; and G2. This 
approximate expression for G; is inserted in (2.4) or 
(2.4’), which is then solved for the two-particle correla- 
tion function. 

We can guarantee that such a procedure yields a 
function G2 which satisfies (2.36) by imposing two 
symmetry requirements: 


(a) The approximation for G; in the right-hand side 
of (2.4) must be symmetric under interchange of all n 
and mn’ indices. 

(b) The two-particle correlation function derived 
from G; must have the same symmetry. 


That is to say, the approximation for G; as a func- 
tional of G; and G; must remain invariant under the 
transposition G;(123; 1'2’3’) > G;(1'2'3’; 123) and 
simultaneous transposition of all indices of the functions 
G, and G». Similarly, the equation for G2(12; 1’2’) ex- 
pressed as a functional of G,(a,a’) must be invariant 
under the transformation G:;(12; 1'2’) — G2(1’2’; 12) 
and G;(a,a’) — G,(a’,a). If the requirements (a) and (b) 
are satisfied, then, when G; is approximated in terms of 
G,’s and Gy»’s in (2.4), the equation (2.4’) follows with 
the same approximation for G;. The gauge invariance of 
the approximate two-particle correlation function can 
therefore be deduced as it is for the exact correlation 
function, by subtracting (2.4) from (2.4’). 

Let us apply these criteria to the approximate Green’s 
functions which were derived in Sec. 2. We first observe 
that Eq. (3.52) is not satisfied by either approximation 
(2.9) for L*+* nor approximation (2.31) for L*+~. In 
fact, we see that 
[Go*(1)—Go(1’) JL*+(12; 1/2’ | ev 

= —6(1—2’)G(2—1)+6(2—1)G(1—2’) 

+AF (1—2’)G(2—1)—AF(2—1)G(1—2’); 
[Go (1) —Go(1’) JZ+~ (12 31/2’) | ey 
= AF (1—2')G(2—1)—AF (2—1)G(1—2’). 


(3.54) 


By adding the two equations (3.54) we deduce that the 
correlation functions of Sec. 2 do not conserve the total 
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number of particles. By subtracting these equations, we 
find that the BCS approximation conserves total spin. 

This leads us naturally to ask where we erred when 
we derived the BCS correlation functions. The function 
L satisfies criterion (b) as we can verify by inspection of 
(2.9) or (2.31). However, it does not satisfy criterion 
(a). In determining 1*++, we used the approximation 
G3tt+— (123; 1'2’3*) | s.1 

=G(3—3+)G2+*(12; 1'2’) 

+G(2—2’)L*- (13; 1’3) 


—G(2—1’)L+-(13; 2'3)|se1, (3.55) 


while in the determination of L+~- we assumed 


Gt (123; 1'2’3+)| 5.4 
=G(3—3+)Gyt- (12; 1’2’) 
+G(2—2')L*-(13; 1'3) 


—G(2—3)L*+-(13; 1'2’)| 5.1. (3.56) 


The first two terms on the right-hand side of (3.55) 
and (3.56) are indeed symmetric. The quantity 
L*+~(13; 1'3’) is symmetric since 


F(0)F(1—1’)=F(0)F(1'—1). 


On the other hand, the last term on the right-hand side 
of each of these equations is not symmetric, and con- 
sequently the approximation procedure does not satisfy 
criterion (a). We might try to improve the approxima- 
tion by including more terms in an expansion of G3. For 
example, we could satisfy criterion (a) by adding the 
term —G(1—2’)L+~(12; 1/1) to the right-hand side of 
(3.55) and the term —G(3—2’)L*+~—(12; 1’3) to the 
right-hand side of (3.56). However, the resulting equa- 
tions for L++(12; 1’2’) and L*+~(12; 1'2’) are very diffi- 
cult to solve except by considering the terms we have 
just appended to be perturbations. If one does consider 
these terms to be perturbations, the resulting functions 
L++ and Lt+- do not satisfy criterion (b). We have 
therefore reached an impasse. 


4. IMPROVED DENSITY CORRELATION 
FUNCTIONS 


There are two approaches we might try at this point: 
We might attempt to reformulate our approximation 
procedure entirely or we might attempt to obtain a 
better approximation for G; by writing an equation for 
G3 in terms of G, and factoring G4. In this paper, we 
shall derive gauge-invariant expressions for the two- 
particle correlation functions by the former course, using 
a very convenient procedure suggested by Nambu.” 
However, we shall first verbally describe how these re- 
sults would emerge from the latter course, since factori- 
zation of G, provides an alternative, but cumbersome, 
method for deriving the results we obtain more com- 
pactly below. 

If we write an equation for G; in terms of G, and factor 


2” Y, Nambu, Phys. Rev. 117, 648 (1960). 
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G4, we find that G3+*+~ (123; 1’2’3’) does not vanish as 
the points 1 and 3 become infinitely far removed from 
all the other points in the correlation function. In fact, 
we find that in this limit G; approaches F(1—3) times a 
function /(2; 1’2’3’). The Gs; equation enables us to 
write an integral equation for E in which there is an 
inhomogeneous term which involves the two-particle 
correlation function. Similarly, when we use Eq. (2.4) 
to write an equation for the two-particle correlation 
function, we find that L is in turn determined by E. We 
consequently arrive at a set of simultaneous equations 
for L and E (which also contain the adjoint of E, a 
matrix element of three creation operators and one 
annihilation operator). These equations are similar to 
the ones proposed by Anderson. Their approximate 
nonperturbative solution leads to an equation for L 
which satisfies criteria (a) and (b) and is therefore 
gauge invariant. 

We may briefly describe the physical basis of these 
manipulations. The two-particle correlation function 
L(12;12) is related to the change in the density of 
particles at the point 1 caused by a density fluctuation 
at the point 2. The function iV E(2; 1'21’) is connected 
to the gap energy 7V F(0) in the same way as L(12; 12) 
is connected to the density —iG(0—). Thus, E(2; 1/21’) 
may be said to describe a change in the local value of the 
gap energy, caused by a density fluctuation. In a normal 
system, equilibrium is restored after a density fluctua- 
tion because local changes in the chemical potential 
produce forces which restore equilibrium. Moreover, the 
low-frequency low-wave-number Fourier transform of 
L(12;12), the partial derivative of the density with 
respect to the chemical potential at constant tempera- 
ture, characterizes the restoring force. In a supercon- 
ductor, density fluctuations produce local changes in the 
gap energy which in turn produce forces that restore 
equilibrium. Since the low-frequency Fourier transform 
of —iV (2; 1’21’) represents the partial derivative of 
the gap energy with respect to the chemical potential 
at constant temperature, it characterizes restoration of 
equilibrium in a superconductor after a density fluctua- 
tion. The mathematical complexity which leads to gauge 
invariance may therefore be described physically 
through the inclusion of an additional physical effect, 
the variation in energy gap with local density variation, 
which restores the system to equilibrium. In a two- 
component system, where the momentum of a single 
component is not conserved, equilibrium is restored by 
diffusion as well as sound propagation. We shall not 
discuss this complication here, but merely state that an 
approximate treatment of the phonons appears to lead 
to a gauge-invariant density correlation function in 
which a diffusion pole plays the role that a sound-wave 
pole will play in the present discussion. 

The procedure outlined above—writing a G; in terms 
of a Gs, finding that the G; contains terms involving a 
four-point function /, and finally solving simultaneous 
equations for F and L-—is rather long and involved. In 
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order to derive these results more compactly, let us 
examine some implications of the existence of the 
function £. 

We first observe that we should expect G3(123 ;1’2’3’) 
to contain an important term which has the form 
F(1—3)E(2; 1 2’3’). The two-particle correlation func- 
tion contains a term of the form F(1—2)F(1’—2’) be- 
cause there exists a set of anomalously large matrix 
elements between typical states of V, particles with 
spin up, .V_ particles with spin down, total energy F, 
and total momentum P and states which have V,+1 
particles with spin up, .V_+1 particles with spin down, 
total energy E+2£F,p, and total momentum P. If these 
matrix elements are large, they should also have an effect 
on G; 


(123; 1’2’3’). In particular, if we expand G; in 
terms of a complete set of states containing matrix 
elements of two creation operators 1 and 3 and of the 
remainder of the operators in G3, the unusually large 
matrix elements are large, they should also have an 
effect on G;**+~(123; 1'2’3’). In particular, if we expand 
G; in terms of a complete set of states containing matrix 
between states of identical total momentum, total 
number of particles differing by 2, and total energy 
differing by 2E r. We can take into account the term FE 
in G; by extending the factorization procedure outlined 
in I to include the fact that a better approximation for 
G; than the factorization (2.5) would include a series of 
terms of the form FE as well as the series of terms GL. 
Similarly, we can generalize the factorization approxi- 
mations for all the higher-order Green’s functions. 

Furthermore, we have some experience to indicate 
that a good approximation procedure would involve 
treating all functions with the same number of indices 
on the same footing. Thus, we originally solved equa- 
tions for F and G simultaneously, and, as we have just 
outlined, it is necessary to solve the equations for E and 
L at the same time. We may also infer that higher-order 
approximations would involve solving equations for 
various different types of six-point functions, including 
ones which involved matrix elements of three creation 
and three annihilation operators, two creation and four 
annihilation operators, six annihilation operators, and 
so forth. 

Computationally, it is rather cumbersome to use the 
conventional Green’s function language, include the 
extra factorizations, and treat all m-point functions alike. 
It is much more convenient to generalize the Green’s 
functions to include in a matrix sense all the different 
possible functions with a given number of coordinate 
indices. Such a generalization is conveniently accom- 
plished with the aid of a procedure suggested by Nambu. 

Let us consider matrix creation and annihilation 
operators of the form 


¥(1+) 


v)=| 
a(1)yt(1—) 


V’)yil’— 


cae ¥. 


MARTIN 


where a is an operator which destroys two particles of 
equal and opposite momentum in a state and reduces 
its energy by 2Fr. In particular, we choose for a 


a()=C far ¥(rit+)y(ri—), 


where C is defined as a real number such that 


(aat)=1. (4.3) 


If we make use of the BCS type solution to evaluate C, 
we find that C approaches zero as the inverse volume of 
the system. As a result, the operator a is of order unity 
and projects out the anomalously large matrix elements 
which were discussed above. 

We define a matrix one-particle Green’s function by 
using a natural generalization of the ordinary definition 
of the one-particle Green’s function : 


G(1—1')=—ie(1—1’)((W(A)W(1’)),). (4.4) 


When we apply the definition of F and G we find that 
this matrix Green’s function is 
F(i’-1 ) 
—G(1’'-1)7 


G(i-—1’) 
gi-1)=( 
il 
—G(—p) 


F(i-—1’) 

where the symbol p represents the momentum four- 
vector with fourth component fo 

It is quite useful to go on from here and define the 
whole set of matrix m-particle Green’s functions which 
are the expectation values of direct products of  V and 
Vt operators, time ordered in the usual way. In matrix 
terms these Green’s functions are the direct product of 
n two-by-two matrices. To derive the equations of 
motion for these Green’s functions we notice that the 
equal-time anticommutator of ¥(1) and W'(1’) is the 
unit matrix times 6(r,;—r,;’). If we introduce the set of 
spin matrices, 


0 1 QO 1 1 0 
n=/( ), T2 ( ), T3 ( ), (4.7) 
1 O —1i1 QO 0 —| 


we find that the equation of motion of the spinor W is 


Go (1) ¥ (1)= —u far 


XV (2)H+ (2) 73 0(1—2) 73 W(1), 


Go" (P) = po— rs€(p), 


(4.5) 


and its Fourier transform is 


G(p) 
G(p) — ( 
F(p) 


(4.6) 


=W,— TV/T. 


(4.8) 


where the trace is to be taken over the spin indices of the 


spinors labeled 2. The superscripts 1 and 2 on the spin 
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matrices indicate the spaces in which these matrices 
operate. By using the equal-time commutation relations 
and the equation of motion of the creation spinor, we 
find that the m-particle spinor Green’s function obeys 
the equation of motion 

Got(1)Ga(1- +2; 1'-+-n’) 
6(1—1')G,, 


-n') 


6(1—2’)G,_1(2++ +n; 1'-- 


32’: 


nm’)... 


—?¢tr fer r3Y0(1—(n+1)) 


+ 
XT3 wl) Grill 


-n+1; 1’: rl), 


where the delta function also includes a delta symbol 
in the relevant spinor indices. 

Nambu has pointed out that the standard Hartree- 
Fock approximation with the spinor Green’s functions 
yields the BCS solution. When the Hartree-Fock 
approximation 

G(1—1’)G(2—2’) 
—G(1—2’ 


)G(2—1') (4.10) 


is substituted into the one-particle Green’s function 


equation of motion 


Cy1(1)6,(1-—1')=6 (1-1) 
+1V tr?’ zr; 
the resulting matrix equation takes the form 
Go *(1)G,(1—1/)=6(1—-1’) 
+iVrs™[ tr©G(O)7;° |JGA—1’) 


—iVr3%G(0)rs5%G(—1’). (4.12) 
Since the upper left-hand corner of this equation may 
be written as 


G-(1)G(1—1')=6(1—1')+- iVF (0) F (1-1), 


while the lower left-hand corner is 


G(1)F(1—1')= —iVF (0)G(1'—1), 
Eqs. (4.10) and (4.12) are identical with (2.32), (2.33), 
and (2.35). 

From this point of view, it is not difficult to derive 
gauge-invariant Green’s function equations of motion. 
We begin by writing the equation of motion of the 
two-particle correlation function as 


2; 1’2’)= —8(1—2’)¢(2—-1’) 
~ir3V tr@[7@¢5(123; 1/2'3)| sar 
—G(2—2')G2(13; 13)| 2-1], 


Co (LL 


(4.13) 
where, as before, the function £ is 
1'2’) = G2(12;1'2’)—G(1— 1) g(2—2’). 


We consider first the limit in which the points 2 and 2’ 


Biz: (4.14) 


MS. 
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are far removed from the points 1 and 1’. In this limit, 
which is appropriate for even moderately long-wave- 
length and low-frequency electromagnetic disturbances, 
the important terms in the canonical expansion of the 
matrix three-particle Green’s function are those which 
contain two-particle correlation functions in which the 
2 and 2’ indices are not separated. Thus, we inciude in 
the expansion of the function G; in (4.1) the terms 


G3(123; 1/2’3)=G(3—3)£(12 


—G(3- V)e(1 37") 461-1) £(23. vi (4.15) 


so that the two-particle correlation function satisfies 
the equation 
Go *(1)£(12; 1’2’)= —6(1—2’)G(2—-1’) 

+1V7r3%£(12; 1/2’) tr 
G(O)r3L(12; 12’) 
—iVr32L(12; je \r 
+ iVr3™G(1—1’) tr? T3“ 


T3°0(0) 


~iVrs 


Equation (4.16) may be used to derive the various 
forms of the gauge-invariant correlation-function equa- 
tions which have been discussed in the literature. How- 
ever, before obtaining the various different forms of 
these equations, we investigate the properties of the 
matrix form (4.16). 

Let us first note that (4.16) satisfies criterion (a) for 
gauge invariance since approximation (4.15) is sym- 
metric. In order to verify that criterion (b) is satisfied, 
we move the second and third terms from the right-hand 
side of (4.16) to the left and observe that the left-hand 
side of the rearranged equation is Gr *(1)£(12; 1’2’). 
We then integrate Eq. (4.16), obtaining 


“ee ) 


- C(1—2')¢ DP aaee'f*') 


bru e(12; 12 
“if Vgt—in c(i-—1’) 


Xtr& 


which manifests the symmetry of the approximate two- 
particle correlation function £. 

We finally turn to the solution of Eq. (4.17) which 
yields gauge-invariant forms for the density and spin 
density correlation function. We note that the trace of 
Eq. (4.17) in the matrix space of the spinors 2 and 2’ 
with 2= 2’ yields an expression for the spin density, since 


tro (2)Wt(2)= 9 (2+) (2+) +9t(2—)w(2—) 
constant +p(2—)—p(2+). (4.18) 


On the other hand, if we multiply (4.17) by 7s and 
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then take its trace, we obtain the ordinary particle 
density when 2 is set equal to 2’. Let us introduce the 
notation 


£*(1—2)=tr®[7,@J#12(12;12) (4.19) 


for the correlation function between the matrix 
W(1)¥t(1) and the particle (spin) density. By setting 
1 equal to 1’ in (4.17) we obtain 


£+(1—2)=— ¢(1—2)r3$(2—-1) 


-i f Vg1-Dre*(i-2)ngd-1) 
(4.20) 
+i f vga—Dngd-1urer(i-2), 
and 


£-(1—2)=— ¢(1—2) ¢(2—1) 


-ifvsa- 1)r;£-(1—2)r36(1—1), (4.21) 


where we now have matrix equations in a two-by-two 
space. In writing Eq. (4.21), we have taken into account 
the fact that tre+(i—2), the correlation between the 
ordinary density and the spin density, vanishes 
identically. 

To make further progress with Eqs. (4.20) and (4.21), 
we employ some matrix properties of the BCS one- 
particle Green’s function. In particular, from Eqs. (4.6) 
and (2.38) we deduce 


AS(p)=—[potrse(p)—AriJF(p). (4.22) 


Using this expression in conjunction with the Fourier 
transform of (4.20) and (4.21), we obtain 


dp 
£+(q)= -f G(p+)73S(p_){1—1V tr[rs£*(q) ]} 
(2r)4 


dp 
-iv {——g(p.)rse* (ars $(P-), (4.20’) 


2) 


( dp ( : 
L-(q)=— Cc ,)C( 
7 Jos P+) G(b-) 


d 
aceite hell (q)7sS(p-), 


(2m)* 


~iV (4.21’) 


where p= p+3q. 

With the aid of the identity 726(p)r2= —§(—p)), 
which may be derived from (4.22), we find on multiply- 
ing Eqs. (4.20’) and (4.21’) by r2 on the left and the 
right and changing the sign of the momentum integra- 
tions, that 


T2L*(q)T2 = F £+(—gq). (4.23) 


Arne. tf. &. 


MARTIN 


By taking the transpose of Eqs. (4.20) and (4.21’) 
we conclude 


[£*(q) ]?=£(—g), (4.24) 


so that 
T2L*(q)T2= F[L£(q) |*. (4.25) 
We obtain another identity by multiplying Eqs. 
(4.20’) and (4.21’) by 7; on the left and on the right and 
using the relation 7:G(p)r1=S(—e(p),fo). Since the 
momentum integral in these equations involves a sym- 
metrical integration over the energy « and the angle z 
where e(p,)e+4] q|vrz, we may change the sign of the 
e and the z variables of integration and bring the result- 
ing equations back into their original form. We therefore 
find that 


m£*(¢)r1= FL*(q). (4.26) 


It follows from (4.25) and (4.26) that £*(q) is given by 


£L+ (q)=Ar3+ Bro, (4.27) 


while £~(qg) is given by 


£-(q)=C+Dni. (4.28) 


Finally, we eliminate the term proportional to 7; in £- 
by using the identity 73£~(q)7s= L-(q). This identity is 
derived by multiplying Eq. (4.21’) by 7; on the left and 
the right and again changing the sign of the e and z 
variables of integration. 

It is now possible to obtain a trivial solution to 
Eq. (4.21). Inasmuch as the matrix £~(g) must equal 
L*+*+(qg)—L*~(q) times the unit matrix, we obtain 


from (4.21’) 
[L++(g)—L+-(q) {1+iV[L++(qg)—L*-(q) }}" 


(4.29) 


dp 
=- [—160)G(r)+F(.)FO-)1 
(2x)! 


Except for the denominator on the left-hand side of 
(4.29), which is approximately unity apart from a 
minute temperature region near 7°, Eq. (4.29) is identi- 
cal to the spin correlation function predicted in the 
BCS approximation. Very near 7°, the denominator on 
the left of (4.29) predicts a spin analog of zero sound.”! 
Equation (4.20’) is only slightly more difficult to 
solve. Using (4.27), we express £*(q) in the form 


L(g) =(L*+(g)+L*-(q) Jrst+2E(qg)r2, (4.30) 
where L*+*(q)+L*~(q) is the ordinary density correla- 
tion function and E(q), the quantity mentioned earlier, 
describes the change in the gap energy produced by a 
density fluctuation. By taking traces to project the parts 
of Eq. (4.20’) proportional to 73 and re we derive the 


21. D. Landau, J. Exptl. Theoret. Phys. 30, 1058 (1956) ; 32, 
59 (1957); 35, 97 (1958) [translation: Soviet Phys.-JETP 30, 
920 (1956) ; 32, 101 (1957); 35, 70 (1958) ]. 
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two statements 


L*+*(q)+L*-(q) 
1 dp 
eo a 3C ‘ 3C 
be tins 8000 


X{1-—iVLL++(q)+L+-(q)]} 


1 dp 
ivf - tr[r3G(py)re¢ 
2/ (27)! 


1 dp 
em tr[_r2¢ (p, )r3S (p_) | 


2 


(p ) ]2E(q), 
and 


2E(q) —— 
X{1-iV[L++(q)—L*+-(q)]} 


1 
+iV ft. G (ps) r26 
(2mr)* 


Eliminating £(g), we obtain 


G(p_) J2E(q). 


[L*++(qg)+L+~-(q) ]}{1—-iV 


=—T33 


*(g)+Lt 
—iV “i 23 


| dp 
Q2 dr)! 


The denominator on the left-hand side of (4.33) would 
be responsible for zero sound if there were a repulsive 
interaction. Below T,, this denominator is small and can 
for most purposes be neglected. If we had included the 
Coulomb interaction in the Hamiltonian, the same 
calculational procedure would lead to a term in this 
denominator of the form 2i2,(g)_L*+*(q)+Z*~(q) }. This 
extra term would give rise to plasma oscillations. 

Let us evaluate the traces which appear in (4.33). 
The first trace which appears is 


(q) }" 
[1-iV Tx}, 
where 


-trriG(ps)riG(p_). (4.34) 


te [G(p,)G(p_)—F(p,)F(p_)], (4.35) 
(2 a)! 


which is the BCS-type result for the two-particle correla- 
tion function. The two traces which appear in the 
numerator of (4.33) are 


a 


F(p,)F(p - (4.36) 


Thus, if the denominator in the second term of (4.33) 
were close to unity the second term would be quite small 
and we would recover the BCS correlation function. 
However, we shall see that this denominator is not close 
to unity. 


By using Eq. (4.22) we can express the denominator 


MS. 
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Das 
dp 

D=1 iV f- —[— por po_te(p,)e(p_)+A 
(27)! 


F(p,)F(p-) 
x —, 
A? 


(4.37) 


with the restrictions | e(p,)| <wp, | €(p_)| <wp on the 
momentum integration. With the aid of Eq. (2.33), 
unity may be replaced by integrals of F over the domains 
e(p;)| <wp and | e(p_)| 


<wp: 


iV ¢ dp, iV pdp 
1=— f F(p.)— f 
2A/ (27)! 2AJ (2m)! 
Substituting into (4.37) 
(|g|vr/A)? 


F(p_). 


and neglecting terms of order 
we obtain for D 


dp F(p,)F(p_) 
p=iv eco (po 
(Qn)! = 22 


+L po? 


which simplifies to 


iV p dp 
D=- f pol 
20°) (2x)! 


°"—e(p y2— A] 


\2— A? |— 2 po, po p,)e(p_)+2A°}, 


*(p,)F(p_)[qge—(\q| vez)? J. (4.38) 


Hence, the denominator in question is only of order V, 
and vanishes in the low-frequency and low-wave-number 
limit. The correction term to the BCS theory, the second 
term in Eq. (4.33), may therefore be quite large. 

By substituting the results of our trace evaluations 
into (4.33), we find that 


(Ltt++1+ 


d 
— f- : —[G(p)G(p_) 
(27) 


where 


~1-aV [Lt t+4-1 


—F(p,)F(p_)a(q)], (4.39) 


go" 1o(q) tqura 2(q) 
a(q)=- 


7A of q)—Gur *A (q) 


dp 
sagl —F(p,)F (p_), 
(27)! 


dp 
Axg)= f z 
(27) 


In evaluating these expressions it is necessary to recall 
their symbolic nature. We must keep in mind, for 
example, that Eq. (4.39) does not describe the Fourier 
transform of the density correlation function, but the 
Fourier coefficients of a Fourier series representation 
over a restricted time domain. That is to say, the fourth 


"F (pi) F (p_). 
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component of g, go, takes on the values go,= trv/8 where 
vy is an even integer. Moreover, the integrals in (4.39) 
and (4.40) consist of momentum integrations and sum- 
mation over all values of » together with multiplication 
by (i8)~. The values of pox are por, =imv,/8, where vz 
are odd integers. Thus the right-hand side of (4.39), 
¥'(q,go,), is explicitly equal to 


dp fi Povst €( py) 
ISOS 
(2r)®\ BJ ++ Lpo4?— E*( pz) 
Povs— Jor) + €(p_) A 
x - —a(q) es ee 
(Por+— Gov)? — E7(p_) Pory?— E* (px) 
A 
(Povs —qo)°— E*(p ) 


To perform the summation over po,; we expand the 
denominator into partial fractions. Using the even 
character of Y with respect to go,, and its invariance 
under interchange of p, and p_, we obtain for Y (q,qo,) 


dp E,(E,.— qo) +e,e-+A*a(q) 
= —— tanh}sE, 


2F,E_ 
~1/(E,+E_—qu) 


T (ov ¢ > —dov)} (4.41) 


+! dz de 
mipe A(y,e) 
1 ? ? 


X[E.(Ex—qo) tepe-+A%a(q)], (4.42) 


J) 


where e,=e(ps), Ex=E(p,), and 


; tanh36E, 
A(q,e.)=—_—— 


E, 


1 1 | 
x| +t — | (4.43) 
(Ex—qo)?—-E2 (E,+qo)°—E? 


The function A (q,e) just defined is also needed for the 
evaluation of a(q) since Eq. (4.40) may be written in 


the form 
+1 dz de 
A =f —3" f —A(q) 
2 


To determine the retarded commutator of the den- 
sities we proceed as in Sec. 2. We let go in (4.39) be a 
complex variable in such a way that the ensuing function 
is analytic at infinity. Then for times —i8>t>?’ we 
multiply by [1—e~ }“e-i@("), An integral along 
any contour passing between the singularities of this 
factor and the integrand of the symbolic integral (4.39) 
yields the Fourier representation of the time-ordered 


(4.44) 


ann F.-€. BM 


LR TIN 


product for ¢>/’. The imaginary part of this integral 
represents one-half the commutator for />?’. Since the 
Fourier transform is real when gp is real, the imaginary 
part of the integral involves the odd part of the Fourier 
transform. Moreover, since the Fourier coefficient is an 
even function of the real part of go and an odd function 
of its imaginary part, the commutator for ¢>/’ is 
the contour integral surrounding the real axis of the 
Fourier coefficient treated as a function of complex go 
and multiplied by e~'®‘*'. The Fourier transform of 
the retarded commutator is therefore the limit of the 
Fourier coefficient treated as a function of a complex 
variable go, as go approaches the real axis from below. 
Correspondingly, the transform of the advanced com- 
mutator is the limit of the Fourier coefficient function 
as go approaches the real axis from above. Thus the 
symbolic equation (4.39) is an explicit equation for the 
Fourier transform of the retarded commutator. Using 
the relation between this commutator and the electro- 
magnetic properties [Eqs. (3.20), (3.23), and (3.27) ] 
we conclude that 


—ig[a’+ (o"/igo)e(Imgo) | 


q|,90), (4.45) 


e—Va[a"t (0%/igo)e(Imgo) | 


where go is a complex variable with infinitesimal imagi- 
nary parts and e the electronic charge. 

We have now reduced the determination of the longi- 
tudinal polarizability and conductivity to the calcula- 
tion of certain double integrals. These integrals lead to a 
considerably more general result than the random phase 
approximation. In particular, Eq. (3.80) represents an 
evaluation of the longitudinal response coefficients at 
finite temperatures. At zero temperature, Anderson and 
others have found the position of the pole in the de- 
nominator of a(q) in the limit of small g. They point out 
that in the zero-temperature, low-wave-number limit, 
this pole exhausts the sum rule on the conductivity. On 
the other hand, the random phase approximation does 
not provide a method of evaluating the weights of 
several singularities of a function like L. Thus, the ran- 
dom phase approximation does not adequately describe 
the finite temperature behavior of the superconductor 
where an isolated sound-wave pole is replaced by a con- 
tinuum of singularities of ZL, even when q and gp are 
small. To describe this continuum of singularities, we 
must approximately evaluate the denominator of a(q) 
in the low-frequency, low-wave-number limit. 

We begin by expanding A (g,e) in the partial fraction 
from (4.41) to the lowest order in |q| and gox 


tanh3BF, 2(e| q|vr2/E) 
2? 2 (e}q|vr2/E)’— qe 


Only the portion of this expression even in z contributes 
to Ao(q) and As(q) and consequently in determining 


A (q,€) = 
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a(q) we may replace A (q,e) by A‘ (q,e), where 


1 | tanh3ei: 


A (q,e)= ‘ \— E 


(eqv p2/E)* 
-(tanh38E)——— ws _| 


+ . 
(eqvr2/E)*— qe 


(4.47) 


a) 


Ok 


When B— x, A 


(qg,e) approaches —3E~* and the 


quotient a(q) becomes 
(4.48) 


a(q)= [q+ 3(qvr )* Lqv’— 4 (qvr)? |. 


In this limit the function Y approaches }ipxa(q) and 


me lqlor 
Ye(Imgqo) — ——6(qo?— 3q°vr?)——._ (4.49) 
q m v3 


» 
= qoe™ 


Since the product (4.49) is equal to a” for small values 
of qg, we conclude that the conductivity sum rule is 
entirely exhausted by the collective mode at the classi- 
cally determined sound velocity vp/v3. 

At finite temperatures the second term in (4.47) can- 
not be neglected. It gives rise to a term in the approxi- 
mate dispersion equation for the sound velocity which 
results in a complex solution even in the long-wavelength 
limit. The imaginary part of this velocity is exponen- 
tially small at temperatures low compared to the tran- 
sition temperature, but even at the lowest temperatures 
it is to be contrasted with the dispersion equation for 
classical sound. The latter yields a sound velocity whose 
imaginary part approaches zero at arbitrary tempera- 
tures in the long-wavelength limit. We may say physi- 
cally that the excitations present at finite temperatures 
provide a mechanism for decay of collective modes with 
arbitrarily small wavelengths. The damping increases 
with temperature leaving little vestige of a single fre- 
quency for each wave number near the transition 
temperature. 

It is perhaps worth recalling that these conclusions 
are based on an approximation which neglects the life- 
times necessary for the canonical treatment of sound 
waves. The latter phenomenon occurs when relaxation 
to local equilibrium takes place in a time 7 short com- 
pared to the period of the disturbance. It is absent in a 
perfect Fermi or Boltzmann gas, as it is near the critical 
temperature in a superconductor. We might therefore 
guess that a calculation including these relaxation 
phenomena would nullify the conclusions derived above 
and lead to a sharply defined mode for very long wave- 
lengths. [f it did so in a one-component system we would 
expect diffusion to play a significant role in the two- 
component system of phonons and electrons. Indeed, 
a crude calculation we have performed appears to lead 
to a diffusion pole which exhausts the sum rule at 
qo= —ig’'vr’4rr, where rr is of the order of the phonon 
emission time. 
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We conclude this section by reminding the reader that 
the effect of the long-range Coulomb interaction on a’ is 
determined in this approximation by substituting (4.45) 
into (3.31). The sound-wave pole in a’ at vanishing 
temperature and the continuum at finite temperatures 
are replaced by the plasma pole in the familiar fashion 
and this pole is only negligibly modified by the super- 
conducting transition. 


5. LIFETIME-DEPENDENT PROPERTIES 


To understand the quasi-thermodynamic properties 
of a system, such as electrical conductivity, thermal 
conductivity, and the propagation of sound waves, it is 
necessary to account for the restoration of local equi- 
librium during sufficiently slowly varying disturbances. 
Consequently, as we indicated in Secs. 3 and 4, more 
exact correlation functions than those heretofore em- 
ployed are required for the discussion of low-frequency 
and low-wave-number dissipative responses. In particu- 
lar, we must utilize single-particle correlation functions 
which are accurate enough to exhibit the decay of states 
formed by adding or subtracting a particle to the system 
in equilibrium. 

In Sec. 5 of I a simple estimate for this width, or 
inverse decay time, I’, was derived from terms in an 
approximate expression for G.—G,G, which died away 
quite rapidly with distance. These terms yielded for I 
an appropriately averaged product of the density of 
interacting particles, the interaction cross section, and 
the relative velocity [cf. I, Eq. (5.102) ]. The terms 
responsible for this width were eliminated by the ap- 
proximation for Ge, (2.8), which led to the solutions 
(2.28) and (2.30), but they could clearly be included 
in a better approximation to G2». We have estimated 
these widths for our simple Hamiltonian by retaining 
the previously eliminated terms. Above the critical 
temperature, as at all temperatures in normal sub- 
stances, these widths lead to the replacement of the 
spectral function A (€,w)=275(w—«) of a Hartree ap- 
proximation by a spectral function of the form 


T'(€,w) 


(5.1) 


A (ew) = = 
(w— e+ [31 (ee) ] 


Below the critical temperature, they introduce a spread 
in both parts, 6(w—E) and 6(w+£), of the function 
5(w*— E*) which appears in the superconducting spectral 
representation, (2.34). 

By taking these lifetimes into account we can im- 
mediately derive a quantum-mechanical approximation 
for the conductivity similar to the well-known collision- 
time treatment. Like this familiar simplified description, 
the first quantum-mechanical approximation neglects 
the interrelations between scatterings which guarantee 
momentum and energy conservation, and therefore it 
does not result in a full Boltzmann-like equation for 
G»—G,G,;. The omission of these effects has the well- 
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known defect that the two-particle cross section oc- 
curring in the approximate conductivity is the scattering 
cross section rather than a transport cross section in 
which forward scatterings are ineffective.” In our crude 
model of the superconductor, there is little point in 
considering more refined corrections of this character. 
In fact, there is little point in employing the widths 
deduced from the simple model, since they have so little 
to do with reality. The calculation of the width is quite 
sensitive to the form of the interaction and quite differ- 
ent for our simple interaction and the actual time- 
dependent electron-phonon interaction. The interactions 
involving particles within a small range of the Fermi 
surface and described by the model Hamiltonian give 
rise to a lifetime considerably longer than we would 
expect from a realistic interaction which describes 
phonon emission, and also longer than that deduced 
experimentally from various > lifetime- -dependent effects. 


‘dz 
wo ( ku") = tanh we 
m 2 


The real part of this integral may be rewritten in the 
form 


wr fff 


Gr )? {tanh} Bw,—tanh} Bu ] 
—— . (5.4) 


(w,—e,)?+(4T)’ IL@ —¢e«/) (AP )2 
Performing two integrations, we derive 


ne dz aT(1—z Z) 
a7 (k*w*) = —f re Senet ; , 
mJ_, 2 I + (ue— Bape)? 


so that when I’ approaches zero, ¢ becomes 


oT (kus*) = (xne?/2m)3[1— (w/kvr)* ]n(kvr—|w!|). (5.6) 
This limit is approximately correct when kop or w is 
much larger than I’, but ill-defined when k& and w ap- 
proach zero. The lack of a limit reflects the dependence 
on the boundaries of the dissipation of slowly varying 
disturbances when there is no mechanism (or lifetime) 
for restoring equilibrium more rapidly. As long as I is 
not equal to zero, the boundaries are irrelevant and the 
approximation to o approaches a well-defined limit as 
k and w approach zero. This limit is the familiar 
expression 
ne" 1 
lim lima (kw) = — -. 
ke wo 0 m T 


(5.7) 


When we perform the analogous calculation for the 


2S. F. Edwards, Phil. Mag. 33, 1020 (1958); A. A. Abrikosov 
and L. P. Gor’kov, reference 4. The work of W. Kohn and 
J. Luttinger, Phys. Rev. 108, 590 (1957) is also related. 
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To allow for this deviation we treat the width as an 
additional experimental parameter. 

Our object is to determine thermal and electric 
conductivities from this parameter and to investi- 
gate the effect of superconductive transitions on these 
conductivities. 

To indicate how widths modify our calculations at low 
wave number and frequency, we first consider a normal 
metal. The Green’s function associated with the weight 
function (5.1) takes the form 


@a-6é 


G(e,w) = 
w—e)* + GI ¥ a 
r 
— 47 tanh} 6w 
(w—e)?+ (31)? 


on the real axis. In a normal metal, A=0, so that the 
approximation for the conductivity becomes 


3iT tanh}8w, |[w_—e_— }iT tanh} Bw_ ] 


[o—e P+ GP) IL (w —e_)?+ (3r)?] 
superconductor, similar results are obtained. The func- 
tion o(k*w*) is altered from the form derived in the pre- 
vious section when kvp and w are small compared to I. 
The limit of the approximation to o(f*w*) as k and w 
approach zero is then well defined. Indeed, if <A, the 
ratio of the quasi-static, quasi-uniform conductivity in 
a superconductor to that in a normal metal is precisely 
what we would guess from the two-fluid model : 1—S7(0). 

We sketch this calculation very briefly. The intro- 
duction of widths in the superconducting Green’s func- 
tion in a form appropriate to phonon emission and 
absorption is accomplished by the analog of (5.1) for the 
Green’s function in (2.34) 


i E+e | 
A (€,w) = |. v ; ; 
2EL(w+E)+(3r) (—£)?+(3r) 


E+efw— E- 20 tanh} 6w 
G(ew) =— {° | 
2E 


a + (31)? 


E-Qw+E—-HYr 
! f 


2E (w+ E)*?+ (3r)? 


tanh} Bw 


F(€)=—- — 


A fw— E—}I tanh}6w 
aA 


(w— E)?+(4r)? 


A fowtk— FY tanh}6w 

+ . (5:30) 
2E 
These forms, like (5.1), are of course only qualitatively 
correct. In the superconductor they are valid, and 
similar to the correlation functions of the previous sec- 
tion, only when I is much less than A. As w and k 


(w+ &)?+ (4T)? 
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the 


approach zero, the integral for the conductivity in 
analogous approximation simplifies to 

ne 1 e+F a 

= -f ——— reat 

mT Jo 2E? OE 


limat+ (Ow?) = 


av 


limot+— (Ow?) = 


w—0 


neir? A? a 
— -f de— (tanh3@£), 
mV", 2F0d0E 


lima (Ow?) = — —S7(0), 
— mT 


with T assumed much smaller than A. The expressions 
for vt+ and vt at low frequencies are only slightly 
altered from those in Sec. 4. 

In order to discuss thermal conductivity in an anala- 
gous fashion, we must identify a heat density and a heat 
current. One way to make this identification is to ex- 
amine the behavior of perturbations from the equi- 
librium values of densities of the conserved variables— 
matter, energy, and momentum. A somewhat lengthy 
analysis of the propagation of these disturbances leading 
to sound- and thermal-conduction equations will be the 
subject of a separate paper. A result of that discussion 
is a mathematical formulation of the physically obvious 
notion that the flow of heat corresponds to the flow of 
energy with no flow of matter. This leads to the identifi- 
cation of a density operator, #, which takes the form 


h(rt)= e(rt)—N— (E+ pV) n (tb), 


where e(rt) is the energy density and n(rt) the particle 
density. This expression reduces to the familiar e—yn 
when TS — 0. Correspondingly the heat current opera- 
tor j* is defined by* 


(5.12) 


j"(rt)=j*(rt)—N— (E+ pV) j"(t8) (5.13) 


in terms of the matter current operator j", 


(—i/2m)>.,, [Yt (rn) Vv (8) 
— (V(r) W(r) J, 


and the energy current operator j‘(r/). The latter is, of 
course, nonlocal in the same sense as the momentum 
current operator T,;(rt) (cf. I, Eq. (2.33)]. In a system 
with local two-body forces it takes the form 


j"(r)- 
(5.14) 


1 
L LV! (1) VV (4) 


(2m) * 


1 
— (ViVi (nr) Vv ( DH f doce x’) 


i‘ (r)= 


X (je"(r),o(r’)}. (5.15) 


* The same expression has been inferred by rather different 
methods by H. Mori, Phys. Rev. 111, 694 (1958) ; 112, 829 (1958). 
See also H. Mori, I. Oppenheim, and J. Ross, Progr. in Stat. 
Mech. 1, (1960) (to be published). Equivalent but less tractable 
expressions were previously obtained by M. S. Green, J. Chem. 
Phys. 22, 398 (1954). 
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Just as an induced static electrical current obeys 


t 
(j4(rt))= -2f dr'dt’ 


Xo'A(r—r’, t—)V'o(r't’), 
where o’ is the commutator 
—2iVo'"(r—r’, t—t')=((j(rt),p(r't’) }), 


an induced heat current satisfies 


t 
(j*(rt))= -2f dr'dt’ 


” Xx Tk(r—r’, t—-U’)V'8T(r't’), (5.18) 


where 67 is the temperature perturbation and 


—2iTV«(r—r’, t—0')=((y"(rt),p*(r'’) ]). (5.19) 


This relation leads us to define a frequency- and wave 
number-dependent thermal conductivity tensor in 
analogy with the electrical conductivity tensor. In 
particular, we may write 


(Tye (rt) ga" (r't’) }) 


dw dk 
Slee 
awd (27)' 


Using the relation between the commutator and the 
anticommutator we may write a fluctuation-dissipation 
formula for the longitudinal thermal conductivity x(k’w*) 
analogous to (I, 4.66) for the electrical conductivity x 


3( {ja (1t),jr"(r't’)}) 


dk dw 
f- -f ek r—r’ iw(t 
(2x)? 2r 


Bw 
X (k,w) coth—. 
? 


e wT ki. (kw). (5.20) 


t” wl ki 
(5.21) 


In particular, the observed low-frequency and low-wave- 
number response takes the form 


54.7 x (00) = =6,,7 k= “far f antivrcr, 


Before turning to the superconductor we apply these 
expressions to a weakly interacting, highly degenerate 
Fermi gas. Since the entropy of such a gas is negligible, 
we replace E+ pV by uN and j* by jt—pj". To deter- 
mine j", we introduce the expressions (5.13) and (5.15) 
for j‘ and j", writing 


"(00)}). (5.22) 


—— (1) (1)] 


2mi 


Var ie B in tbdL. 
D=2)- 


| l’=1 


1 
rt fero@iee oe r’). (5.23) 
4 
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Since the leading term in the thermal conductivity of a 
weakly interacting gas is proportional to (1/I) and 
therefore diverges as the square of the reciprocal po- 
tential strength, we may presume that terms in the heat 
current proportional to the potential will be relatively 
negligible. We may then replace (5.23) by 


ViVi pr’ Vi-V1))s . | 
- — vi(1)W(1) 
Val 


(5.24) 


i(1)=E 


s 2m 2m 2mi 


With this replacement, the heat-current correlation 
function becomes 


(Gu*(1)5.*(2)), 


(ViVi a (Vo Ve PVT pe 


=—>" 


$182 2mi 2mt 2m 2m 


VV. pr 
x — G. 
2m 2m 


To evaluate the expression (5.25) approximately, we 
write Gz in terms of products of one-particle Green’s 
functions and note that only the exchange term con- 
tributes. Then, by the same analysis which led to (3.38) 
and (3.39), we obtain for the frequency- and wave 
number-dependent conductivity 


1 2 dk’ = 
T "| 2r)'J 2x 
k’- ky? k?—1R— py? 2 
x 
k* 2m 


wr (Rw ( oth} pw 


x Rel G' kw, )G(k_w 


(5.26) 
We determine «(00)=«x by repeating the operations we 


applied in evaluating o(00). Thus, we introduce the 
variables ¢, z, and w’, expressing (5.26) as 


on dw’ dz ( +r)? sech? ( + Bw’ ) 
«T= de 327¢ es 
2m 2rv¥ 2 [(w’—6)*+ (Ary P 


Performing the trivial z integration, and the frequency 
integration in the limit 6<1, we find 


on dee 
= = sech*(Be/ 2), 
2m/ 2T 


which reduces to 


5.29) 
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where we have explicitly introduced Boltzmann’s con- 
stant kg=(8T)~. Comparing this result with the ex- 
pression derived for the electrical conductivity, we 
obtain the Wiedemann-Franz law: 

k/ol gm (ke e*), (5.30) 
for the ratio of thermal and electrical conductivities. 

The Wiedemann-Franz law serves to indicate both 
the strengths and weaknesses of our calculational pro- 
cedures. Metals do obey this law over a wide range of 
conditions, but they do not obey it very well at low 
temperatures. The source of its failure is well under- 
stood. As we indicated at an earlier stage, restrictions 
connected with persistence of velocity lead to the re- 
placement of the cross section in the width which charac- 
terizes the electrical conductivity by a transport cross 
section fa(@)(1—cos@)dQ. This replacement is not very 
significant when the scattering is due to impurities, but 
it is extremely important when the scattering is due to 
phonons and @~ (kgT)/wp. The corresponding correc- 
tions to the thermal conductivity are considerably less 
important, since almost-forward scattering contributes 
to the thermal resistivity. 

We may corroborate our assertion about the relative 
importance of interrelationships among the scatterings 
for thermal and electrical conductivity by observing 
that the derived temperature dependence of the elec- 
tronic thermal conductivity is correct when this con- 
ductivity is limited by lattice scattering, although the 
derived temperature dependence of the electrical con- 
ductivity is not. When phonon scattering predominates, 
the number of scatterers and therefore the width I is 
proportional to 7°. The predicted thermal conductivity 
is therefore proportional to 7~*, in agreement with ex- 
periment and more careful calculation. The predicted 
electrical conductivity is correspondingly proportional 
to T-*. When we take into account the correction due to 
the ineffectiveness of the dominant forward scattering, 
(1—cos6= # =~ T*), we deduce the temperature depend- 
ence derived from more accurate calculations and also 
from experiment, namely, 7~ 7—*. An estimate of the 
absolute electrical conductivity from our approximate 
Gz is therefore less trustworthy than a calculation of the 
thermal conduc tivity from it. Since the corrections to a 
are likely to be similar in normal and superconducting 
phases, the evaluated ratio of electrical conductivities in 
the two phases is probably more accurate than the 
estimate for either phase. 

Although our estimate of the thermal conductivity as 
limited by lattice scattering is essentially correct for 
normal metals, we cannot, of course, guarantee that the 
collision time is not strongly altered by the occurrence 
of the gap. Indeed this is the essential difference between 
the phenomenological approach we take and that of 
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BRT.* We shall see that this assumption appears to 
agree with experiments on several elements for which 
BI'<1. The same assumption, of a mean free time rela- 
tively independent of the excitation, is not appropriate 
for impurity scattering. This kind of scattering gives 
rise to widths which depend on momentum in a manner 
best described by a relatively constant mean free path. 
The results we now derive therefore, at best, apply only 
to the very purest superconductors; the additional 
thermal resistance caused by impurity scattering will 
be considered presently. 

In a superconductor, the term in heat current that 
involves the potential strength cannot be immediately 
discarded. Indeed, we might expect large contributions 
to arise from the second term in 


“Spit 


2m1 ’ 1=1 


Vi V1 pr (V,-—Vy’) 


j"(1)= 


2m 2m 


+4V{n(1)—(n(1)), (DJ. (5.31) 
A more careful analysis indicates that such suspicions 
are unfounded and that the effect of the second term is 
quite small. Consequently, we only consider the first 
term in (5.31) and once more express the heat-current 
correlation function in the form (5.25). As in the evalua- 
tion of the electrical conductivity, we introduce the 
Green’s functions for the superconductor. Correspond- 


ing to (5.26) we have 


wk (k'a*) coth}pw 


=f dk’ ed al aaa 
mJ (2r)?J le Rk 2m 
X Re[G(k,w,)G(k_w_)+F (kw, )F(k_w_) ], (5.32) 


with F and G given by (5.9) and (5.10). Introducing the 
variables e, w, and z, and performing the z integration, 
we obtain 


Yr) 
$:Tx=8 fae far. exp - )| 
‘ ‘ l 


(Vi- Ve (V2— V2’), 
x 


2m 2m 2m 


2mi 2mi 
where the functions F and G still include the effect of 
phonon absorption. To evaluate the thermal conduc- 
tivity from (5.40), we again insert Fourier transforms, 
writing 


* J. Bardeen, G. Rickayzen, and L. Tewordt, Phys. Rev. 113, 
982 (1959), referred to as BRT. 
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When I is much smaller than both A and 8", the fre- 
quency integration can be carried out directly, with 


the result 
Bn rdee 
Tx=-- f - 
2m/ 2T 


The ratio of the electronic thermal conductivities in 
superconducting and normal substances, when the con- 
ductivity is limited by phonon scattering, therefore 
reduces to 


Tr 


(w’— E+ (Ar)? 


sech?(38£). (5.34) 


3 eS 
f de & sech*{3[2+(BA)?}}. (5.35) 
KN ar 0 

This ratio is based on a model in which the inter- 
actions which lead to a lifetime for single-particle excita- 
tions are included by inserting a parameter I into the 
single-particle correlation functions. If these correlation 
functions were expressed as functions of space and time 
and substituted into the current correlation functions, 
their essential effect would be to reduce that correlation 
function by the factor exp(—I°|¢—?’|). This modifica- 
tion agrees with our expectation that phonon emission 
and absorption is naturally described by a relatively 
constant lifetime. The effects of impurity scattering, on 
the other hand, are better described by a mean free 
path which is relatively constant over a wide range of 
group velocities. This mean free path effect has been 
discussed extensively by Abrikosov and Gor’kov.* It 
leads to current correlation functions which are modified 
by the factor exp(—|r—r’|/J). In computing the 
thermal conductivity in the presence of impurity scat- 
tering, it is therefore necessary to multiply the correla- 
tion functions previously introduced by this factor. The 

thermal conductivity then becomes 


Vi-V)’ ~|- Vv.’ *) 
2m-_ 


,» (3.36) 


= 0,1/—=1 


Bn r dk da’ ptdsz 
fa exp(- yf ek fa ef f 

2m l (27r)8 2r/_, 2 

(5.37) 


X Re[G(e,,w’)G(e_,w’) + F (€,,0’) F (e_,w’) ]. 


When the forms for F and G which include [ are inserted 
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Fic. 2. Ratio of thermal conductivities in superconducting and 
normal states as a function of reduced temperature. The pa- 
rameter a is the ratio of the thermal resistance resulting from 
phonons to the resistance due to impurities at the critical tem- 
perature. This parameter is effectively zero in alloys and other 
impure materials. It can be determined from the temperature 
dependence of the thermal conductivity in the normal state. 


into the equation for the thermal conductivity and I 
and vp// are taken to be smaller than A and 8", we 
obtain 


bn ¢ r dk de 
Tx=- J dr exp(- yf ei ‘f é sech?($8E) 
2m l (2r)8 2 


: r 
f dz ° 
[?+ (ket FZ, Ey 


Since the & integration is the transform of a Yukawa 
potential, we have 


Bn r de 
T= [a en(- yf é sech?(48E) 
2m- l 2 
E!fr\ T E \? 
x f dsew(- - -) - ( - ). 
0 evp2 J 4rr\evp2 


The z integration yields 


Bn a x . 
Tx= — f arf de €(E/ evr) sech?| SBE) 
2m/ » 0 


Xexpl—r(1/l+ ET /evpr) }. 


(5.38) 


Finally, the integration over r is performed, 


Bn ¢* x 
Te=— f de & sech?(38E)[T+0re/El}". 


2m¥ 


(5.41) 


This equation for the thermal conductivity has several 
interesting features. In the normal metal ¢ and E are 


Ane F.C. 


MARTIN 





@ EXPERIMENT (Sn) 
0.8 


OS/- PRESENT THEORY 


es (a =@) 
n 


Of 


rs 
-S_EXPERIMENT 
(Hg) 


! | | | 
0% 02 04 - 06 Os 1.0 








(a) 





| | 
¢ PURE INDIUM (Ty) 
— PRESENT THEORY (a=]) 
| ---BRT (IMPURITY) 
x BRT (PHONON) 














I 


—— PRESENT THEORY 
(a=0) 
© INDIUM + Hg (TJ) 











Fic. 3. (a) Comparison of theory and experiment for extremely 
pure metals. The recent data of Guenault for very pure tin agree 
very well with the theory; the data on mercury remain unex- 
plained. In mercury, however, the condition S[<1 is not well 
fulfilled. (b) Comparison of theory and experiment for metals of 
intermediate impurity. The thermal conductivity in a sample of 
indium which had equal amounts of impurity and phonon re- 
sistance at the critical temperature was measured by Toxen and 
Jones. The present theory is compared with their experimental 
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identical so that the thermal conductivity reduces to 


rn 
KN =— —kpT [T+ 0/1}. 


am 


(5.42) 


The two contributions to the thermal resistance—T, 
which results from phonon absorption and emission and 
is proportional to 7*, and vp/I, which results from im- 
purity scattering and is independent of temperature— 
contribute additively to the thermal resistance. This 
additivity is well verified experimentally. When there is 
very little impurity scattering and vp// is much smaller 
than I’, Eq. (5.41) reduces to the expression (5.34) which 
describes thermal conductivity limited by phonon-elec- 
tron interaction. On the other hand, when impurity 
scattering predominates, the thermal conductivity of a 
superconductor becomes 


n Bl fr 
— on | de eF. sech?(4BE). 


Om T vp 


(5.43) 


This expression has been obtained by Bardeen and co- 
workers” and is in close agreement with experiments on 
impure superconductors. More generally, the ratio of 
the thermal conductivity in normal and superconduct- 
ing states can be written as 


i+ (vr /IT) 


14 fis /ET) 


(5.44) 
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If we assume that / is independent of T and I is propor- 
tional to 7°, it is possible to express the temperature 
dependence of the ratio (x‘/x%) in terms of a single 
parameter, a, which measures the ratio of the lattice 
thermal resistance to the impurity resistance at the 
critical temperature. In terms of this parameter, the 
thermal conductivity ratio becomes 
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f de & sech*{ 3+ (8)? }}} 
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ra ie | 
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In Figs. (2) and (3) this ratio of the conductivities is 
chun as a function of apenas and compared with 


(5.45) 


points. The results of BRT are also sake The curve labeled 
“impurity” refers to the ratio of conductivities BRT predict 
when impurity resistance predominates; the points labeled 
“phonon” represent their lower limit on «S/xk¥ when phonon 
emission and absorption is the principal source of resistance. 
c) Comparison of theory and experiment for impure metals. The 
present discussion agrees with BRT when impurity resistance 
predominates. The experimental results are in accord with their 
predictions. The depicted measurements for indium with a small 
(London) A204, 98 (1950). 
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previous calculations and experiments on extremely and 


moderately pure superconductors.?>—*8 
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APPENDIX 


To evaluate the integrals describing the transverse 
response we note that the main contribution comes from 
a thin shell in the neighborhood of the Fermi surface 
where the magnitude of the vector k’ is approximately 
equal to pr. We therefore write 


T++(k'w*) cothsBw+iv™t + (kw) 


ne? pe? 1dz pda’ 
=—| de frie-# 
m J—ap 12/7 2 


XG(e,w,)G(ew_), 
(ku*) 


=f" if“ du)’ 
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It is most con- 
after evaluating 


where «,=e+3hkvpz and k-k’= ppkz. 
venient to perform the z integration 
the functions 
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or more explicitly the integrals” 
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-fa J; “|p — 715 (w,’— E,?) tanh 
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°5 The work on thermal conductivity in pure samples, including 
Fig. 5(a) has been previously reported; L. P. Kadanoff and P. (¢ 
Martin, Bull. Am. Phys. Soc. 5, 13 (1960). 

26 A. M. Guenault, International Conference on Superconduc 
tivity, Cambridge, June, 1959 (unpublished). 

274. M. Toxen and R. E. Jones, Bull. Am. Phys. Soc. 5, 14 
(1960). We are grateful to these authors for providing us with 
reproductions of the experimental plots they presented. 

28 The mercury data are due to J. K. Hulm, Proc. Roy. Soc. 
(London) A204, 98 (1950). 

*® The reader will note that the imaginary part of (A.4) is the 
same as the imaginary of Y in (4.41) with go, replaced by w. 
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where E,=+[€,2+A? }!, J**= (wi +e,)(@ +e), and 
J*~=*. We shall confine ourselves to determining the 
real part of the polarizability in the static limit. For this 
purpose it is only necessary to evaluate the imaginary 
part of the functions /: 


da’ 
Im/+*++*(z)= - fac [—w"+ee) 
J 2 


1 
5(w"— E,*) tanh}sk, 


9 


5(w’*— F_*) tanh36E (A.5) 


' : - . : 
We have omitted from (A.5) the terms odd in ¢ and w 
which vanish on integration. Performing the w’ integra- 
tion we obtain 


Im/*+*(z) - fa. 
ig 
E.2 


tanh3eF,— 


LE? 


tanh}eE 
(A6) 


Correspondingly, the imaginary part of /* ~(z) reduces to 


Im/* 


tanh}sF, tanh}sF 

— . (A. 
| 2E, 2E | 

difference 


We may write the between (A.6 


in the form 


and (A.7 


Im[/*+* 
, tanh3sk, tanh3sk 
. f de sce 
é&.—e€ 2E, €,—€ 2E 
(A.8) 
and evaluate the integral by observing that the con- 
tribution from small ¢ cancels identically. Replacing the 


integrand by its value for large « we deduce that for 


ko r<wp 


Im[/++(z)—I* 


ft de E 
wD Qk pz Rk, 


We may therefore write v7** 


and v?+~ in the form 


y™++(k?,.0) = — (ne?/m)[1—43.Sr(k’) ], 


bes (A.10) 
y™+—(k?.0) = (ne?/2m)S7(k?), 


AR ?. 


where 


S7r(k*) 


tanh38F, tanh3eF 
- (A.11) 
Ey E 


If we write S7(k*)=$S87 (k)—3S87O(R 


Sr (R*) is the term involving 2 


Bm ~> 


where 


+1 
Sr@(#)=—a fas 


1 


tanh} 6k 1 
x 3 fac 
E e— (e—kupz 


and integrate with respect to z, we obtain 


tanh}sF 
fe 
: E 


€ aki 
x{1- In 
kup e— kv; 


We note that in the limit in which & 


6 
(kv, 


*) ( R7) 


>(, this reduces to 


de O tanh3s/ 
Sr (0) = -a'f 
J 2EGE E 


(tanh3@/ 


which approaches unity as the temperature vanishes. 
Likewise the term in (A.11) involves no 2, 
S7,© (Rk), can be expressed in a form convenient for 
treating its singularity at z=0 and h=0. 


which 


— A* tanh3BA 


+1 dz 

x facf 
J y 
1 


X(tanh36A—tanh3BE,). (A.15) 


To evaluate the first observe that its 
integrand is regular everywhere. It is convenient to 
write its denominator /,2—/_?=2ekvp~2 in the form 
4(e—id,) (4kvp2—id,), where 6; and 6, are real numbers, 
and let 6; and 6, approach zero. We may then translate 
the z variable so that the square-root factors depend only 
on the new variable ¢’ 


term we 


e+4}kvpz and interchange orders 
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of integration, obtaining from the first term 
—A’tanh38A cr? de’ e+hher 

Ako pe «0 € — 1024 &—lkor 
1 1 2 1 
x| Gh Rae ay eee, “: 
e—16; e+76,; ©€’—e—i62.}(e?+ A’) 


When the e integration is performed and 6,— 0, this 
expression reduces to 


—— dé’ 
2kvp 0 e' — 16» 


|e’ +3hve| 1 1 
x{ in - +2: tan-i( )| 
. |e —tkhoe 5.7 3(¢+A?)! 


wr A 
tanh} sA— 
Qkv} kv; 0 ef: 


In 
= SRV} 


A’ tanh3eA f de 
The z integration of the second term of (A.15) can be 
performed by elementary methods and the terms com- 
bined with the result 


wr A 


Sp (R) tanh36A 


2 kup 


MP n* de e+ skip 
_ [ In 
kup: ek e— shoe 


tanh33k. (A.16) 


0 


\s the induced motional current is related to the external 
potential, the induced spin magnetization is determined 
from 


M(1) if ue([nt(1)—n-(1), n*+(2)—n- (2) Jar 


: <H(2)d2, (A.17) 
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where yu, is the electron magnetic moment and H(rt) the 
magnetic field. The spin susceptibility is then expressed 
in terms of the Fourier transform of the commutator 
of the net spin density operator, 

(1), 27 


wed([nt(A)—n (2)—n-(2) 


dw ¢ dk 
f f expLik: (1— 12) —iw(t:—12) | 
xv (27)% 


Xwysp (kw) (A.18) 


as the integral 


Xsp(R°w*) = = (A.19) 


Using the relation between the commutator and the 
imaginary part of the Green’s function, and the con- 
nection between the retarded commutator and the sus- 
ceptibility, we write 


Xsp (R70) ue f dts fades ker 


£ 


<4 ImLG** (12; 17 


2+) —G* 


(A.20) 


In a normal metal, this integral reduces to the familiar 
result Xsp¥ =uempr/m. In a superconductor, the calcu- 
lation in terms of the Green’s functions derived in Sec. 2 
involves the same integral S;“ evaluated above. Con- 
sequently, the susceptibility reduces to 

X sp (R70) (Rk?) ]. 


(uempr/m)(1—Sr (A.21) 
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Low-Temperature Specific Heat of Germanium* 
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Electronic and lattice contributions to the specific heat are reported for several m-type degenerate Ge 
ingots. The electronic effective mass, calculated on the assumption of a parabolic conduction band, is not 
strongly dependent on donor concentration in Ge. The Debye temperature decreases as donor or acceptor 
impurities are added, from 371°K for pure Ge to 362°K for the most heavily doped ingot. However, this 
marked decrease did not occur in silicon-doped Ge. It is suggested that the effect is due to screening of long- 


range lattice forces by free electrons or holes. 


INTRODUCTION 


NTIL recently, there had been significant disagree- 
ment in the Debye temperature of germanium as 
calculated by De Launay from the elastic constants'? 
and as obtained from the specific heat. At the acoustic 
frequencies used to measure the elastic constants, 
phonon velocities are independent of the magnitude of 
the wave vector, and the Debye temperature calculated 
from the low temperature elastic constants, 374.0°K =, 
should characterize the specific heat at absolute zero. 
For temperatures below about 1% of , the lattice spe- 
cific heat is usually expressed with sufficient accuracy by 


(122%*/5)R(T/09)?=aT*. (1) 


Keesom and Pearlman measured a variety of Ge speci- 
mens,’ obtaining 362+6°K for , but it is likely that 
effects of helium exchange gas desorption in these meas- 
urements resulted in too low a 4. Lately, the technique 
has been improved through the use of a helium-three 
cryostat employing a mechanical heat switch,‘ so that 











Fic. 1. Specific heat of pure germanium. The points designate 
by VW, 4, and @ are for separate measurements of the same ingot. 
Results of Flubacher, Leadbetter, and Morrison are denoted 
by . 

* Supported by a Signal Corps contract. 

t Present address: International Business Machines Research 
Center, Yorktown, New York. 

' Jules De Launay, J. Chem. Phys. 24, 1071 (1956); Solid State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
Inc., New York, 1955), 2nd ed. 

2 P. M. Marcus and A. J. Kennedy, Phys. Rev. 114, 459 (1959). 

+P. H. Keesom and N. Pearlman, Phys. Rev. 91, 1347 (1953). 

4G. M. Seidel and P. H. Keesom, Rev. Sci. Instr. 29, 606 
(1958). 


there is no longer exchange gas to contribute a heat of 
desorption. Because measurements were now extended 
to 4°K or lower, a more accurate lattice term as well 
as an electronic term could be observed. Still, the meas- 
urement by Keesom and Seidel of a Ge single crystal 
doped with 5.4X10" cm gallium® yielded 362+2°K 
for @. About the same time, Flubacher, Leadbetter, 
and Morrison published the first specific heat value in 
accurate agreement with the elastic constants, 374+2°K 
for a pure single crystal. The disagreement between 
these two specific heat measurements is well outside 
the combined errors and appears to be related to im- 
purity concentration. One of the aims of the present and 
continuing series of measurements is to study that 
relationship. 


RESULTS 


The specific heat data for each specimen could be 
represented by 
C/T=y+al?*+86T! 


within the precision of the measurement. References 
4 and 5 give details of the experimental apparatus and 
procedure. Figure 1 shows the result from a pure 
polycrystalline ingot of 563 g which was cast in a high- 
purity graphite crucible and cooled to a solid over 
1.3 hr. The points in Fig. 1(a) are well fitted by a 
straight line through the origin so that y is zero within 
a microjoule/mole deg*. The value of a was determined 
graphically as in Fig. 1(b), where lim (C/T*) as T—0 
has the value 0.0380+0.005 mjoule/mole deg* and @p is 
371+2°K by Eq. (1). The slight upward slope in Fig. 
1(b) indicates that 8= (0.00015+0,00005) mjoule/mole 
deg®. Three other specimens were measured, Ge single 
crystals pulled from the melt, doped with 0.44X10" 
cm~* Sb, 1.00 10'* cm- Sb, and 3X10" cm Si. The 
Ge(Sb) ingots were sliced after measurement and Hall 
coefficients determined at intervals along their axes. 
From these, the impurity concentration was calcu 
lated, and it varied by about a factor of 2 from top to 
bottom. Following the procedure of Keesom and Seidel,’ 
n was then averaged over the volume of the ingot. The 


5 P. H. Keesom and G. M. Seidel, Phys. Rev. 113, 33 (1959) 
* P. Flubacher, A. J. Leadbetter, and J. A. Morrison, Phil. Mag. 
4, 273 (1959). 
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LOW-TEMPERATURE 


TABLE I. Results on germanium. 


Impurity 
in 10'8 cm™ 


4.7 As 
1.00 Sb 
0.44 Sb 
54 Ga*® 
30 Si 
pure polycrystalline 
pure single crystal 
pure single crystal] 


Temp. range 


Specimen deg K 


122B?* 


152H> 
185A» 


j | | 
ee 


240A» 

Ge 563 g® 
Ge 208 g° 
Theory 


~Zurtv hw — te bo 


un tn tn tn cs i tn 


‘ Reference 5. 

» Present work. 

© Reference 6. 

4 References 1 and 2. 


concentration of Si could be estimated only from the net 
amount of Si added to the melt, and is believed to be 
much less uniform. As the Hall coefficient was —7 X 10° 
cm*/coul at 8C and 300°K at one end and the order of 
—10° at the other, the concentration of impurities 
other than Si was estimated as less than 10° cm~ 
throughout. 

The summary of results in Table I shows that 4 
and y vary monotonically with donor concentration. 
The Fermi energy ¢ (relative to the band edge) and 
density-of-states effective ratio, p=mag/mo 

=(mym2)'/mo, are calculated from n and y on the as- 
sumption of a degenerate Fermi gas of electrons in a 
parabolic conduction band.° That u is roughly constant 
and close to the value obtained from cyclotron reso- 
nance’ (0.22) indicates that the energy at the band edge, 
as a function wave vector, is not greatly affected by 
these donor concentrations. 

Uncertainties given here are three times the standard 
error when (2) is fitted to the data by the least mean 
squared deviation method, and do not include syste- 
matic errors. Among these, the uncertainty in correc- 
tion for the heat capacity of heater and thermometer is 
prominent. The heater wire was about 10 mg of con- 
stantan, for which we have approximated the data of 
Guthrie et al.° by 0.18 T—0.004 T* mjoule/g deg+20%. 
The thermometer was a tenth-watt, 10-ohm Allen- 
Bradley carbon composition resistor whose heat capac- 
ity, 0.0016 T+0.00036 T* mjoule/deg+30%, was meas- 
ured directly. Heater and thermometer were glued 
to the specimen with less than 30 mg of red glyptal for 
which the measured correction® is 0.027 T* mjoule/deg 
+20%. The uncertainty in heat capacity of the addenda 
therefore about 0.001 7+0.0003 T* mijoule/deg, 
as compared with the heat capacity of at least two 
moles of Ge. This contributes chiefly to the error in 
y. Other systematic errors, such as appear in the 
temperature scale, may amount to about a percent. 


mass 


is 


7G. Dresselhaus, A. F. Kip, and C. Kittel, Phys. Rev. 98, 
368 (1955); R. N. Dexter, H. J. Zeiger, and B. Lax, ibid. 104, 637 
(1956). 

8 G. L. Guthrie, S. A. Friedburg, and J. E. Goldman, Phys. Rev. 
113, 45 (1959). 


SPECIFIC 


HEAT OF 


mjoule 
’ = (a Jav* 
mole deg? ev 


0.0215 
0.0146+0.0008 
(0.0098 +0.0006 
0.0272 

0 

0+0.001 


0.018 
0.0055 
0.0036 
0.16 


0 


Discussion of the Lattice Term 


In Fig. 2, A is plotted against , the average impurity 
concentration. The decrease in 6) with addition of 
impurities is significantly greater than experimental 
error, and corresponds to a softening of the lattice, or 
decrease in the elastic constants, by an amount larger 
than was thought possible for such dilute alloys. There 
are several possibilities which may explain this decrease 
and are open for investigation: (a) The Ge lattice is 
strained locally by substitutional impurity atoms of 
different size than the host atom. (b) Pressure from 
the electron gas of Coulomb repulsion of ionized donors 
increases the lattice spacing enough to affect the elastic 
constants. (c) The ionized donors, each having a charge 
e, polarize the neighboring Ge atoms, and this polariza- 
tion in turn weakens the bonds between them. (d) The 
free electrons screen and weaken the interatomic forces, 
thus decreasing 4. 

Though the @) obtained for Ge(Si), which had the next 
highest impurity concentration, is somewhat lower than 
our result for pure Ge, it is significantly higher than 4 
for Ge(Ga). If the cause of A@>) were purely mechanical, 
one would expect from that much Si at least the effect 


22 


3xi0'9 5x10 


Fic. 2. Debye temperature of germanium as a function of im- 
purity concentration, m. As the electron gas in these samples is 
degenerate at low temperatures, ” is also the free carrier concentra 
tion except for pure Ge and Ge(Si), which have virtually no free 
carriers at liquid heliurh temperatures. 
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produced by Ga, which is closer in size to the Ge atom. 
The lattice might be expected to collapse around the 
site of a substitutional Si atom, but might be compressed 
in the neighborhood of the larger Sb atoms, so a Debye- 
Scherrer x-ray pattern was taken to compare their 
lattice constants, a, with pure Ge, yielding a=5.6460 
+0.0002 kxu for both Ge(Si) and Ge(10"* Sb) and 
5.6458+0.0003 kxu for pure Ge. An estimate of the 
maximum Aé@ which could come from lattice dilation 
may be obtained from the Griineisen relationship be- 
tween the lattice frequencies w, and the atomic volume 
by 

0 Inw,/d nV=—T. (3) 


Griineisen’s constant [ is about 2, so that inserting 
OX Wmax, V«a* and Aa<7 X10 kxu into (3) we have 
A@<}°K, an insignificant change. That there is no 
observable change in lattice parameter does not itself 
eliminate (a) or (b), for x-ray techniques are fairly in- 
sensitive to local disturbances in the lattice. However, 
the drop in 6) from the pure Ge value (Fig. 2) appears to 
become saturated for large values of m. This behavior 
would not be expected for mechanisms of the type (a) or 
(b). Moreover, the bulk modulus of the electron gas 
(~10° d/cm?), as well as of the ionized donors, is very 
small compared with that of the Ge lattice, 10 d/cm*. 
We feel that the foregoing arguments are sufficient to 
eliminate the first two possibilities and that either (c) 
or (d) may be an adequate explanation. 

If the donors were ionized through compensation by 
acceptors rather than by giving their electrons to the 
conduction band, one could test for the effect on 4 of 
randomly distributed fixed charges while excluding free 
electrons. If it is true that the charged donors induce di- 
pole moments on near neighbors which in turn weaken 
the electrostatic interactions in their vicinity, then heavy 
compensation would be expected to increase the effect 
by introducing charged acceptors as well. If, on the 
other hand, the free electrons are more influential, their 
removal by compensation should bring 6) back toward 
the value for pure Ge. The effectiveness of free electron 
screening depends on their speed and density, and 
is expressible as a screening radius, ro. A screened 
Coulomb potential,"’" for instance, can be written 

§J. C. Slater, Introduction to Chemical Physics (McGraw-Hill 
Book Company, Inc., New York, 1939), p. 450. 


10N. F. Mott and H. Jones, The Theory of the Properties of 


Metals and Alloys (Dover Publications, New York, 1958), p. 87 
L. Pincherle, Proc. Phys. Soc. A64, 663 (1951). 
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(e/xr) exp(—r/ro), with 


h kK r\ 4) 
acy) 
cL4N ima\3n/ - 


where «x, the dielectric constant of Ge, is 16 and N,, 
the number of conduction band minima, is 4. 

For Ge (4.7X10'* As), ro>=1.5X10-7 cm or about 
6 times the distance of a nearest neighbor. If, as sug- 
gested by Herman,” interactions of 5th and 6th 
nearest neighbors are required to get the elastic con- 
stants from an interatomic force model of the diamond 
lattice, then it would appear that under these conditions 
free carriers can partially screen out the longer range 
forces. For the p-type Ge(Ga), maV ,! is replaced by the 
density-of-states effective mass of holes and nm stands 
for the hole concentration, so that Ge(Ga) is expected 
to follow nearly the same trend as the n-type samples. 
On the other hand, the Ge(Si), which has no free 
carriers at low 7, should have 4 close to the pure Ge 
value. It has recently been demonstrated by Giffels, 
Hinman, and Vosko that a solute atom in dilute alloys 
of silver can affect the electric field gradient at up to the 
ninth nearest lattice site and that the number of sites 
affected is much more correlated with the difference 
in valence between host and solute atoms than with the 
distortion of the host lattice by the solute.’ Fan pointed 
out that a saturation of A@) toward high concentrations, 
such as observed in Fig. 2, would be obtained if the 
free carriers screened only the long-range forces ef- 
fectively, but did not weaken nearest neighbor bonds. 
On this hypothesis, as ro becomes less than the lattice 
constant, a further increase in the carrier density would 
not increase the screening and soften the lattice any 
further. But according to (4), this condition should not 
be reached until » becomes greater than 2X10?! cm 
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Cyclotron resonance of conduction electrons in GaAs at liquid nitrogen temperature has been observed in 
the far infrared spectral region. The data yield an effective mass ratio of 0.071+0.005 at the bottom of the 


band. 


I. INTRODUCTION 


ARGE static and pulsed magnetic fields have made 

it possible to study infrared cyclotron resonance 
in several III-V compounds recently. Burstein et al.,! 
Keyes ef al.,? and Palik et al. have measured infrared 
cyclotron resonance in InSb. Palik and Wallis* have 
observed cyclotron resonance of conduction electrons 
in InAs and InP. These measurements have yielded 
information about the effective mass at the bottom of 
the conduction band and the nonparabolic nature of 
the band. Cyclotron resonance in n-type GaAs reported 
in the present paper has given a value for the effective 
mass ratio at the bottom of the conduction band of 
0.071. 


II. RESULTS 


The detailed experimental techniques are reported 
elsewhere.’ Three samples of n-type GaAs were used; 
A with carrier concentration N+~3X10'*/cm* and 
mobility w= 5000 cm?/v sec, B with V=1.99X 10!®/cm* 
and p=7033 cm?/v sec, and C with V~3X10!5/cm’ 
and w= 21 000 em?/v sec at liquid nitrogen temperature. 
The samples were polycrystalline sections about 35 u 
thick mounted on crystal quartz. The effect of sample 
strain on the present data was not determined. Each 
sample, about 0.5 cm X1 cm in area, contained several 
large crystals, the crystallographic orientation of which 
were unknown. It is probable® that the conduction band 
is spherical and the masses isotropic. Measurements 
were made in the far infrared using a reststrahlen mono- 
chromator to obtain three narrow bands of wavelengths 
using crystals of KRS-5, CsI, and CsBr. The wave 
numbers of the wavelengths at which the experiments 
were performed are KRS-5, 65 cm@; CsI, 70 cm™; 
and CsBr, 85 cm~'. Measurements were made at room 
temperature and at liquid nitrogen temperature. The 
experiment consisted of fixing the wavelength and 
sweeping the magnetic field. The samples were placed 
in the magnet so that the magnetic field was parallel 
to the sample surface and the direction of propagation 

* Permanent address: Physics Department, Georgia Institute 
of Technology, Atlanta, Georgia. 

' E. Burstein, G. S. Picus, and H. A. Gebbie, Phys. Rev. 103, 
825 (1956 

2 R. J. Keyes, S. Zwerdling, S. Foner, H. H. Kolm, and B. Lax, 
Phys. Rev. 104, 1804 (1956). 
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Rev. 122, 475 (1961). 

4 E. D. Palik and R. F. Wallis, Phys. Rev. 123, 131 (1961). 
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of the radiation was perpendicular to the sample sur- 
face. The radiation was plane polarized with electric 
vector perpendicular to the external magnetic field. 
Sample A showed no cyclotron resonance, only a gradual 
increase in transmission with increasing magnetic field. 
Sample B showed a definite transmission minimum from 
which an effective mass was calculated using the formula 
m*=eH/cw, where H is the magnetic field at minimum 
transmission and w,, the cyclotron frequency, is taken 
equal to the frequency of the radiation. However, the 
mass value was somewhat smaller than expected. Also, 
the transmission at high magnetic field was more than 
at zero magnetic field. This suggested that magneto- 
plasma effects were complicating the measurements. 
The plasma frequency for sample B was calculated to 
be 48 cm! so the measurements were being made quite 
close to wp. 

There are two effects which can distort the line posi- 
tion as observed in transmission.‘ First, for the orienta- 
tion used, the pertinent depolarizing factor L=1. Then 
the actual cyclotron frequency w, is related to the ob- 
served frequency w by the relation 


nie (1) 


where w,= (49.Ve?/m*eo)) and eo is the static dielectric 
constant in the absence of free carriers. Throughout 
this paper we use unrationalized cgs units. The cor- 
rected cyclotron frequency can then be used to deter- 
mine the effective mass. If this correction is neglected, 
the apparent effective mass obtained from the raw data 
is too small. A second effect which distorts the line 
position is connected with the fact that while the real 
part of the conductivity peaks at w,.=w (assuming the 
first effect is negligible), the extinction coefficient will 
peak at a lower magnetic field in general. This is due to 
the dependence of the extinction coefficient on both the 
real conductivity and the index of refraction, the latter 
helping to distort the line from the position w=,. The 
transmission of the sample will depend on both the 
absorption constant and reflectivity. The reflectivity 
may also vary rapidly and can further distort the line 
as observed in transmission. The quantitative shift is 
not readily determinable, but calculations of the sample 
transmission indicate that the minimum is shifted to 
lower fields by a few percent. Neglecting this effect 
gives rise to an apparent effective mass which is too 
small. 

Both of these magneto-plasma effects are probably 
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Paste I. Data obtained from GaAs samples B and C. 
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present in the data obtained for sample B. The masses 
obtained from the raw data for sample B are listed in 
Tabie I. These were corrected using Eq. (1) to yield 
values which are both higher and more nearly equal. 
No correction has been made for the second effect, 
although presumably, this correction would tend to 
further raise and equate the mass values. The corrected 
masses in Table I are in rough agreement with the value 
of about 0.076 obtained from Faraday rotation meas- 
urements near 20 y on samples A and B before they were 
thinned down. Using the Faraday rotation method, 
Moss and Walton®’ obtained an effective mass ratio 
of 0.074+0.006 for n-type GaAs. 

To minimize the magneto-plasma effect, measure- 
ments were made on a much purer sample obtained 
from F. A. Cunnell. For this sample w,~ 18 cm~. This is 
sufficiently far removed from w, that magneto-plasma 
effects should be negligible. Also w.r~5, so that a fairly 
sharp resonance was observable. The relative trans- 
mission vs magnetic field for the three samples for CsI 
reststrahlen are shown in Fig. 1. The noise has been 
smoothed out but the signal-to-noise ratio was not less 
than 15 to 1. The results for sample C are summarized 
in Table I. The fixed masses obtained with sample C 
indicate that the plasma frequency complications are 
probably negligible. No magneto-plasma corrections 
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Fic. 1. Relative transmission of three low-temperature samples of 
GaAs at 70 cm~ as a function of magnetic field. 


°T. S. Moss and A. K. Walton, Proc. Phys. Soc. (London) 
A74, 131 (1959). 


7A. K. Walton (private communication). 
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have been made to the data of sample C, since these 
corrections are small compared to the experimental 
uncertainty in wavelength and magnetic field, the un- 
certainty being about +7%. 

Measurements at room temperature on sample C 
showed that the room temperature effective mass is 
the same as the low-temperature mass to within experi- 
mental error. The room temperature band was weaker 
and broader than the low-temperature band. 

As described by Palik ef al.,°4 the magnetic field 
dependence of effective mass for InSb, InAs, and InP 
can be satisfactorily explained in terms of the non- 
parabolic nature of the band. The linear dependence of 
the mass on field which holds well for InAs and InP 
is given by m*=mp*(1+ (hw./Ec)(A—B)] where mo* 
is the effective mass at the bottom of the band, 
w.=eH/mo*c, Eg is the band gap, and A and B depend 
on mo*, Eg, and A, the spin-orbit splitting. For GaAs, 
assuming at liquid nitrogen temperature that Eg=1.53 
ev,® A=0.33 ev,® and m)*=0.071, the theoretical straight 
line given by the above equation has been calculated 
and is shown in Fig. 2. The experimental effective mass 
ratio points for sample C given in Table I are also shown 
as open circles. The cyclotron resonance data, therefore, 
give an effective mass ratio of 0.071+0.005 at the 
bottom of the band. 

Values of the conduction electron effective mass for 
GaAs as obtained from optical and electrical measure- 
ments are summarized and discussed by Ehrenreich.° 
He concludes that the conduction band is centered at 
k=0 and the effective mass ratio is about 0.072 at 
the bottom of the band and is isotropic. 

An interesting feature of the data for samples A and 
B is that the samples are more transmitting at high 
fields than at zero field. This is not readily explained in 
terms of the magneto-plasma effects discussed above. 
This increase in transmission may be due to interference 
effects. Since the reflection and transmission interference 
fringes are a function of the index of refraction, a change 
in index due to changing magnetic field will shift the 
fringes somewhat. Rough calculations of the reflectivity 
at zero field and high field for sample B (about 35 u 
thick) including the effects of interference have been 
made at a wavelength of 143 w (CsI reststrahlen). For 
sample B the calculated indices of refraction at zero 
and high fields were used. The results indicate that at 
zero field, the reflectivity is near a maximum, near the 
top oi a fringe. At high field, the reflection decreases 
as the fringe shifts. Qualitatively, this produces more 
sample transmission at high fields than at zero field. 
At intermediate fields, the results would be more compli- 
cated since the index of refraction and the extinction 
coefficient vary considerably through the cyclotron 
resonance. At best, the changing background due to 
interference effects would cause only a small distortion 
in the position of the absorption band. 

This same type of interference effect has been ob- 
served using a thin section of InAs for similar cyclotron 





CYCLOTRON RESONANCE 
resonance measurements. In this case, the thin-sample 
reflectivity as a function of field was measured also. 
The results are quite striking, showing changes in 
reflectivity in qualitative agreement with the fact that 
the changing index of refraction causes the fringes to 
shift. 
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Exciton-Induced F-Center Growth in KI and KBr Crystals 


James H. PARKER, JR. 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received May 31, 1961) 


A study has been made at room temperature of the growth in 
l’-center concentration resulting from the absorption of photons in 
the energy range of the first fundamental band (exciton band) of 
KI and KBr crystals. The growth in F-center concentration was 
followed by measuring the fractional change in transmission at the 
maximum of the F band by an ac method capable of detecting a 
change in F-center concentration of 10" cm~*. The crystals used in 
the study of the dependence of F-center production on irradi 
ating wavelength and crystal history were grown both by the 
Kyropoulos method (seed-pulled) and the Bridgman method 
(crucible-grown). For seed-pulled KI crystals the F-center growth 
showed a consistent behavior for irradiation throughout the 
exciton band. The growth was found to be describable as a volume 
process for which the F-center density as a function of the number 
of photons absorbed per unit volume is given by a saturating curve 
whose shape and initial slope (quantum efficiency) are approxi- 
mately independent of irradiating wavelength but whose satura 


INTRODUCTION 


HERE are many questions that remain un- 
answered as to the physical events that follow the 
absorption of photons in the fundamental optical bands 
of an alkali halide crystal. The work of Taft and Phillip! 
has at least tentatively answered the question as-to 
where the dividing line between the region of conducting 
states (electron-hole pairs) and the region of non- 
conducting states (excitons) lies in the band. While the 
existence of nonconducting excited states brought about 
by excitation in the first fundamental band appears to 
be reasonably well established, there still remain many 
questions as to the properties of these excited states. For 
example, does the energy of excitation remain localized 
in the lattice or can it move? Also, how in detail does 


1. A. Taft and H. R. Phillip, J. Chem: Phys. Solids 3, 1 (1957) 


tion level increases with decreasing wavelength. The F-center 
saturation density was found to increase from 5X10'® cm? for 
irradiation in the tail of the band to about 5X10" cm “at the peak 
of the band, with the initial quantum efficiency remaining between 
0.1 to 0.2 for this wavelength range. While the behavior for seed- 
pulled KI samples was relatively unafiected by either plastic de- 
formation or previous irradiation in the exciton band, the crucible- 
grown samples showed large changes due to either of these 
treatments. Before these treatments the F-center density induced 
in the crucible-grown samples had predominantly a square-root 
dependence on the number of absorbed photons; afterwards the 
behavior was very much like that of the seed-pulled samples. The 
KBr crystals were found to behave like the seed-pulled KI 
samples. The results are discussed in terms of the properties of the 
exciton and its interaction with negative-ion vacancies to form F 
centers. 


this excited state bring about the formation of defect 
centers,?* ionize F centers,‘:® and lead to luminescence 
at low temperatures ?° 
Smakula’s study? of the formation of F centers in 
several different alkali halides brought about by excita- 
tion in the tail of the first fundamental band (exciton 
band) indicated that the formation of F centers played 
a most important part in events leading to the destruc- 
tion of the exciton; i.e., he found approximately unity 
efficiency for the conversion of photons absorbed in the 
band to F centers formed. The objectives of the present 
study were to repeat Smakula’s experiments and to 
2 A. Smakula, Z. Physik 63, 762 (1930 
N. Inchauspé and G. Chiarotti, Phys. Rev. 109, 345 (1958). 
4L. Apker and E. Taft, Phys. Rev. 79, 964 (1950); 82, 814 
951) 
ON Inchauspé, Phys. Rev. 106, 898 (1957) 
®K. J. Teegarden, Phys. Rev. 105, 1222 (1957). 
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extend the study to excitation as far as possible into the 
exciton band and thereby to provide further experi- 
mental information concerning excitons and their ability 
to form F centers. 


EXPERIMENTAL PROCEDURES 


The experimental method can be described as follows. 
A crystal is irradiated with a known number of mono- 
chromatic photons, whose wavelength is in the funda- 
mental band, and then the fractional change in trans- 
mission at the maximum of the F band is measured. The 
fractional change in transmission along with the ab- 
sorption cross section at the maximum of the F band 
yields directly the number of F centers formed under a 
unit area. Thus F-center growth curves can be obtained 
from a succession of such measurements carried out for 
increasing irradiation. 


F-Center Absorption Cross Section 


The absorption cross section for F-centers in KI at 
300°K was determined by an optical-chemical method 
similar to that used by Kleinschrod for KCl,’ and Doyle 
for KCl, NaCl, and KBr.* The procedure can be 
described as follows. A large crystal was first additively 
colored by heating in an atmosphere of potassium vapor. 
Then the absorption coefficient at the maximum of the 
F band (680 my) was measured for a small sample 
cleaved from the large crystal and the amount of excess 
potassium per unit volume was determined for another 
sample of known volume, also taken from the large 
colored crystal. The excess potassium of the latter 
sample was determined by dissolving in water and de- 
termining the resultant alkalinity of the solution by a 
standard colorimetric method. If the assumption is 
made that to every excess potassium atom in the crystal 
there corresponds an F center, the absorption cross 
section can then be determined from the density of 
excess potassium and the absorption coefficient at the 
maximum of the F band. Two precautions should be 
observed in making such a determination. First, the 
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starting crystal should not be too basic or the final 
alkalinity determination becomes uncertain and second, 
the colored crystal used in the optical measurement 
should not contain an appreciable colloidal band in 
order that the optical measurement be representative of 
all the excess potassium. The alkalinity of the crystals 
before being additively colored was never more than 
10% of the alkalinity after coloring. The optical meas- 
urement was carried out immediately after the colored 
sample had been quenched from 400°C to 20°C in CCly. 
There was no sign of a colloidal band for approximately 
1-2 hr after the quench. The level to which the crystals 
were colored varied from 1 to 5X10" F centers/cm*, 
The average value of the absorption cross section ob- 
tained from measurements on five different additively 
colored samples was (1.7+0.2)X107'® cm*. The indi- 
cated error is the rms error from these five determi- 
nations and the spread is believed to result mainly from 
the nonuniformity of F-center density in the large 
crystals from which the samples for optical and chemical 
determinations were taken as separate pieces. The value 
given above may be compared with that 
from the data of Rauch and Heer,’ who effectively 
measured the cross section by a susceptibility-optical 
method. The value obtained their data is 1.3 
10-'* cm?. 

The cross section used for KBr was an average of the 
cross sections obtained from the data of Doyle® and 
Rauch and Heer.’ This value is 2.0 107° cm’. 


obtainable 


from 


Irradiation 


In order to measure the irradiation intensity, the 
following procedure was carried out. A standard lamp, 
calibrated by the National Bureau of Standards, was 
used to calibrate a thermopile. The thermopile, in turn, 
was used to calibrate at the three wavelengths 213.9 mu, 
228.9 my, and 253.7 my (resonance lines of Zn, Cd, and 
Hg, respectively), an S-11 photomultiplier with uv 
fluorescing glass (Corning filter No. 3750) mounted in 
front of the photo¢ athode. The reason for using the uv 
to visible conversion scheme was that the fluorescent 
glass plus photomultiplier gave a much more uniform 
response (+1% over an area of 2 cm’) over the photo- 
cathode than could be obtained with a straight photocell 
or photomultiplier. The calibrated photomultiplier unit 
was then used on a day-to-day basis to obtain the 
irradiating intensity. Since the sensitivity of the photo- 
multiplier unit was found to be approximately constant 
over the calibration range (a rise of 10% from 253.7 mu 
to 213.9 my), the same response was assumed to hold to 
195 mu, the lower limit to the irradiating wavelength 
used in the study. 

The light sources were H-4 mercury arcs for their 
approximate continuum from 195 my to 235 mu and the 
Cd metal ar at 228.9 mu. The 
passband of the quartz monochromators used with these 


for its resonance line 


4 J Rauch and C. V. Heer, Phys. Rev. 105, 914 (1957 
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lamps was held at approximately 2.5 my and with this 
passband the irradiation flux to the crystal ranged from 
10” to 10" photons sec! cm~. For wavelengths greater 
than 226 my a single quartz monochromator was used, 
while for wavelengths less than 226 my a double 
monochromator was used in order to reduce the effect of 
scattered light. The area of irradiation was 0.1 cm? and 
the irradiation times extended from 1 to 10° sec. 


F-Band Transmission Measurement 


The fractional change in transmission at the maxi- 
mum of the F band was measured by an ac method. The 
maximum of the F band in KI at 300°K is at 680 mu 
while in KBr it is at 630 mu. Figure 1 shows the essential 
features of the apparatus. The crystal was mounted in 
the vacuum cell. The light for the transmission measure- 
ment, which came from a well regulated tungsten lamp, 
first passed through an interference filter centered at the 
maximum of the F band, and then through a chopper 
wheel. The filter half-width was about one-tenth of the 
F-band half-width. The chopper wheel allowed the red- 
sensitive photocell to see alternately, at 7 cps, the 
reference light beam or the light beam that had passed 
through the crystal. Figure 2 shows, in a qualitative 
way, the photocell currents before and after irradiation, 
where R represents the current due to the reference light 
and Cy and C represent, respectively, the currents due 
to the light that has passed through the crystal before 
and after irradiation. Before irradiation the light beams 
were adjusted such as to make R equal to Co. Therefore, 


R=C)«< transmission before irradiation 
and 
C=Coe~/* = transmission after irradiation, 
where f is the F-center surface density (number of F 
centers formed under unit area) and a is the absorption 
cross section at the maximum of the F band. Therefore, 
the fractional change in transmission is 


(Cyo—C)/Co= (R—C)/R=1-e-"*. 


The F-center surface density was therefore obtained as 
the crystal was progressively colored by initially meas- 
uring R and then following the changes in R—C. 

The growth data were taken by irradiating the crystal 
in a sequence of periods, such that the number of 
photons absorbed in each period was increased by a 
factor of 2 over that in the previous period. In between 
the successive irradiation intervals, the level to which the 
F band had grown was measured. While there was no 
intentional bleach between the irradiation intervals, the 
F-light intensity was such that about a 10% reduction 
in the F-center level occurred during the F-band trans- 
mission measurement. In order to take this bleaching 
into account in the reduction of the data, the fractional 
decrease of the F band at each transmission measure- 
ment was taken as a correction to the photon number up 
to that measurement. 
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Fic. 2. Photocell current before and after irradiation. R is the 
photocell current due to the reference light beam and Cp and C are 
respectively the currents due to the light beam that passes through 
the crystal before and after irradiation. 


The lower limit to the fractional change in transmis- 
sion that could be measured (unity signal to noise) was 
found to be set by several different factors and in 
practice was approximately 1:10°. This limit corre- 
sponded to a change in F-center surface density of 
approximately 10" cm~. The main source of long-term 
drift was found to be due to changes in room tempera- 
ture which resulted in slow changes in R-C due to the 
thermal expansion and contraction of the optical appa- 
ratus. This long term drift was reduced to 1:10° by 
enclosing the entire optical apparatus in a thermostated 
enclosure (indicated by dotted box in Fig. 1) regulated 
to +0.2°C. The short-term noise was set by the shot 
noise in the photocell current. By providing sufficient 
F-light intensity, the effect of this noise was also reduced 
to 1:10°. 


Crystals 


The crystals used in the present study were grown by 
the Bridgman method (crucible-grown) at Harshaw 
Chemical Company and grown by both the Kyropoulos 
method (seed-pulled) and the Bridgman method at the 
Westinghouse Research Laboratory. The crystals grown 
at this Laboratory were grown from melts of Reagent 
grade salt in platinum crucibles in an argon atmosphere. 
Both spectroscopic and ionic conductivity measure- 
ments have indicated that these crystals are of com- 
parable purity to those obtained from the Harshaw 
Chemical Company. The samples that were to be 
thicker than 0.1 cm were cleaved to size. The samples 
thinner than 0.1 cm were first ground and then chemi- 
cally polished in order to remove the damage due to 
grinding. The chemical polish consisted of successive 
rinses in ethyl alcohol, isopropyl alcohol, and carbon 
tetrachloride. The ethyl alcohol served to remove the 
bulk of the damaged surface (rate of removal ~0.003 
cm/min for KI) and the other two acted as rinses. The 
plastic deformation was carried out by simple compres- 
sion in a small machinist’s vise. 


RESULTS 
Effect of Water Vapor on F-Center Growth 


At the initiation of the present study the KI crystals 
under study were simply mounted in an optical cell 
containing room air. It was found that for irradiation 
wavelengths shorter than approximately 230 my, there 
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was no detectible growth in the F band. However, if the 
cell was evacuated, the growth of F centers could be 
obtained for irradiation anywhere in the fundamental 
band. The effect was found to be reversible in that after 
exposure to room air (decrease in colorability for irradia- 
tion at the peak of the first fundamental band took 
approximately 10 min) the cell could be pumped out and 
the colorability was returned to its initial value. Water 
vapor was suspected as the cause of the effect so the 
following tests were made. Water was frozen in the 
vacuum system at liquid N» temperature and then the 
system was exhausted. At the peak of the first funda- 
mental band the usual colorability was obtained. The 
temperature of the ice was raised to — 20°C (ice, water, 
and NaCl) and the ability to color was lost in 3 to 5 min. 
Again the ice temperature was reduced to the liquid Ne 
point and the colorability returned. To be sure that only 
H,0 affected the colorability and not the permanent 
gases, the system was filled from Linde flasks of O, or 
Ne. These gases were found to have no effect for times 
of the order of hours. It was therefore concluded that 
water vapor did decrease the colorability while the 
permanent gases did not. The data that follows were 
obtained with samples mounted in an evacuated cell 
pressures ~ 10-° mm Hg). 


KI, Seed-Pulled 


The desirability of studying F-center growth under 
conditions of spatially uniform irradiation is obvious. 
However, in order to have uniform irradiation it is 
necessary that the sample be thin in comparison to the 
reciprocal of the absorption coefficient. Figure 3 gives 
the absorption coefficient (a) for the wavelength range 
pertinent to the present study for KI and KBr as given 
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lic. 3. Absorption coefficient versus wavelength in the first 
fundamental] band (exciton band) for KI and KBr at 300°K. 
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Fic. 4. Ratio of F-center volume density (/) to F-center volume 
saturation density (F*) versus the product of the initial quantum 
efficiency (y) and number of photons absorbed per unit volume 
(P) divided by the F-center saturation volume density (F*) for an 
0.0064 thick KI sample under conditions of uniform volume 
irradiation. 7=0.2 for all wavelengths. The flux absorbed as given 
in the table represents the number of photons absorbed per unit 
area per unit time. 


by Martienssen,'°" Taft and Phillip,’ and as obtained 
by the present author. From Fig. 3 it is clear that be- 
cause of the extremely large values of a near and beyond 
the peak of the exciton band it is not practical to satisfy 
the condition for uniform irradiation with single crystal 
samples for the entire wavelength range. Therefore, in 
the present study, measurements were carried out with 
uniform irradiation as far as possible into the exciton 
band by using the thinnest available samples. The 
results of these measurements were then used as a guide 
for interpreting the results under conditions of non- 
uniform irradiation with samples that were thick in 
comparison to 1/a. 


Thin Samples 


F-center growth data were obtained for conditions of 
uniform irradiation by using samples whose thickness 
was of the same order or less than the reciprocal of the 
absorption coefficient (a) corresponding to the irradiating 
wavelength used. With samples ranging in thickness 
from 0.0064 cm to 0.11 cm, it was possible to make 
measurements for a range of a from 15 cm™ to 5007! 
which corresponded to the wavelength range of 236 to 
230 my. F-center growth for seed-pulled samples was 
found to be essentially unaffected by previous irradia- 
tion; i.e., a crystal could be filled with F centers and 
bleached out any number of times and the subsequent 
growth behavior remained essentially the same as that 
for the freshly prepared sample. This meant, that for a 
given sample thickness, growth runs for different ir- 
radiating wavelengths could be carried out on the same 
sample. Figure 4 shows the growth curves that were 
obtained with a 0.0064-cm-thick sample. It was found 
that the similarity between the data obtained at differ- 
ent irradiating wavelengths could be most clearly dis- 


1 W. Martienssen, | Chem. Solids 8, 294 (1959 


257 (1957). 


Phys 


u W. Martienssen, J. Phys. Chem. Solids 2, 
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played by plotting the results in the normalized manner 
of Fig. 4. The initial quantum efficiency (n) as used in 
plotting the results was taken as the ratio of F centers 
formed to photons absorbed at the lowest measured F- 
center level. The value of this quantity was very close to 
0.2 for all the curves in Fig. 4. For seed-pulied samples 
at irradiation wavelengths greater than 230 my the 
F-center growth at the lowest measurable F-center level 
was found to be very close to being linear with absorbed 
photons. This is illustrated by the initial part of the 
curves in Fig. 4. Therefore, in this case the initial 
quantum efficiency, as defined above, coincides with the 
more conventional usage of the term, i.e., equal to the 
slope of the linear region. While the initial quantum 
efficiency was found to be independent of wavelength, 
the F-center saturation density (/*) was found to in- 
crease with decreasing wavelength. The values for F°* 
corresponding to the different curves in Fig. 4 are given 
in the table of that figure. 
lor purposes of comparison the exponential curve 


F/F*=1—exp(—nP/F*), 


is plotted along with the experimental data in Fig. 4, 
where F is the F-center volume density, P is the number 
of photons absorbed per unit volume, and 7 and F* are 
defined above. It is to be noted that the experimental 
curves group reasonably close together and do not 
deviate far from an exponential. The small deviation 
that does exist grows larger as the wavelength becomes 
shorter. These normalized curves are representative of 
the data obtained for other thin samples of thickness 
equal to or greater than 0.0064 cm. Of course, as the 
sample becomes thicker, the maximum absorption coeffi- 
cient at which the measurements may be made with 
uniform irradiation becomes smaller. 

The F-center saturation density as a function of 
wavelength is shown in Fig. 5 for samples of various 
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Fic. 5. F-center saturation volume density versus irradiating 
wavelength for KI sample of various thicknesses under conditions 
of uniform volume irradiation. 
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Fic. 6. F-center saturation volume density versus absorbed sur- 
face flux (number of photons absorbed per unit area per unit time) 
for a 0.0064-cm thick KI sample under conditions of uniform 
volume irradiation. 


thicknesses. The rate at which photons were absorbed 
per unit volume was not the same at the different wave- 
lengths in Figs. 4 and 5 but increased with decreasing 
wavelength. The question therefore arises as to whether 
the increase in saturation density is related to the de- 
crease in wavelength or to the increase in photon 
absorption rate. A typical value for the increase of 
photon absorption rate in going from 236 to 230 my can 
be obtained from the increase in absorbed surface flux 
given in the table of Fig. 4. The factor can be seen to be 
about 10 for this wavelength range. Figure 6 shows data 
obtained with the 0.0064-cm sample for the dependence 
of the saturation density on absorbed surface flux (pro- 
portional to volume photon absorption rate) for the two 
wavelengths 228.9 and 232 mu. It is evident from Fig. 6 
that an increase in photon absorption rate by a factor 
of 10 results in not more than a 50% increase in satura- 
tion density. From Figs. 4 and 5, when the wavelength 
is decreased from 236 to 230 my with the photon rate 
increased by a factor of 10, the saturation density is 
increased by a factor of 6. Therefore, it must be con- 
cluded that the increase in the F-center saturation 
density is related to the decrease in irradiation wave- 
length and not to the increase in photon absorption rate. 

Another question that can be asked is whether the 
F-center production is truly a volume process. Figure 7 
shows how the saturation surface density (maximum 
number of F centers formed under unit area) depends on 
sample thickness for irradiation at 236 mu. It is evident 
that the data lies reasonable close to a straight line that 
passes through the origin. This is the behavior one would 
expect for a volume process. This same dependence has 
also been obtained at shorter wavelengths. 


Thick Samples 


F-center growth studies could not be carried out with 
uniform irradiation at wavelengths such that a>500 
cm because thin enough samples were not available. 
Therefore, the samples were necessarily thick in com- 
parison to 1/a in this wavelength region. With thick 
samples, growth studies were made over a wavelength 
range of 236 to 200 my, which meant that these measure- 
ments overlapped the thin sample work in the region 
where a<500 cm. Figure 8 shows typical growth 
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curves for wavelengths extending from 236 to 220 mu. It 
is evident from Fig. 3 that this range extends from the 
tail (15 cm™) up to the peak of the exciton band. For 
wavelengths from 220 to 200 my, the growth curves 
were found to differ only slightly from the 220-my curve 
(10-20% higher at high photon levels) and are not 
shown in Fig. 8. It is to be noted that the curves order 
themselves according to the irradiation wavelength with 
the highest curve corresponding to the longest wave- 
length. Also, the initial quantum efficiency lies in the 
range of 0.1 to 0.2 over the entire wavelength range. 
Here, as above, the initial quantum efficiency is the 
ratio of F centers formed to photons absorbed at the 
lowest measured F-center concentration. 

The question now arises as to whether the results ob- 
tained with thick samples are consistent with those 
found for thin samples with uniform irradiation. With 
thin samples it was found that the F-center growth 
behavior could be described by a saturating function 
similar to a charging exponential. Let this functional 
dependence be given by 


F/F*=S(nP/F*), 


where S is a saturating function. The F-center surface 
density for a sample that is thick in comparison to 1/a 
will then be given by the integral 


: D 


j= f Fdz Pf S{nP(z)/F* dz, 


where f is the F-center surface density, z is the distance 
into the sample, and P(z) is the number of photons 
absorbed per unit volume at z. This expression implies 
that any effects due to the surface or due to the spread- 
ing (diffusion) of the process over distances comparable 
to 1/a are neglected. Now P(z) will be given by pae~*’, 
where a is of course the absorption coefficient corre- 


———_—_—_———— 





Fic. 7. F-center saturation surface density versus sample thick- 
ness for the irradiation wavelength of 236 my, under conditions of 
uniform volume irradiation for KI samples 
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Fic. 8. Number of F-center formed per unit area versus number 
of photons absorbed per unit area for seed-pulled KI samples 
whose thickness was large in comparison to 1/a. The uppermost 
curve gives the data obtained by Smakula for irradiation at 
232 My. 


sponding to the irradiating wavelength and p is the 
number of photons absorbed per unit area. Therefore 


| Pf S(pnae rz /F 8) dz 


If we let pnae~*?/F*=U, then 
nal Fs 


f=(F* «of 


Now it is clear that when U 
therefore 


is large, S(l >1 and 


f=const+ F*/alnp 


and 


df/d \np=F*/a. 


Therefore, if the growth behavior for thick samples is 
consistent with the behavior found for thin samples, we 
would expect the following to hold: (1) fa/F* will be 
approximately the same function of pna/F* for all 
wavelengths, and (2) at large p, f will vary as the Inp 
and the slope of the logarithmic dependence will be 
equal to F*/a. 

When the results for thick samples were plotted in a 
semilog manner, the curves were found to be linear at 
high photon level. Figure 9 gives the results for F* 
obtained from the slope of the logarithmic dependenc e 


] 


from the data in Fig. 8 as well as from data for other 
thick samples. The solid line in Fig. 9 represents the 
average behavior for thin samples. It is seen that the 
results from thick and thin samples are reasonably 
consistent with each other over the wavelength range 
covered by both, and that the high absorption coefficient 
data from thick samples also agree reasonably well with 
the extrapolation of the thin-sample curve to shorter 
wavelengths. It should also be possible to plot the thick- 
sample data in a normalized way as is indicated by 
expression for the surface density (f/f) as developed 
above. Figure 10 shows such a replot of the data given 
in Fig. 8 along with a curve representing the behavior 
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for a thick sample if the unit volume behavior were 
exponential. It is evident, as was found for thin samples, 
that the data do not deviate far from an exponential 
behavior with the possible exception of the 226-my data. 

The results presented above have been for crystals 
grown from melts of Reagent-grade salt. It is natural to 
ask what effect greater impurity concentration would 
have on the F-center growth behavior. KI crystals were 
grown (seed-pulled) from melts containing respectively 
0.1% by weight of Cal,, KS, and K,NO;. Measure- 
ments of the F-center growth in these samples have 
shown them to behave in most respects like the samples 
grown from Reagent-grade salt. That is, both the initial 
quantum efficiency and the shape of the growth curves 
(thick samples) were unchanged. However, the /-center 
saturation density appeared to be somewhat enhanced 
by added impurities, e.g., for the Cal,-doped sample the 
saturation density for irradiation at 235 my was about 
twice the value given in Fig. 9 at this same wavelength. 
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Fic. 9. F-center saturation volume density versus irradiating 
wavelength for seed-pulled KI samples whose thickness was large 
in comparison to 1/a. 


KI, Crucible-Grown 


Figure 11 gives the growth data obtained with 
Harshaw crucible-grown samples for irradiating wave- 
lengths completely spanning the exciton band. The 
samples that were used to obtain the growth curves were 
thick in comparison to the penetration depth of the 
irradiating light and had not been previously irradiated. 
Here, as was also found for seed-pulled samples, for 
irradiation wavelengths beyond the peak of the exciton 
band (less than 220 my) the growth curves lie very close 
together. These curves show a very similar behavior to 
those of the seed-pulled samples. However, for longer 
wavelengths the curves differ appreciably from those 
for seed-pulled samples, in that they do not rise as high 
at a given irradiation level nor do they have the same 
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Fic. 10. Normalized replot of the data given in Fig. 8; the 
product of absorption coefficient (a), F-center surface density (f), 
and the reciprocal of F-center saturation volume density (F*) 
versus the product of the absorption coefficient (a), the initial 
quantum efficiency (yn), the number of photons absorbed per unit 
area (p), and the reciprocal of the F-center volume saturation 
density (/*). 


shape. [t is seen at these longer wavelengths that over 
many decades of irradiation the curves are remarkably 
close to a square-root dependence. The crucible-grown 
samples from this laboratory have shown this same 
general behavior. 

While with the seed-pulled samples it was found that 
neither previous irradiation nor plastic deformation 
appreciably affected the /-center growth behavior, with 
crucible-grown samples these two treatments were found 
to effect large changes. In fact, while the crucible-grown 
samples behaved quite differently from seed-pulled 
samples before either of these treatments, afterwards 
the crucible-grown behavior was very much like that 
found for the seed-pulled. Figure 12 shows the growth 
data for a Harshaw sample before and after a deforma- 
tion of 5.5% for the irradiation wavelengths of 228.9 mug. 
These data were taken with two different samples 
without previous irradiation. Also plotted, for compari- 
son, are data obtained with a seed-pulled sample. 
Figure 13 illustrates the effect of previous irradiation on 
the growth behavior of a Harshaw crucible-grown 
sample. Here the various curves represent successive 
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Fic. 11. Number of F centers formed per unit area versus 
number of photons absorbed per unit area for crucible-grown 
(Harshaw) KI samples whose thickness was large in comparison 
to 1/a. 
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Fic. 12. F-center growth curves showing the effect of plastic 
deformation on the behavior of crucible-grown (Harshaw) KI 
sample at irradiation wavelength of 228.9 mu. The sample thick- 
ness was large in comparison to 1/a. 


irradiation runs on the same sample to successively 
higher F-center densities. After each run, the F centers 
were completely bleached with white light. It is evident 
that irradiation produces definite changes in the subse- 
quent growth and tends to change the behavior to that 
found for seed-pulled samples. Another feature to note 
is that each of the curves after having passed the maxi- 
mum F-center level of the just previous curve appears 
to join onto an extrapolation of the first curve. 


KBr 


The measurements that were made on KBr crystals 
only extended part way into the exciton band because 
of the difficulties of obtaining sufficient irradiation in- 
tensity at the shorter wavelengths. Figure 14 shows the 
results for Harshaw samples for the wavelengths 200 
and 195 mu. It will be noted that the curves are very 
similar in shape and initial effective quantum efficiency 
(0.2) to those obtained with seed-pulled KI. These data, 
when plotted in a semilog manner, yielded a straight line 
portion at high irradiation level, the slope of which 
gives, as was carried out for seed-pulled KI data, the 
F-center saturation density (F*). The values obtained 
for F* are given in the table of Fig. 14. It is worth noting 
that the two saturation values for KBr are close to the 
values obtained for seed-pulled KI at the corresponding 
values of absorption coefficient. Measurements carried 
out on seed-pulled KBr samples grown in this laboratory 
yielded very similar results to those obtained with 
Harshaw samples and neither of these two types of 
samples showed appreciable effects due to previous 
irradiation. No thin-sample measurements were made 
for KBr. 


DISCUSSION 


The physical ideas that must necessarily enter into 
the discussion of the results and for which clarification 
is desirable are concerned both with the properties of the 
exciton and of the negative-ion vacancies which when 
filled with electrons form the observed F centers. A 
simple model for the coloration process which can serve 
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as a Starting point for discussion can be described as 
follows; an exciton, which is formed in a crystal con- 
taining some initial concentration of negative-ion va- 
cancies, travels to a vacancy and there gives up its 
electron to form an F center. The hole that is left behind 
drifts off and is trapped elsewhere in the crystal. When 
this picture is translated into rate equations for vacancies 
and F centers and the assumption is made that the 
exciton has a lifetime independent of vacancy and F- 
center concentration, the volume growth expression that 
results is an exponential given by 


F/Vo=1—exp(—r6P). 


In this expression Vo is the initial vacancy concentra- 
tion, 7 is the exciton lifetime and 8 is the coefficient 
which, when multiplied by the product of the vacancy 
and exciton concentration, gives the rate of vacancy 
decay or F-center buildup. The derivation of this ex- 
pression is given in the Appendix. 

The shape of the growth curves and the initial 
quantum efficiency obtained for seed-pulled KI crystals 
and for all types of KBr crystals are at least reasonably 
consistent with this model; i.e., the shape was shown to 
be close to an exponential and the value of 0.2 for the 
initial quantum efficiency would indicate that the part 
played by vacancies in limiting the exciton lifetime is 
reasonably small. The fact that the initial quantum 
efficiency is approximately independent of irradiating 
wavelength would imply that the parameters that 
characterize the process of an exciton filling a vacancy 
are independent of where in the exciton band the photon 
is absorbed. While these two aspects of the data seem to 
be consistent with the simple model, the result that the 
saturation density increases with decreasing wavelength 
is not. The model would predict a saturation density 
independent of wavelength because of the assumed 
definite vacancy density. The above remarks would sug- 
gest that while the idea of filling free vacancies to form 
F centers seems to be reasonable at the start of the 
F-center growth, near saturation the picture must be 
extended to account for the increasing saturation den- 
sity. The increase in saturation density implies that the 
shorter wavelength excitons have the ability to intro- 
duce vacancies that were not initially available for 
direct filling. This difference in the behavior of the 
excitons formed by excitation at different points in the 
exciton band also implies that the excitons retain some 
memory of where in the exciton energy band they 
originated. This in turn might suggest that they are not 
completely thermalized in their lifetime, with the differ- 
ence in behavior being due to the difference in their 
initial energy. Also the increased deviation from an 
exponential behavior which is correlated with the in- 
creasing saturation density may be related to the 
suggested change in mechanism near saturation. 

The F-center growth behavior for seed-pulled samples 
was found to be unaffected by previous irradiation; i.e., 
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the F-center saturation density that is obtained for a 
certain sample at some particular wavelength is not 
affected as a result of the sample having been previously 
filled with F centers to a higher density. This behavior 
must mean that even though a high vacancy concentra- 
tion exists in a sample that has been irradiated to a high 
F-center density, after the F centers are destroyed 
(bleached) the vacancy concentration does not remain 
at a level equal to the F-center concentration before 
bleach, but decays very quickly to some lower concen- 
tration. More direct evidence for this type of vacancy 
decay in KI crystal has been obtained by Delbecq et al.” 
in their studies of the a band. The possibility that the 
vacancy concentration may return to some lower fixed 
level may explain why the value found for the initial 
quantum efficiency is independent of the saturation 
density (or irradiation wavelength); i.e., a definite 
vacancy concentration exists at the initiation of coloring. 

The results for crucible-grown KI samples, whether 
Harshaw or grown in this laboratory, which demon- 
strate that previous irradiation changes the growth be- 
havior and tends to make the behavior approach that of 
seed-pulled samples would suggest that the crucible- 
grown samples have a very small initial concentration 
of free vacancies and that the F-center growth involves 
the introduction of new vacancies. If, after such an 
initial growth, the / centers are destroyed by bleaching 
there would remain a higher concentration of free 
vacancies than were present initially which could then 
be filled in the manner suggested for the seed-pulled 
samples. The vacancies that are brought in as a result of 
irradiation might be initially in the form of vacancy 
clusters or tied to impurities and in this form would be 
unavailable for direct filling. However, the decay of an 
exciton at the cluster or impurity could result in the 
release of a vacancy that could then be directly filled. It 
is not unreasonable to expect that plastic deformation 
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Fic. 13. F-center growth curves for a crucible-grown (Harshaw) 
KI sample showing the effect of previous irradiation at irradiation 
wavelength of 228.9 mu. The numbered curves represent successive 
irradiation runs taken to increasingly higher F-center levels, with 
the F centers removed (bleached) between each run. Curve 1 
represents the first run on the “as grown” sample. The sample 
thickness was large in comparison to 1/a. 
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Fic. 14. F-center growth curves for Harshaw KBr samples whose 
thickness is large in comparison to 1/a; the irradiation wavelengths 
were 200 and 195 my. The two uppermost curves represent the 
results obtained by Smakula for irradiation at 193 and 199 mu. 


could also cause the release of vacancies from these 
sources and would explain the effect that plastic de- 
formation had on crucible-grown samples. The fact that 
crucible-grown samples seem to have much fewer initial 
vacancies than the seed-pulled samples is not unex- 
pected, for the crucible-grown samples are grown at a 
rate ten times slower than the seed-pulled samples. 
This should give the vacancies a better opportunity to 
relax to a lower concentration. 

On general grounds it is to be expected that the 
exciton-induced /-center process plays some part in the 
x-ray and y-ray coloration mechanism. The F-center 
growth curves that are obtained with either of these 
high-energy irradiations have been shown to be made up 
of an exponential fast growth followed by a linear slow 
growth.*:4 The fast growth is believed to represent the 
filling of existing vacancies while the slow growth 
represents the production and filling of new vacancies."*"4 
The fast growth carries the /-center density up to 10'® 
to 10'/cm* and the slow growth follows, carrying the 
density to a saturation of 10'* to 10"/cm*. The fact that 
the exciton-induced F-center growth is very similar, 
both in growth curve shape and in saturation density, to 
the fast-growth region of y or x-ray coloration indicates 
that excitons may be important in this region. However, 
without information as to the relative number of elec- 
trons and excitons that are produced by these high- 
energy photons, it is not possible to give a quantitative 
estimate of the importance of the excitons. The fact that 
the present studies have shown that excitons cannot 
produce F-center densities higher than ~ 10'"/cm* seems 
to suggest that excitons are not important in the slow- 
growth region. This should be contrasted with the recent 
suggestion by Smoluchowski ef al.“ that it is the 
excitons that produce the new vacancies in the slow- 
growth region. 

The data, as shown in Fig. 11 for crucible-grown KI 
crystals, show a remarkably large regime, both in 
irradiating wavelength and photon level, over which the 

R. B. Gordon and A. S. Nowick, Phys. Rev. 101, 977 (1956). 


1p, V. Mitchell, D. A. Wiegand, and R. Smoluchowski, Phys. 
Rev. 121, 484 (1961) 
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F-center density has a square-root dependence on the 
number of absorbed photons. This type of dependence 
implies that the rate (quantum efficiency) of F-center 
growth is inversely proportional to the F-center density. 
It was suggested above that this type of crystal contains 
a very small initial vacancy concentration and that the 
square-root-dependent growth that characterizes these 
crystals is related to introduction and filling of vacancies 
that were initially unavailable for direct filling. It might 
be expected that in the case of vacancies being intro- 
duced and immediately filled, there would be a quasi- 
balance between these two rates that would result in a 
reasonably constant vacancy concentration. With the 
rate of F-center growth being proportional to the 
product of vacancy and exciton concentration, the ex- 
perimental result that the growth rate is inversely 
proportional to the F-center density would imply that 
the exciton density or exciton lifetime has this same 
dependence. This seems to indicate, at least when the 
vacancy concentration is small, that F centers act as a 
dominant destruction center for excitons. This lifetime 
limitation may be related to the results of studies by 
Apker ef al. and Inchaupé® which indicated that 
excitons have a finite probability of ionizing F centers. 

The result that the initial quantum efficiency was 
always found in the range of 0.1 to 0.2 is in disagreement 
with the value of unity found by Smakula.? The results 
obtained by Smakula are plotted in Figs. 8 and 14. The 
values obtained in the present study for the number of 
irradiating photons and for the change in F-center 
concentration are not in error by more than 20 to 30%. 
It is possible that the crystals studied by Smakula con- 
tained many more initial vacancies than those of the 
present study, such an increased vacancy density, on 
the basis of the simple filling model, would lead to a 
higher quantum efficiency. However, every effort in the 
present study to increase the vacancy concentration by 
added impurities or plastic deformation did not seem to 
affect appreciably the initial quantum efficiency. 

It is reasonable to suggest that a representative value 
for the diffusion distance of an exciton is given by the 
average distance between the vacancies initially present 
in a crystal. An order of magnitude value for the initial 
vacancy concentration in the seed-pulled samples can be 
taken as the smallest value given for the F-center 


PARKER, 


JR. 


saturation density in Figs. 5 and 9. The value for the 
vacancy concentration is ~10!°/cm* and therefore the 
exciton diffusion distance is ~ 10~° cm. The fact that the 
depth to which excitons are formed (1/a) only reaches 
this value for irradiation near the peak of the exciton 
band may explain why the results are consistent with a 
volume process with the effects due to the surface or to 
diffusion over distances greater than 1/a being un- 
important. 

A few remarks should be made concerning the effect 
that water vapor was found to have an F-center growth. 
It is reasonable to suggest that water molecules can 
diffuse into the sample and act as destruction centers for 
excitons. The fact that the effect becomes larger, the 
smaller the penetration depth of the irradiating light is 
consistent with this view. However, since no detailed 
study was made of this effect, it is not possible to draw 
more definite conclusions. 


APPENDIX 


If the exciton has a lifetime 7, the exciton concentra- 
tion (X) will be given by 


XY¥=rdP/dt, (1) 


where dP/dt is the rate at which photons are absorbed 
per unit volume. Now the rate of vacancy decay and 
F-center buildup is given by 


—dF/dt=dV/di= —BVX, (2) 


where V is the vacancy concentration, F is the F-center 
concentration, and @ is a parameter characterizing the 
exciton-vacancy interaction. When the expression for 
the exciton concentration (1) is inserted in (2), 
obtains 


one 
—dF/dP=dV/dP BrV. 


The integration of Eq. (3) results in 
and 
where Vo is the initial vacancy concentration. Equations 


(4) and (5) can then be combined to yield 


F/Vo=1—exp(—@rP). 
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It is shown that if the acceptor binding energy be expanded in inverse powers of the strain amplitude, 
W (ec) =W(~)+Wi/e+---, then the product EsW1/e, where Eg is the strain-induced splitting of the band 
edge, may be equated to a certain (constant) quantity, Zo, which is readily calculable in terms of the infinite- 
strain acceptor ground state. Zo is calculated for germanium with an uniaxial [100] compression. A provi- 
sional value of W,, obtained from the existing data for this case, then gives the result 6=2.9 ev for the 
applicable deformation potential constant. An approach to the calculation of W for arbitrary ¢ is suggested. 


} has been shown by Pikus and Bir' that the de- 
generacy at the valence band edge in the semi- 
conductors typified by germanium is lifted by a shear 
strain, the resulting energy functions being of the simple 
“valley” type*: 
E(k) = (1) 
+3 FE 5+3i?k- yx-k, 


for small k. The reciprocal-mass tensors y, and Ypg are 
functions of the relative values of the strain components 
€,;, and independent of the strain amplitude ¢. The 
splitting /s is proportional to ¢ (that is, /s is a linear 
homogeneous function of the ¢;;). The result expressed 
by (1) has been directly verified by observation of cyclo- 
tron resonance in silicon.’ In germanium, the variation 
of the Hall mobility, as a function of ¢, from the zero- 
strain limit to the large-strain limit has been demon- 
strated, and what appears to be most of the correspond- 
ing curve for acceptor binding energy was also obtained.' 
The scales of these two curves provide a very rough 
measure of the applicable deformation-potential ele- 
ment (the transition between the limiting small-strain 
and large-strain values should occur at strains where kT 
and the acceptor binding energy, respectively, equal 
Es in order of magnitude), but there is no immediate 
prospect of getting at all accurate measures in this way. 
Even if data representing only acoustic-phonon scatter- 
ing could be obtained, the theory of the mobility, 
though simple in the large-strain limit,® is very compli- 
cated for zero strain®’ and a satisfactory theory for the 
intermediate range would be even more complicated. 
The situation is similar, though not as bad, for the 
acceptor binding energy, W’. It is shown below, however, 
that for W the theory of the approach to the large-strain 
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limil is straightforward and quite tractable and that, 
at least on the basis of the effective mass approxima- 
tion,® the results may be used to derive the deformation- 
potential elements from suitable data. What is calcu- 
lated is the second term of the expansion 


W(e)=W(0)+W/e+:--. (2) 


The effect of the strain is’ to add to the Shockley 
matrix terms proportional to the e€,;. The complete 
matrix of the band-edge part of this system (i.e., after 
the usual separation of the band split off by spin-orbit 
coupling”) may then be transformed so that the strain 
terms are diagonal": 


—sEstHa 
u-( 
H xx! 


Hap 
+3Es +Hz 


where the strain terms are +35. Since the strain terms? 
are independent of k, so is the transformation to (3). 
Hx, Hx, and Hap are diagonal in the new Bloch repre- 
sentation (that is, their matrix elements vanish for 
k’~k’”’)." Since Hap may be neglected if Eg is large 
enough, in diagonalizing (3), Ha(k) and Hp(k) are 
identical with the second terms in (1). The next 
approximation, analogous to (2), is 

—4Es+Ha(k)—Z(k)/Es, 

E(k)= 

+3 s5+Hp(k)+Z(k)/Es, 

where 


Z(k) = | Han(k)|?. 


8 W. Kohn and J. M. Luttinger, Phys. Rev. 98, 915 (1955). 

9E. N. Adams, Chicago Midway Laboratories Report CML- 
TN-P8, 1954 (unpublished). 

1 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 
\lso reference 9. 

The “two-by-two” form of (3) signifies division of the com- 


plete function space into “A” and “B” spaces. There are two 
independent states in each space for each value of k, in the Bloch 
representation, since the Kramers degeneracy is not lifted by the 
strain. The Z(k) are, precisely speaking, the eigenvalues of 
HapHap', which depend on k only (that is, they are doubly 
degenerate). The eigenvalues of Hap'Hap are equal, for each 
value of k, to those of Hap//ap'. (When we refer later to the 
quantum operator Z, we mean /7,4nH 4p! with reference to the A 
space and H sn'Hap with reference to the B space.) This de- 
generacy complication is overlooked, for simplicity, in the deriva- 
tion of (9). The latter is correct, all the same, with Z(k) defined 
by (4) and with (8) referring equally to either one of the two sets 
of Bloch states belonging to the A space. Similarly for (26) and 
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The acceptor bound states are the eigenstates of 
H+U(r), where U(r) is the acceptor ion potential. 
We now establish as basis states the eigenstates of 
H+U subject to the constraint that their wave functions 
van (n=0,1,2---) are linear combinations of the 
Bloch state functions gax of the “A” space only, and 
similarly Ys, for the “B” system. (That is, Yao mini- 
mizes the expectation of H+U subject to the con- 
straint, wa; minimizes it with the additional restriction 
of being orthogonal to Wao, and so on.) Let the station- 
ary energies be —}Es—Wa, and +}Es—Wp,. The 
Wan, Bn, Wan, and Wg, will all be independent of 
strain and Es. We are completely neglecting the in- 
fluence of all other bands (i.e., their coupling to the 
system by matrix elements of U’), and therefore the 
Wan are eigenfunctions of H+U, and the W,, corre- 
sponding binding energies, in the limit of large « and 
Es. In particular, W(*)=W ao. 

The present procedure is analogous to that in the 
author’s theory of the strain dependence of the donor 
ground state in germanium and silicon,” but the cir- 
cumstances are different here. The matrix elements of 
Hap (between the Ya and the Wp) will be comparable 
with the matrix elements of H4+U and Hp+U, and 
the effect of the former is small only because (and 
when) Es is large compared with them. On the other 
hand, the AB matrix elements of U’ (the equivalent of 
which have a dominant role in the donor case”) may be 
expected to be small compared with those of Hap 
when, at the large-strain limit, the “chemical shift” 
deviation of the binding energy W() from the value 
calculated by the effective mass approximation‘ is frac- 
tionally small. The AB elements of U’ are neglected 
below. 

We now include the effect of Hap by second-order 
perturbation theory. The change in the acceptor bind- 
ing energy is, to this order, 

(Wao! H Wan) (Wan! 1 | Pao) 


W(e)—-W(2)x>> (6) 


n Est+Wao— Waa 
where the sum is to be understood as including the 
nonbound states in the B space. It is now evident that 
the second term of (2) is to be obtained by replacing 
the denominator of (6) by Es. Then 


W 1/e= (Wao| H9nH \Wao)/Es, (7) 
where 9g is the identity operator of the B function 
space. Let 

Wan= Dk GnkGak- (8) 
Then the numerator on the right of (7) becomes 

> «| don |?| Han(k)|?. 
Therefore, by (5), 

W ,/e= (1/Es) >. Z(k) | dox|?. 


2 P. J. Price, Phys. Rev. 104, 1223 (1956). 
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To include the effect of AB matrix elements of LU’ (asso- 
ciated with the “chemical shift” effect,’ and coming 
from the neighborhood of the acceptor atom), one 
should replace H in (6) and (7) by H+U. 

In the effective mass approximation® one describes 
the bound states by slowly varying “envelope wave 
functions,” W(r), which are the eigenfunctions of an 
effective Schrédinger operator obtained by replacing k in 
U+ E(k) by —iV. Accordingly, in the present case, one 
calculates the binding energy for the effective Schrid- 
inger operator 


U(r) +Ha(—iV)—[Z(-iV) J/Es (10) 


to first order in the final term. The W, coefficients for 
the excited states of the A system may evidently be 
obtained in the same way with (10). The reader is 
reminded that Z(k) is given by the asymptotic energy 
functions (4). 

As an example, we take the case of a uniaxial stress 
along the [100] axis: 
€zr— — pe; 22 =+rpe; 


cc 


Ezy * ? 


(11) 


where p=-+1 for compression, —1 for tension. r is the 
Poisson’s ratio. On substituting (11) into Eq. (14) of 
reference 1, and suitably expanding the radical in the 
latter, we find 


Es=26(1+r)e, 


Ha(k)=(A+pB)k2+(A—4pB) (ky +h2 


y 


and 


Z(k)=3B2(k2+k2)[ko+3 (k,2+k2) ] 
+ Chek +h ke+hZh2). (14) 


A, B*, and C’ are the coefficients of the usual expression" 
for the energy function at zero strain: 


E(k)=APA[LBR+C(RZR I+ RRO +R ZR?) |}, 


and 6 is one of the three deformation potential elements, 
in the notation of reference 1 (see also references 9 
and 5). 

We may evaluate W, for this case, on the effective 
mass approximation, with the customary approxima- 
tion’ for the ground-state envelope function: 


- FT}! 
WVy= (1a,,a,") sexo| —( t ) | (15) 


For a,;,=a,=a, the expectation of d*/dx*, etc., would 
be 1/a‘, and that of d‘/dx*dy*, etc., would be 1/3a*. We 
need only modify these results by the appropriate scale 
factors (a/a,,)* and (a/a,)? for each double derivative. 
Then 

Zo= (Wo! Z(—iV) | Vo) 


1 1 1 2 
= 26°( + ) ; c( , ). (16) 
a, aa? a,’ a,,a," 
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TABLE I. Data and derived quantities for germanium 
with a [100] compression. 


Atomic units 

Dielectric constant 16.0 
d 13.2 

B +8.9 

c 10.6 
my/muy 
ay, 174 
ay 242 
W(«) 3.15 10-4 4.28X 10-3 ev 
Z 3.48 1077 64.3 X (10-3 ev)? 


It is of interest to apply the result (16) to the case 
for which Koenig and Hall give experimental data 
(reference 4, Fig. 2). Following Koenig and Hall, we 
assume the sign of B for which, in their experiment 
(i.e., for compressicn), m,>m,,. The values used and 
the results obtained are given in Table I." 

Hall has reanalyzed the data for the sample repre- 
sented in Fig. 2 of reference 4. A plot of log[a(e)/o(0) ] 
against 1/e shows a good straight line for the largest 
strains, yielding the provisional experimental values" 


W(«)=4.6X 10" ev, 


W ,=8.7X10- ev. (17) 
In view of the uncertainty in the masses used" for the 
theoretical value of 1V(« ), and the present uncertainty 
in the experimental value,'* the chemical shift could be 
anything from negligible to about 15%. Applying the 
above values of Zp) and W, to the relation 


b=Z)/2(i+r)W,, (18) 


with’ r=0.27, we obtain the provisional result 


b=2.9 ev. (19) 
This value is of course of the expected order of magni- 
tude, though somewhat higher than past estimates 
(e.g., reference 1). The corresponding calculation and 
data for a [111] compression should provide the value 
of the deformation potential constant d. (The third 
constant, Pikus and Bir’s a, is associated only with the 
dilation and the resulting equal shift of all levels.*) 

Review of the analysis leading to (9) and (18) sug- 
gests that the formula 

W=W()+2Z)/(Es+W), (20) 
'S The values of A, B, and C are the final ones in reference 10. 
The results of R. W. Keyes, IBM J. Research Develop. 5, 65 
(1961), were used to calculate ay, a, and W(e). With the values 
of A, B, and C given by R. R. Goodman, Phys. Rev. 122, 397 
(1961), we obtain 4.25 instead of 4.28 for W(«) and 63.3 instead 
of 64.3 for Zo. (These revised values were computed by Mr. Hall.) 
The changes are not significant here. 

“J. J. Hall (private communication). The value of W() is 
uncertain by about } milli ev. A comprehensive experimental in- 
vestigation of the phenomenon has been initiated, and it is hoped 
to obtain definitive values of W; and W() for both [100] and 
[111] compressions. 


~ 16M. E, Fine, J. Appl. Phys. 26, 862 (1955). 
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might be a not too bad approximation at smaller strains. 
The extreme, and presumably least accurate, applica- 
tion of it would be to zero strain, £s=0, for which (20) 
gives 
2W (0)=W(%)+[W(2)?+4Zo ]}. (21) 

With the values for W(«) and Zo given in Table I we 
have, from (21), W(0)=10.4X10°-* ev, compared with 
Schechter’s calculated value 8.9 10~* ev for the same 
case.'6 

A formal theory for the acceptor energy levels at 
arbitrary strain, involving operations in the A space 
alone (together with the corresponding analysis for the 
B space alone, if required), may be approached as 
follows: We first replace U(r) by the operator, U, ob- 
tained by setting all AB matrix elements of U’ equal to 
zero. After this approximation, we express the complete 
perturbation-theory series'’ for the mth A level in the 
form 


Wan(Es)= W an 2” \+GA ant), p Beg yg 7 > Wy 


s=l1 pl p2 Pa 


G An pjG* P1p2"* -GA Den 


x— —————, (22) 
(i an— Wap})- om (Wan—W an,) 


where ; ; ; 
(Wap| Han |Wam) (Wam| Hant|Wag) 
Es +r Wa = Wm 


Ae 
G pa 


=GA(EstW an) po- (23) 
Again, the summations in (22) and (23) are to be under- 
stood as including the non-bound states. In (22) the 
primes signify as usual that the mth level is excluded 
from the summations. From (22) it may be inferred 
that the energy levels —Ii’4, are the eigenvalues EF 
in the equation 
{Hx +U—G4(Es—E)}Wa= Eva. (24) 
[If the approximation for U’ had not been made, Hap 
in (23) would be replaced by Hxn+U but the term U 
in (24) would be unchanged. ] The eigenfunctions of 
(24) belong entirely to the A space, but of course the 
“dressed” states which they represent belong partly to 
the B space. 
The operator G“ may be represented symbolically as 


follows: 
1 
GA4(F) Han ; ) ian’ 
F+H,+U 


We may write 


(25) 


nalaaiilan v=Vatys, 


16 W. Kohn and D. Schechter, Phys. Rev. 99, 1903 (1955). The 
difference between the values of A, B, and C used by Schechter 
anc those used in the present paper presumably makes the dis- 
agreement between the two values of W (0) appear slightly less 
than it actually is. 

17 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Sec. 9.1. 
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separating the A-space and B-space parts of the wave 
function. Then 


(Hat+U)atH ap vs=E ya, 
(Hp +U+F vp =—Hapt wpa. 


If we write the second of these two equations, sym- 
bolically, as ya=--:- by inverting the operator Hz 
+U+F, and substitute for yp in the first equation, we 
obtain (24). Similarly, Ys is an eigenfunction of 
Hy+U—G®(—E) with the eigenvalue E— Es. 

One might try the approximation of replacing Hp +U 
in (25) by \Hz, the result being an operator diagonal 
in the Bloch representation : 


Z(k) 
GA(F) xs (26) 


~ 6x 
F+)Hp(k) 


The virial theorem suggests the value —1 for the con- 
stant A. On the otherjhand, for the highest energies 
(non-bound states) contributing to (23) the value +1 
would presumably be the appropriate one. Therefore, 
it is proposed to drop this term altogether and use 
the approximation 

GA(F) — 2/P, 


(27) 


in (24). That is, to approximate acceptor energy levels 
by the eigenvalues, F, of 


HA=H,+U-—Z/(Es—E). (28) 

On approximating the effect of the final term in (28) 
by first-order perturbation theory, for the ground state, 
we obtain (20). The condition for validity of this last 
approximation [not necessarily the condition for (20) 


PRICE 


to be applicable] is presumably that I7—W(«) be 
small compared to W(« ). It should be noted that this 
derivation of (20) does not entail neglecting the chemi- 
cal shift effects, but only setting Hg+U equal to zero 
in (25) and the application of first-order perturbation 
theory to (28). One might regard W(2) and Zp as 
empirical constants to be obtained by fitting the data 
for W(e) near the large-strain limit. 

On neglecting chemical shift effects, one may apply 
the effective mass approximation to (28), as in (10), 
by expressing H, as H,(—iV) and Z as Z(—iV) and 
by reverting to U(r) instead of U. The binding energy 
as a function of strain might be obtained by mini- 
mizing the expectation of (28), with a suitable trial 
function, for fixed Es—F and then adding the latter 
to the minimum (£,,;,) obtained, thus getting Fs for 
that value of W=— Fin. In applying (28) to calcula- 
tion of W for small strains, we would be depending on 
the absence of an unforeseen crossing of levels derived 
from the A system at large strains with those derived 
from the B system at large strains." 
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18 The acceptor ground state at zero strain is fourfold (rather 
than doubly) degenerate according to W. Kohn, in Solid-State 


Physics, edited by F. Seitz and D. Turnbull (Academic Press, Inc., 
New York, 1957), vol. 5, p. 257. Crossing of “‘A” bound levels 
and “B” bound levels, in addition to the obvious crossing of the 
B bound levels with the A continuum levels, is an evident possi 
bility; but the two lowest levels still need not or meet at 
zero strain. 
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In 1913, Thirring obtained an expansion for the vibrational contribution to the specific heat of a crystalline 
solid in powers of 1/7?. The coefficients of this series are proportional to successive moments of the frequency 
spectrum. In its original form, Thirring’s expansion converges only for T>7Ta, where Tg=hwz/2rk and wz 
is the maximum normal mode frequency, and because of slow convergence, it is useless from a numerical 
point of view for T7<47,/3. The range of convergence of the expansion can be extended to absolute zero and 
its computational usefulness down to T~27T,/3 by means of an Euler transformation, which effectively 
converts it into an expansion in 1/(7?+7;?) with T,~7,. The improvement in convergence is so efficient 
that, usually, only the first 6 or 7 even moments are required to obtain four-figure accuracy at T=T4. 
Alternatively, nonlinear transformations can be applied if the specific heat is to be calculated for a few values 
of temperature only. Some examples of the use of these methods are presented. Conversely, Euler’s trans 
formation provides a means for a more detailed description of the frequency distribution from specific heat 


measurements. 


1. INTRODUCTION 


Ro® a system of coupled harmonic oscillators, the 

thermal properties are uniquely determined by the 
frequencies of its normal modes, each frequency con- 
tributing to the energy /, free energy F, and specific 
heat C, according to Planck’s law. The accurate calcu- 
lation of the frequency spectrum may present great 
difficulties ; in a periodic lattice, this involves the evalua- 
tion of the eigenvalues of matrices, the dimensions of 
which are equal to the number of degrees of freedom 
of the unit cell and the elements of which depend on the 
components of the wave vector. With automatic com- 
puters such secular equations can be solved rather 
easily; nevertheless, any method by which the thermal 
properties may be calculated from the force constants 
without such machinery is of great importance. Even 
if the frequency distribution is known, the calculations 
usually necessitate a separate numerical integration for 
each temperature, and methods which circumvent this 
laborious process are desirable. 

Such a method has first been derived by Thirring,! 
who expressed the vibrational contribution to the 
specific heat as a series in inverse powers of the absolute 
temperature 7. The coefficients of successive terms 
involve the even moments of the frequency distribution. 
A major drawback in the application of Thirring’s ex- 
pansion is that it converges only for temperatures 
above 7,=tw,/2rk where wy, is the maximum normal 

* Present address: Department of Mathematics, Royal College 
of Advanced Technology, Salford, Lancs., England. 

t This research was partially supported by the National Science 
Foundation. 

1H. Thirring, Physik. Z. 14, 867 (1913); 15, 127, 180 (1914). 


mode frequency. For practical purposes, the tempera- 
ture range is even more restricted; even for T7=47T., 
ten terms are required to give three-figure accuracy. 
Since, on the other hand, the thermal properties ex- 
hibit no singularities at any finite temperature, Thir- 
ring’s series should be summable by any of the methods 
which sum divergent series and improve the convergence 
of slowly convergent sequences.’ 

For practical purposes, any numerical process for 
evaluating the sums should satisfy two conditions: 


(I) Each term in the transformed sequence should 
depend on as small as possible a number of terms of the 
original sequence, and hence of moments. 

(II) The resulting expressions should contain the 
temperature as an explicit parameter so that a single 
numerical process will yield an expansion applicable 
over a whole range of temperatures. 


A procedure satisfying both the above conditions is 
Euler’s transformation®* which converts the inde- 
pendent variable in a power series from —x to x (i++), 
the new coefficients being obtained from the old ones by 
differencing. In Sec. 2, this transformation is applied to 
Thirring’s expansion for the specific heat, and the 
convergence of the new series is discussed in terms of the 

2K. Knopp, Theory and Applications of Infinite Series (Blackie 
and Son, Ltd., London, 1951), 2nd ed., Chap. 13. ? ’ 

$L. Euler, /nstitutiones Calculi Differentralis cum eius usu in 
analysi finitorum ac doctrina serierum (Impensis Academiae 
Imperialis Scientiarum, St. Petersburg, 1755), Pars Posterior, 
Caput I; Opera Omnia (B. G. Teubner, Leipzig, 1913), Part I, 
Vol. 10, p. 217. 

4D. R. Hartree, Numerical Analysis (Clarendon Press, Oxford, 
1952). 
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analytical behavior of the function. A nonlinear summa- 
tion method (sometimes known as exponential ex- 
trapolation®*) will be described in Sec. 3; for a given 
number of terms, it may give more accurate values than 
Euler’s transformation; on the other hand, it violates 
condition (II) above, a separate numerical process 
being required for each temperature considered. 

The converse problem, that of determining the fre- 
quency distribution from experimental measurements 
of the specific heat, can equally be facilitated by the 
use of Euler’s transformation. This aspect will be dis- 
cussed in the Appendix. 


2. THIRRING’S SERIES AND ITS EULER 
TRANSFORMATION 


The internal energy of a set of coupled harmonic 
oscillators is given by 
N { fw hw; | 
7 om 


E(T)= a 


— 


=| Z 


exp(ftw,/kT)—1] 
N hw; hw; 
=> — coth( ~ ), (1) 
imx1 2 2kT 


where the w; are the normal mode frequencies and .V is 
the total number of degrees of freedom of the system. 
The specific heat is derived from (1) as 


0E(T) (hw,;/2kT )* 
cr) =( ) =k> 
oT - 


sinh? (tw,;/2kT) 
The expansion of cothx as a power series yields’ 
z 


x cothr=1— }° (—4x°)"B,,/(2n)! 


n=! 


i—2 


Ms 


(—1)"¢(2n)(x/x)?", (3) 


n 


i 


where ¢(22) is Riemann’s zeta function 


¢(2n)=>0 m=", 2n>1, (4) 


m=) 


and the B:, are the (absolute values of the) Bernoulli 
numbers 


B,=1/6, By=1/30, 
By=5/66, By2=691/2730, 


Be= 1/42, 
By= 7 6, 


Substitution of (3) in (1) leads to 


Bs= 1/30, 


etc. 


N« 
E(T)=NkT+2kT ¥ ¥ (—1)"*¢ (2m) (fuo,/2ekT)2" (5) 


i=] n=! 


= NRT+2NkT > n(—1)"*"E(2n) pon (t/2ekT)?". (6) 


5D. R. Hartree, Proc. Cambridge Phil. Soc. 45, 230 (1949). 
6D. Shanks, J. Math. and Phys. 34, 1 (1955). 
7 See, for example, E. P. Adams, Smithsonian Mathematical 





Formulae and Tables of Elliptic Functions (The Smithsonian In- 
stitution, Washington, D. C., 1957), p. 127. Note that Adams 
denotes by B, what we have called B:,. 
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Here the 2, are the moments of the frequency spectrum 


N wL 
Hon= ain/N= f w" f(w)de, (7) 
0 


i=! 


where f(w) is the frequency distribution function of the 
system (normalized to unity). 
From (2) and (6) we obtain 


C./Nk=14+2 > (—1)"(2n—1)¢ (20) yon(h/2akT)", (8) 


or in terms of Bernoulli numbers 


ved 2n—1 + 
Nk . kT 


(2n)! 


Equations (8) and (9) are alternative formulations of 
Thirring’s expansion. 
Its radius of convergence is given by the ratio test 


(h 2akT)? <lim (pon Meon+2), (10) 


or 


T>T.=hw,/2rk, (11) 


as stated in the Introduction. 
The squares of the normal mode frequencies are the 
roots of the secular equation 


| Dy—w*/| =0, (12) 


where Dy is the dynamical matrix for the vibrating 
system, so that we can write (7) in the form 


yon=Tr(D")/N. (13) 
For an infinite 3-dimensional lattice with s degrees of 
freedom per unit cell, the matrix D is reducible by a 
Fourier transformation to a set of 3s-dimensional ma- 
trices D3,(0:,02,8;) with elements containing only posi- 
tive powers of sin#, and cos#, (the 6, are components of 
the wave vector taken along, and measured in units of 
the axes of the reciprocal lattice). The moments can 
then be expressed as 


fon = f Trl D3."(0;,02,0 ) \d0,d0 J0;. (14) 
3s(2r)'Y'o 

In some simple cases, it is possible to solve for the 

frequencies in the form 


w? - F; (0;,0,03), (15) 


where j labels the branch of the frequency spectrum; 
then the moments can be written 


1 Be ad 
a. i F ;" (0 8 2,03)d0 :d00d05. (16) 
3s (29) jm 4, 


It will depend on the precise nature of the informa- 
tion provided whether the ye, are best evaluated from 


(7), (14), (16) or (13). 
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TABLE I. Difference table of the coefficients in Thirring’s expansion for a Debye frequency distribution, 








1.000000 

0.973920 
1.973920 —0.164723 
0.809197 
2.783117 —0.201170 
0.608027 
3.391144 —0.165421 
0.442606 
3.833750 —0.118379 
0.324227 
4.157977 —0.081121 
0.243106 
4.401083 —0.055673 
0.187433 
4.588516 — 0.039057 
0.148376 
4.736892 


An alternative form of Thirring’s series is provided 
by the introduction of the dimensionless variable z and 
relative moments ton 

z=T,/T; (17) 


/ 9 
Uon=Men/ WL", 


in which (8) becomes 


C,/NR=1+2 ¥ (—1)"(2n—1)22"&(2n) ton. (18) 


The analytic nature of & and C, is best determined 
from (1) and (2). For each contribution associated with 
a frequency w,, the only singularities occur for imaginary 
values of T for which #/2kT = mzi/w; (m= +1, +2:--). 
For a continuous distribution of frequencies, the singu- 
larities will extend all along the imaginary axis where 
h/2kT | >xw,~", i.e., for all imaginary values of T and 
z for which |7,/T|=|z|>1. We transform the inde- 
pendent variable to 


t=T3/(T?+T?)=2/(y+2), (19) 


where 7), is a temperature chosen such that y= 7.2/7) 
lies between 0 and 2, but is otherwise arbitrary. The 
singularities for the new variable come to lie along the 
real axis with |£|>1. The corresponding 
in converges thus for all temperatures 
(¢=0) to T=0 (€=1). 

The explicit form of C, as a series in & is most easily 
obtained by means of Euler’s transformation, according 
to which an infinite power series with numerically given 
coefficients yp 


power series 
from T= « 


F(x)=)0(—~x)", 


n=() 


S) (x) + R(x), (20) 


iI, 


where S;_; is the partial sum up to the term n= 
the remainder R;(x) can be transformed to 


(—x)! x —x\> 
R,(x)=—— © ( ) A* yi, (21) 
I+« 0 \i+x 


+72 196 
+35 749 — 60 903 
+11 293 +39 826 
+47 042 —21 077 
—9784 +19 051 
+37 258 — 2026 
—11 810 +5004 
+25 448 +2978 
— 8832 


+16 616 


with the differences A*y, defined by 


A’yn=Yny Ady, = A yup — Ayn. 


The function F(x) in (20) can be identified with C,/Nk 
in (8) or (18) and (19) on putting 
y=T;?/T?, / (1+), (23) 
2(2n—1)¢(2n) 
X pon(h 2rkT,)?". 


n= 2(2n—1)y"F(2n) ton 
(24) 
The explicit dependence on temperature becomes 
&. 4 7;** 
=" =145(-1)\—y, 
Nk n=l ’ ta 
a tan AT +2 Ary, 
+(—1)'> - ————. (25) 
=o T2-2(7T 24+ 72) 

This expression with the definitions (24) and (22) for 
the coefficients satisfies both requirements listed in the 
Introduction; it represents an expansion in which the 
individual terms have a simple dependence on 7, and 
the coefficients A*y; depend only on the moments from 
wor tO wer42,. As shown above, for a suitable y or 75, 
(25) converges for all temperatures, though near T=0 
the convergence is poor. The best choice of y is that 
which makes the individual terms in the second sum 
of (25) decrease most rapidly; if the relative moments 
U2, were constant, the optimal value would be y=1; 
as the #2, usually form a slowly decreasing sequence, a 
slightly bigger value of y (say, 1.05 or 1.1) may be 
preferable. With the chosen value of , a table ofthe 
coefficients y, and their differences is constructed 
according to (24) and (22); the best choice for the 
index / can usually be inferred from an inspection of the 
difference table. The use of the method is best demon- 
strated by an actual example. 
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Pas_e II. Partial sums of the Thirring series and its Euler 
transformation for the Debye frequency distribution. 


6/T 4 6 8 10 


| 
| 
| 


1.621139 
0.618487 
—2.2 
+5.11428 
—9_ 33372 
+17.1455 
— 29.4113 
+ 50.4766 
~— 84.5484 
— 141.4241 


0.911891 
0.476958 
— 0.800000 
1.514286 
— 1.057144 
1.593766 
1.028013 
1.502545 
~—().903323 
1.361508 


0.405285 
0.288400 
0.200000 
0.657143 
0.431393 
0.534827 
0.489362 
0.508865 
0.500669 
8 0.504117 


2.53303 
0.716957 
—4. 
13.8571 
— 41.2576 
116.570 
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0.525303 
0.504807 
0.503199 
0.503067 
0.503059 
0.503060 
0.503060 


0.410470 
0.284337 
0.267970 
0.265750 
0.265530 
0.265552 


0.265578 


S) + Rx 
Si+R:, 
Sit Ree 
Si+R, 
Sit R, 
SitRa; 
a + Rog 


0.590500 
0.213445 
0.150000 
0.138835 
0.137405 
0.137589 
0.137870 


1.054343 
0.262663 
0.108241 
0.076756 
0.072061 
0.072758 
0.073992 
0.503059 0.265597 0.138187 


Accurate 0.075821 





Example : The Debye Frequency Distribution 
The Debye frequency spectrum is of the form 
flw \dw = 3urdw wz, @<wy, 


f(w)dw=0, W>Wwr, 


and the reduced moments wz, are thus 


Me, = 3/(3+2n). (26) 


In view of (10), Thirring’s series in its original form (8) 
and (9) converges for temperatures 7 >7T,=6/2m where 
§ is the Debye temperature of the distribution. For the 
choice of y=1(7,=T,) in (19), the values of the terms 
yn in (24) and their differences are given in Table I. 
Inspection indicates that the expansion in terms of 
differences A*y; is best carried out for /=2 or /=3. 
Thus with 
x= (0/2nT)’, 


1=2, and & defined in (19) the specific heat can be 
expanded as 
C,/RT =1—1.973920x+ 2.783117 xE—0.608027 x2 


—0.165421xé—0.047042xe'— 0.009784. 


+0.002026xt*+0.005004.xé7. (27) 


The partial sums of the original and transformed 
series are tabulated in Table II for several values of 6/7 
and compared with the value for C,/.Vk calculated by 
Beattie.* The moments have been purposely limited to 
8 and the calculations to six decimals, although in the 
given case, a greater accuracy could have been achieved. 
It can be seen that even in the region where the original 
series converges, the gain in convergence on applying 
Euler’s transformation is appreciable. The values of 
6/T from 5 upward lie outside the useful range of con- 
vergence of the original series, but even for 0/T=8, 


§ J. Beattie, J. Math. and Phys. 6, 1 (1926). 
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C, can be calculated to nearly four figures from the first 
eight even moments. Only for values of 6/7° greater 
than 9, the error occurs in the second significant figure 
and the method breaks down. The useful range of 
Thirring’s expansion as a function of inverse tempera- 
ture has thus been approximately doubled. 

The Euler transformation can equally be applied to 
the series (6) for the thermal energy or its dimensionless 
form 
E/Nk 


T+2T >) (—1)"F(2n) 2,22", (28) 


and since the variables z, « and & defined in (17), (19) 
and (23) are all simple functions of 7, the specific heat 
can be obtained from a term-by-term analytic differ- 
entiation of the transformed series. In the same way, 
the corresponding series for the logarithm of the parti- 
tion function (i.e., essentially the free energy) can be 
transformed, and the energy and specific heat calculated 
by a single or twofold term-by-term differentiation. 


3. NONLINEAR TRANSFORMATIONS 


Of the various possible nonlinear transformations of 
a slowly convergent or divergent sequences, the simplest 
is the method denoted by Hartree as exponential ex- 
trapolation, which has been discussed in great detail 
by Shanks.® From three successive partial sums S,, of 
the sequence an extrapolated value S,’ is derived 


Sint ui~ 3, 
Ss, =— (29) 
4, oe its, 
which is equal to the sum of the infinite geometric 
progression which has S, 1, S, and S,,; as successive 
partial sums. The expression (29) can be written 
somewhat more simply using the terms of the series 


n= Snsri—Sn (30) 


in addition to the partial sums, 


By a process analogous to (29) a second sequence of 
extrapolated values S,’’ can be derived, etc. 

Table III shows the original and extrapolated partial 
sums for the specific heat of the Debye distribution for 
6/T=8. The results clearly demonstrate the advantages 
and drawbacks of this method compared with Euler’s 
transformation. If only a very small number of moments 
are given, the extrapolation method yields a consider- 
ably more accurate result (compare the results 0.1500 
and 0.1369, which both make use of the moments up to 
order 8); effectively, it optimizes the value of y in (19) 
for every value of 7, instead of using a preset (and 
somewhat arbitrary) value for all temperatures. On the 
other hand, it exhibits a number of drawbacks, of which 
the most obvious is that for each temperature the 





THIRRING’S EXPANSION FOR 


TaABLe Lil. Exponential extrapolation for the partial sums of 
the Thirring expansions of the Debye frequency distribution at 
T= (1/8)0. 


Sue 


x 
In 


S rr 


0.238095 
0.026087 
0.258322 
0.013892 
0.266325 
0.003337 
0.284808 
—().027214 


0.136918 
0.139234 
0.138076 
0.137524 
0.139295 
0.136828 


0.138462 
0.137022 
0.137945 
0.138264 


141.4241 


process must be redone ab inilio. Secondly, for tempera- 
tures at which the original sequence diverges, the partial 
sums S, may have to be given to a greater accuracy 
than the knowledge of the moments warrants in order 
to retain adequate accuracy in S,”’ or S,’”, whereas in 
Euler’s method, very large terms can be avoided by 
applying the differencing at the start. This difficulty 
can be overcome by attributing an increased accuracy 
to the moments, and carrying out the calculations 
consistently with these values. The effect of the extra 
figures will cancel out in the extrapolated sums, but it 
will ensure that the rounding off errors will be kept to a 
minimum. Most serious is the limitation that the regular 
alternation of partial sums may be interrupted in some 
order so that the extrapolations in the next higher order 
are less, instead of more, accurate. This occurs in the 
sequence S”’, S’” of Table III. 

It would thus appear that, on balance, the Euler 
transformation is the more preferable method of ex- 
tending the usefulness of Thirring’s series, unless the 
number of known moments is very small. 

Other transformations of the Thirring series are 
possible, such as the Padé table, expansions in con- 
tinued fractions, or the higher-order summations dis- 
cussed by Knopp and Shanks.?:** As these involve 
heavier computations than the methods presented in 
Secs. 2 and 3, they will not be discussed here. 


APPENDIX 


Calculation of Moments from Specific Heat 
Measurements’° 


In accordance with Thirring’s expansion, it has been 
customary to express the high temperature specific heat 
as a power series in 1/7? 

C,/Nk=1—A,/T?+A,/T'+-:-, (A1) 
from which the moments of the frequency distribution 
can be calculated by comparison with (8) and (9) 


°Q. Perron, Die Lehre von den Kettenbriichen (B. G. Teubner, 
Leipzig, 1957), 3rd ed., Vol. 2. 

0 The analysis of this Appendix follows from that of Sec. 2 
and is omitted. For the benefit of readers interested in this part 
of the problem only, the Appendix is made self-contained. 
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A, (=): 
2(2n—1)¢(2n)N\ fh 


The values of the Riemann zeta function ¢(2) and 
2(2n—1)¢(2n) for n up to 10 are tabulated in Table IV. 
The values for ¢(27) were taken from the tables of 
Davis." 


Men (A2) 


The coefficient A, determines the high-temperature 
value of the Debye temperature @,. For reasons dis- 
cussed in Sec. 2, the usefulness of the series (A1) is 
limited to temperatures higher than 44,, and hence only 
a few coefficients 4, can be determined accurately. The 
useful range of this expansion can be considerably in- 
creased by choosing as the independent variable 

f= T;? (7?+ T;?), (A. ) 
where 7, is an auxiliary temperature of the order 6,/6, 
but otherwise arbitrary. The experimental results 
should then be presented in one of the following forms 
(1+772/T?)C,/NR=1—ané+aon&—ao3#+---, (A4) 
or 

c. ‘'Nk= 1—ayEtay?—ay.8+ “ (A5) 

or 
(1-—C, T,)? 


= Gy9— A29E + A212 — dob? + deat 


Vk)(T 


Set up a table 


1 


ai0 
da 


130 


40 41 


50 


in which one row of coefficients has been determined 
from (A4), (A5), or (A6) and the elements of succeeding 
rows are obtained by the recurrence relations 


ay} a; Leta; 1,.k+1) (A8) 
i.e., each element is the algebraic sum of the element 


above and that above to the right. The even moments 


TABLE IV. Values of Riemann’s zeta function for 
the first ten even integers. 


¢(2n) 2(2n—1)¢ (2n) 
3.289868134 
6.493939402 
10.17343062 
14.05708299 
18.01790055 
22.00541390 
26.00159245 
30.00045847 
34.00012978 
38.00003625 


1.644934067 
1.082323234 
1.017343062 
1.004077356 
1.000994475 
1.000246087 
1.000061248 
1.000015282 
1.000003817 
1.000000954 


lH. T. Davis, Tables of the Higher Mathematical Functions 
(Principia Press, Bloomington, Indiana, 1935), Vol. 2. 





SACK, 


of the frequency distribution are then given in terms 
of elements of the first column of (A7) 


ano 2rkT,\ >" 
ee 
2(2n—1)¢(2n) h 


(A9) 
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The expansions (A4), (A5), and (A6) are valid over a 
larger range of the inverse temperature than (Al), and 
in consequence their coefficients can be determined with 
greater accuracy, and hence, the moments ue, can be 
calculated to a higher value of m. 
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Specific Heat of a Body-Centered Cubic Cr-Fe Alloy between 30° and 110°K* 
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AND 


Cutn-Huan CHENG 
Department of Mining and Metallurgical Engineering University of Illinois, Urbana, Illinois 


(Received December 19, 1960; revised manuscript received June 21, 1961) 


The specific heat of a body-centered cubic alloy, Crso.¢Fei9.4,was determined between 30° and 110°K. The 
electronic specific heat coefficient y and the Debye characteristic temperature were evaluated between 40 
and 60°K to be (46+5)X10~ cal mole™! deg~* and 472+14°K, respectively. The origin of a sharp peak 


occurring at 37+2°K is discussed. 


HE specific heats of a number of body-centered 

cubic Cr-Fe alloys between 1.6° and 4.2°K were 
measured by Wei ef a/.! Near 19 at. % Fe there appeared 
to be a high peak in the coefficient y of the linear term 
in temperature. It may be asked whether this high y 
peak has its origin in a magnetic transformation. Should 
the Curie point of such an alloy occur near 4.2°K, the 
extra heat absorbed in the course of ferro-paramagnetic 
transition might appear to be linear in T in such a small 
temperature range. It is the purpose of the present work 
to investigate the heat capacity of a body-centered 
cubic alloy, Crso.eF€i9.4, in the temperature range where 
a possible magnetic transition is likely to occur to see 
whether the high y peak may be attributed to a mag- 
netic transition. 

The alloy was induction melted, homogenized at 
1175°C for three days, and water quenched. X-ray 
diffraction and microscopic examination indicated that 
it was a single-phase, body-centered cubic alloy with no 
more than 1% in the total amount of oxides and foreign 
materials. Table I gives the chemical analysis of the 


TABLE I. Chemical analysis of the specimen (weight percent). 


Cr 79.00 
Fe 20.40 
Al 0.01 
Si 0.01 
Mn 0.01 
O» 0.137 
N2 0.263 


* This work was supported by WADC, United States Air Force. 
1C. T. Wei, C. H. Cheng, and P. A. Beck, Phys. Rev. Letters 2, 
95 (1959). 


= > 


specimen, which weighed 17.38 g. The 
equipment used in this work was the same as that used 
for specific heat measurements between 1.6° and 4.2°K.? 
A copper resistence thermometer, which was calibrated 
at 0°C, 78°K, and 4.2°K against the Dauphinee and 
Preston-Thomas scale,’ was used for the temperature 
measurement. The correction for the heat capacity of 
the copper body of the heater-thermometer assembly 
was calculated from Dockerty’s heat capacity data‘ for 
copper. 

The measurement was carried out between 30° and 
110°K. The thermal coefficient of the copper thermom- 
eter became small below 30°K, making accurate meas- 
urements of the specific heat difficult. Above 110°K the 
thermal relaxation time became long so that the present 
scheme was not suitable. Figure 1 shows the C, vs T 
curve. The A-shaped portion of the curve resembles that 
of a Curie type transition. The transition temperature 
is well defined and is 37+2°K. To check how the heat 
capacity as a function of temperature deviates from the 
relationship C,=y7+8T", a conventional C,/T vs T* 
plot is shown in Fig. 2. Between 40° and 60°K this 
relationship still holds approximately. From the 
straight-line portion of the curve in Fig. 2, y and 8 are 
evaluated to be y=(46+5)X10~ cal mole deg~, 
B= (0.0440+0.0004) & 10-4 cal mole deg~*. The corre- 
sponding Debye temperature is 472+ 14°K which is not 
unreasonable when compared with @c,=418°K® and 

9? T. Wei, C. H. Cheng, and P. A. Beck, Phys. Rev. 112, 696 
(1958). 

*T. M. Dauphinee and H. Preston-Thomas, Rev. Sci 
884 (1954). 

*S. M. Dockerty, Can. J. Research 15A, 59 (1937 

5S. A. Friedberg, I. Esterman, and J. E. Goldman, Phys. Rev. 
85, 375 (1952). 
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Fic. 1. Specific heat 
C, of body-centered 
cubic alloy, Crgo.¢Feis. 4, 
between 30° and 110°K. 


SC eal mot” dag”) 
& 


— 
w 








Ore=464°K.® The y value is consistent with the results 
in reference 1. 

Although the A-shaped portion of the curve in Fig. 1 
resembles that of a Curie-type transition, its exact 
origin is still obscure. The entropy associated with this 
transition was estimated by numerical integration to be 
approximately 0.02 entropy unit which was rather small 
compared with what one would obtain from the 


equation: S=k log. N !/n!(N !—n!) ] should this transi- 
tion be in fact the Curie point of this alloy with N~10" 
and n-~} X 10” per mole. However, if this transition had 
its origin in one of the impurity components which were 
altogether less than one percent, then a mole of this 
component would have an excess heat capacity at this 
transition temperature of more than 50 cal deg which 


6 W. H. Keesom and B. Kurrelmeyer, Physics 6, 663 (1939). 





~ 
& 8 ies 


x10? (Cal mo!” deg?) 


cy 

T 
~ 
is) 


& 








L 2 
20 2s 30 3S 40 


Fn CXF 


Fic. 2. C,/T vs T? of body-centered cubic alloy, Creo.¢Fe1s. s. 





would be approximately 5 times greater than that of 
pure iron and seemed unlikely. 

Nevitt? measured the magnetization of a spherical 
specimen machined from the very alloy used in the 
present experiment as a function of temperature and 
field. By using Arrott’s criterion® the Curie point could 
only be set at near 50°K. No specific heat anomaly was 
observed near that temperature in the present experi- 
ment. The nature of this discrepancy is not clearly 
understood. The fact that a large linear temperature 
term in the specific heat of this alloy persists above such 
a transition up to 60°K and its coefficient is consistent 
with that determined at liquid helium temperature to 
within experimental accuracy, seems to suggest that the 
high y peak in reference 1 is probably not associated 
with a magnetic transition. 
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7M. V. Nevitt (private communication). 
8A. Arrott, Phys. Rev. 108, 1394 (1957). 
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Nuclear Specific Heat of Holmium* 
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The specific heat of holmium has been measured between 0.95° and 4.2°K. The magnetic hyperfine inter 
action in holmium is so large that over this entire temperature range the nuclear hyperfine term represents 
the predominant contribution to the specific heat. Below 1.5°K the specific heat appears to be that of an 


7 


ideal paramagnetic gas of spin 3. At 1°K the specific heat has the extremely large value of 0.37R. 


ARAMAGNETIC resonance!” and nuclear align- 

ment experiments’ on holmium indicate a very large 
magnetic hyperfine interaction in that rare earth. This 
interaction is, in fact, so large that the nuclear contri- 
bution to the holmium specific heat was expected to be 
easily discernible above 1°K. We have measured the 
specific heat of holmium between 0.95° and 4.2°K and 
have found that over this entire temperature range the 
predominant contribution to the specific heat comes 
from the hyperfine term. 

The measurements were made in a conventional 
low-temperature calorimeter. The holmium samples 
used were cut from a specimen which was reported by 
the manufacturer (Michigan Chemical Corporation) 
to contain the following impurities: Cu and Ni, 0.01% 
each; Ta, 0.26%; Os, 0.14%; Ca, 0.1%; Y, 0.05%; 
Er, 0.2-0.5%. 

Figure 1 shows the data plotted as a function of T~*. 
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Fic. 1. Specific heat of holmium as a function of (temperature)~* 
rhe curve represents the specific heat of a spin-} ideal paramag- 
netic gas for which the ratio nH /Ik has been chosen to be 0.309 
deg. 


* This research is supported in part by the National Science 
Foundation and the Office of Naval Research. 

1J. M. Baker and B. Bleaney, Proc. Phys. Soc. (London) 
A68, 1090 (1955). 

2 J. M. Baker and B. Bleaney, Proc. Roy. Soc. (London) A245, 
156 (1958). 

4H. Postma and W. J. Huiskamp, Proceedings of the Seventh 
International Conference on Low-Temperature Physics, 1960 (Uni 
versity of Toronto Press, Toronto, 1961), p. 180. 


The open circles represent measurements taken on a 
181-g sample, the black circles are the points obtained 
using a 14.8-g sample. The low-temperature specific 
heat of holmium is so large that we encountered diffi- 
culty in attaining thermal equilibrium between the 
larger sample and the helium bath during the calibra- 
tion of the carbon resistor which was used for measuring 
sample temperatures. For this reason the open circles 
at the lowest temperatures are less reliable than the 
other points. We believe the uncertainty of the majority 
of data points to be less than +3%. 

It is of interest to note that the hyperfine interaction 
in holmium is so strong that its contribution to the 
specific heat cannot be regarded as being proportional 
to 7 even at temperatures as high as 1.5°K. The data, 
however, appear to be consistent with the view that the 
nuclei may be described as an ideal paramagnetic 
The specific heat of such a gas is given by 


C/R=— (x?/4){ (27+1)? esch?[ (27+1)x/2] 
—csch*[x/2]}, (1) 


gas. 


where x=yH/IkT, (u=magnetic moment of the gas 

particles, J=angular momentum of the gas particles, 

and H=magnetic field in which the gas is situated). 
For small x, 


C/R (x2/3){1(1+1)— (x2/80)[ (27+1)*—1]}. (2) 


In order to obtain the best fit of Eq. (1) to our data 
we have chosen x to be equal to 0.3097—. This value 
for uH/Ik indicates that the internal magnetic field 
in holmium is 8.9X 10° oe. (7, the nuclear spin quantum 
number of holmium, is 3. u, the nuclear magnetic mo- 
ment, is assumed to be 3.3 nuclear magnetons. ) 

A comparison of our specific heat measurements with 
the paramagnetic resonance measurements of Baker 
and Bleaney!? on 1% holmium ethyl! sulfate in yttrium 
ethyl sulfate indicates that the hyperfine coupling 
is roughly 30% larger in the metal than in the salt. 
Though the major contribution to the field probably 
comes from the 4/ electrons, the above result suggests 
that there is an additional contribution to the coupling 
in the metal. This additional coupling presumably 
arises from the polarization of the conduction electrons. 
This result is to be contrasted with that obtained by 
Kurti and Safrata.‘:> They found the hyperfine inter- 

*N. Kurti and R. S. Safrata, Phil. Mag. 3, 780 (1958). 

°N. Kurti, J. Appl. Phys. 30, 215S (1959) 
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action in terbium metal to be of almost the same size 
as the interaction in terbium ethyl] sulfate.® 

In Fig. 2 the experimental results and the hyperfine 
specific heat as calculated from Eq. (1) are plotted as 
a function of T. Above 1.5°K the hyperfine term, though 
dominant, no longer represents the only significant con- 
tribution to the specific heat. We hope to measure the 
specific heat of holmium between 4 and 15°K in the near 
future. Any detailed discussion of our present measure- 
ments above 1.5°K will be more meaningful when the 
higher temperature data are available. On the basis of 
the present results, however, we conclude that the data 
cannot be represented as the sum of hyperfine, lattice, 
electronic, and spin-wave terms, at least so long as the 
spin-wave contribution is assumed to have a simple 
T} dependence. This conclusion is not surprising in view 
of the fact that the data of Gerstein et al.,” on the specific 
heat of holmium above 12°K indicate a magnetic transi- 
tion at the relatively low temperature of 19.4°K. 

We also plan to make measurements between 0.95°K 
and 15°K on a second sample of holmium. The sharp 
disagreement between the measurements of Stanton 
ef al.,’ and Kurti and Safrata on terbium,*:’ and between 
the measurements of Dash et al.,? and Lounasmaa and 
Guenther” on dysprosium suggests that oxygen or 
other impurities in rare earth samples may seriously 
affect specitic heat measurements. The nuclear contribu- 
tion to the specific heat of holmium is so large that pos- 
sible impurity effects probably are not noticeable below 
1.5°K. However, such impurity effects, if present, 
could be comparable to, or larger than, the lattice, 
electronic, and spin-wave contributions to the specitic 
heat in the helium region. Thus measurements on more 
than one sample are advisable before making any 
evaluation of the non-nuclear contributions to the 
holmium specific heat. 

We should like to point out that the very large spec ific 
heat of holmium at 1°K and below makes this meta! 
more useful than cobalt as an isothermal reservoir for 
such applications as a magnetic refrigerator." 

Note added in proof A. We have recently made specific 
heat measurements between 1.25° and 4.2°K on a 
second holmium sample. Information provided by the 
supplier (Nuclear Corporation of America, Research 
Chemical Division) indicates that this second sample 


6 J. M. Baker and B. Bleaney, Proc. Phys. Soc. (London) A68, 
257 (1955) 

7B. C, Gerstein, M. Griffel, L. D. Jennings, R. E. Miller, R. F. 
Skochdopole, and F. H. Spedding, J. Chem. Phys. 27, 394 (1957 

8 R. M. Stanton, L. D. Jennings, and F. H. Spedding, J. Chem 
Phys. 32, 630 (1960). 

9 J. G. Dash, R. D. Taylor, and P. P. Craig, Proceedings of the 
Seventh International Conference on Low-Temperature Physics, 
1960 (University of Toronto Press, Toronto, 1961), p. 705. 

0 Q. V. Lounasmaa and R. A. Guenther (unpublished results). 
We are grateful to Dr. Lounasmaa for informing us of his results 
prior to their publication. 

1 C, V. Heer and R. A. Erickson, Rev. Sci. Instr. 29, 440 (1958). 
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Fic. 2. Specific heat of holmium as a function of temperature. 
A smooth line has been drawn through the data points. The lower 
curve is identical to that in Fig. 1. 


has a different, and slightly smaller, impurity content 
than our first specimen. Nevertheless, the gram-atomic 
specific heats of the two specimens are the same, within 
experimental error, over the 1.25°-4.2°K region. Thus 
any contribution from impurity effects to the holmium 
specific heat must be relatively small. 

Vole added in proof B. The parameter x introduced 
above can be written as x=a’t"!. Here a’ is a constant 
which measures the strength of the hyperfine inter- 
action. As stated above, we find that a’ has the value 
(0.309° for holmium metal. Professor B. Bleaney of 
Oxford has recently examined the question of the size 
of the hyperfine structure constants of the rare-earth 
metals. Using data from the trivalent rare-earth ions in 
dilute paramagnetic salts, his calculations indicate that 
the constant a’ should have the value 0.312° for hol- 
mium metal. On the basis of this very close (and per- 
haps fortuitous) agreement between the experimental 
and calculated values of a’, we now conclude that any 
contribution of the conduction electrons to the hyperfine 
coupling in holmium metal is negligible. We are grateful 
to Dr. O. V. Lounasmaa and Dr. R. Parks for informing 
us of Professor Bleaney’s work, which was reported at 
the Kyoto conference on magnetism (1961). 
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A method has been developed for calculating the relaxation energy for an interstitial neutral defect in 
an alkali halide lattice by expanding the electrostatic, polarization, and dipole-dipole energy contributions 
to second order in terms of the displacements of the ions from their regular positions. The repulsive energy 
contributions involving the defect atom are treated exactly, whereas the repulsive contributions involving 
the regular ions themselves are also expanded to second order. This method has been applied to the case of 
an interstitial chlorine atom in NaCl for positions where the defect atom is at the center of a cube of ions 
and at the center of a square of ions; the difference when related to the same standard configuration gives 
an activation energy of approximately 0.5 ev for the migration of a neutral interstitial chlorine atom in NaCl. 


I. INTRODUCTION 


ADIATION damage studies' and color center 
studies” have focused considerable interest on the 
nature of defects in crystals. In the alkali halides Seitz,’ 
Varley,* and St. James® have proposed models for the 
V centers, assuming them to be either single or paired 
vacancies, and Kinzig et al.* have shown strong experi- 
mental evidence for the presence of molecular ions, for 
example Cl,~, in which a neutral chlorine atom and a 
chlorine ion are joined by an attractive force. The 
presence of neutral atoms in the alkali halides was made 
understandable* by a mechanism in which ionizing 
radiation would strip several electrons from an anion, 
the neighboring ions then forcing it into an interstitial 
position where it would pick up electrons until it 
became neutral. The present method of calculation was 
developed to investigate the distortions around such a 
neutral atom and its activation energy for migration. 
The neutral atom is assumed to be close to a position of 


¥Ci~ a 


Fic. 1. Neutral 
interstitial atom (X) 
at the center of a 
cube of ions. The 
arrows indicate that 
on relaxation the ions 
will move outwards. 
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symmetry, either at the center of a cube of ions or at 
the center of a square of ions as shown in Figs. 1 and 2, 
and removed somewhat from the vacancy originally 
associated with the displacements. No special attractive 
part to the potential between the defect atom and its 
neighbors is assumed. The presence of attractive forces 
would tend to favor the production of a molecular ion; 
in this calculation we wish to find the stable positions 
under the influence of the crystal forces alone. 

Various methods have been developed for the calcu- 
lation of relaxation energies, i.e., energies associated 
with ions displaced from their normal lattice positions. 
Mott and Littleton’ treated the relaxation around the 
vacancy in alkali halides and assumed a polarizable 
medium past the first shell of neighbors. In this case the 
defect possesses a net charge and the electric fields so 
produced are relatively large, making necessary special 
consideration for the polarization terms. Kurosawa et al.* 
have studied the polarization contributions in some 
detail, paying special attention to overlap. Several 
recent models of the polarization have been developed 
by Lundquist,’ following the work of Léwdin" on wave 
functions in ionic crystals, and by Woods et al." based 
on a phenomenological method. For the neutral defects 
considered here the simple point-ion model of polariza- 
tion effects should be appropriate since the main ener- 
gies will be repulsive in nature. Tosi and Fumi™ and 
Guccione et al.* have been concerned with the influence 


7N. F. Mott and M. J. Littleton, Trans. Faraday Soc. 34, 485 
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8 J. Kurosawa, J. Phys. Soc. Japan 13, 153 (1958), J. Yamashita 
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(1957), Nuovo cimento 2, 95 (1950). 
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of different repulsive interactions on the migration 
energies in the alkali halides. Both the Born-Mayer 
exponential form and an inverse twelfth power in the 
distance have been used. The Born-Mayer exponential 
form is used in this work. In the calculations presented 
here the crystal is not considered to be a polarizable 
continuum, but as in other work on neutral defects, for 
example the divacancy calculation of Dienes,"“ the 
contributions from each individual ion are summed. 
Since the neutral atom is a “large” defect, particular 
attention was given to the repulsive energies, and, as 
the calculations show, they mainly determine the 
relaxed positions of the ions surrounding the defect. 

Thus, the calculations to be described represent an 
investigation of the distortion around a neutral defect 
in alkali halides and of the activation energy for migra- 
tion of such a defect within the framework of classical 
crystal forces. In Sec. II the notation and some general 
formulas are described; in Secs. II-VI the expressions 
are developed for the various energy terms; Secs. VII- 
VIII contain the energy calculations for the two con- 
figurations of the neutral atom depicted in Figs. 1 and 2; 
the activation energy is discussed in Sec. IX; and in 
Sec. X a brief discussion is given of the limitations and 
possible improvements of the present method of cal- 
culation. 


II. NOTATION AND GENERAL FORMULAS 


Some of the regular ions of the crystal will be dis- 
placed from their normal positions by interaction with 
the defect. Capital letters, such as V, ¥, will be used 
to refer to these movable ions. The fixed ions will be 
referred to by Greek letters as a, 8. Small letters as 7, 7 
will be used to refer to all the ions of the crystal. The 
notation for physical parameters is the following: 
r;=position vector of ion at its normal position, 
r,’/=position vector of ion at its relaxed position, 
rjj=¥1;—1;= vector joining two ions in their normal 
positions, rj ;’=r,/—r,;’= vector joining two ions in their 
relaxed positions, r;;, 17;;’=distances between ions, 
e;=ionic charge, and a;= polarizability. The coordinate 
system used is illustrated in Fig. 3. In the current 
study, the position of the neutral defect will be either 
>, 2, 2) for the cube-center position or (4, 3, 0) for the 
square-center position with the unit of distance being 
ro, the anion-cation separation. 


{ 


The expressions for the various energies involve, in 
general, summations over all the ions in the crystal in 
their relaxed positions. It is convenient to separate this 
into a sum over the movable ions in their relaxed 
positions plus a sum over the fixed ions, 


>»: f(r’) Dw f(tw) +X a f(a). (1) 


where f(r,;) is some function of the coordinate vector 


4G. J. Dienes, J. Chem. Phys. 16, 620 (1948). 
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Fic. 2. Neutral interstitial 
atom (XX) at the center of a 
square of ions, with arrows in- 
dicating the relaxation of the 
surrounding ions. 
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of ion 7. The sum over a may be rewritten to give 


Di f(r’)=UwLf(tw’)—f(tw) J+ 200% fre). (2) 


In this way a sum over all the ions in their relaxed 
positions has been separated into two sums; one over 
the movable ions only, and the other over all the ions 
of the crystal in their regular positions. The procedure 
is then to expand the sum over the movable ions by 
Taylor’s series up to second order in ry’—ry =Ary. 
Some of these sums are available in the literature, others 
vanish because of symmetry; the others that are needed 
are computed. The electrostatic energy terms do not 
involve the neutral defect atom, and are a double sum 
over all the ions. Similarly, the polarization energy 
terms that do not involve the defect atom are a triple 
sum while the dipole-dipole terms are a quadruple sum. 
The repulsive energy terms that do not involve the 
additional atom are treated by the expansion method 
but the terms involving the additional atom will be 
calculated exactly. 

Expanding the first summation in Eq. (2) by Taylor’s 
series to terms of second order gives 


f(ty’)—f (tw) = Vw f(tw)-Aty 
+1 Ary-VwVwf(tw)-Ary, (3) 


where Vy is the gradient with respect to the variables 
xy, ¥v, Zw and the dots represent the scalar product of 
the vectors involved. Summing over all the ions (fixed 
and movable) gives 


Di f(r’) =LwlVwf(tw)-Aty 
+4 Ary:-VyVwf(ty): Ary ]+ do f(rs). (4) 
Equation (4) refers to functions involving one variable 


r;. This expression can be extended to a function of 
several variables by iteration of the procedure to obtain 


Na* 
Wt 








Fic. 3. The coordinate 
system used irt describ 
ing the crystal. 

















728 R. D. BATC AER 
the general expression» 
ig [ f(r’ tj’ ,- ++ tn’ )— f(ti,8j,* + tn) ] 
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=S( 5 Vw f(ev,1j,- + te) +S (ty,ty, + tates +f(t5,°° + tw) J} Ary 
N | 
+330 Ary-{ © VaVyCf(rvyry- + tn) te + f(y, ++ tw) J} Ary 
\ gee 
+¥o Aru { } VaVilf (eerie te) +f (ratte t+: +f(0i,: +: tayrt) j}- Are. (5) 
WL n 
It is be noted that in Eq. (5) the number of symmetry. The final result is 
functions for each of the first two terms on the right- 
hand side is m, while the number of functions that will “ne ot o4 
- : ‘ -_ Anand, | dinte-3 —[ry2l—3ryitwr)}-Arz, 
appear in the third term will be the number of pairs VL(NeE Lows? 
chosen from » quantities or #(m—1) (6) 
Ill. ELECTROSTATIC ENERGY TERMS where AF/,= difference electrostatic energy in ev, 
The electrostatic energy for all the ions in their ey=en/|ey| (and similarly for ez), A,=}(e*/ro) 


relaxed or movable positions is 


so that /(r,,r;)=}(e.e; 7:;/) in Eq. (5). Equation (5) 
reduces to a double sum in which many terms vanish by 


> (2H;—1) 


roV = 
e 
Hj 


P([9(x° +¥+2') ] : 


+- — 


=—_ 


on all positive integer values, the 


(2@+y+ 


where the H,’s take 


function ® is given by 


\V 


the values of mm, m2, and m; being all positive integers 
except the combination 0,0,0, this being the meaning of 
the prime on the S,, and finally 


G(x)=1-® 


Expansion of Eq. (7) to fourth order in x,y,z gives 


roV /e=1.7473+4+-3.7 (a*+-y'+2') 


— 10.8 (2*y?+-2°2?+-y’z"). (8) 
‘5 A detailed discussion of Eq. (5) and of several other equations 
in this paper is given in the Appendix which has been deposited 
as Document No. 6822 with the ADI Auxiliary Publications 
Project, Photoduplication Service, Library of Congress, Wash- 
ington 25, D. C. A copy may be secured by citing the Document 
imber and by remitting $1.25 for photoprints or $1.25 for 
35 mm microfilms. Advance payment is required. Make checks 
or money orders payable to: Chief, Photoduplic ation Service, 
Library of Congress 


(= 2.56 ev for NaCl), ro 
I= unit dyadic. 

One can examine the electrostatic potential in the 
rigid lattice at a position s) near the ion 
(0,0,0), with the ion at (0,0,0) missing, by making use 
of the following expression“*: 


internuclear separation, and 


(x,y, site 


8 cosCe(24,—1)) } cosy 2H: —)J J cos[ws (2H;—1) } 
Le 5 (2Hi—1)? 


GL (ms —2)*+ (na— y+ (13 — s)? }) 


—(—1 


[(m—x)?+ (n2— y)?+ (3-2)? 


From this expansion the electric field at («,y,z) involves 
terms of third order and the gradient of the electric 
field terms of second order. Both terms vanish when the 
ion is at its lattice position. By taking the gradient of 
Eq. (7) or Eq. (8) the electric field may be conveniently 
calculated. It would be the additional 
atom is at any position other than a symmetrical one, 
as for example when it is allowed to be placed along the 
diagonals of the basic cube or pe By using Laplace’s 
equation V?V =0 we see that the coefficients of the x* 
and x*y* are related by 7108 3 and also that the 
a? term must vanish. 


needed when 


IV. POLARIZATION ENERGY TERMS 
(a) Terms Not Involving the Additional Atom 
The polarization energy of a polarizable ion, made 
up of the energy of formation of a dipole and the energy 
of interaction between the dipole and the electric field is 


—_ Sal: ; 
field at 


where a is the polarizability and E the electric 


16 P. P. Ewald, Ann, Physik 64, 253 (1921 
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the ion’s position. In the undisturbed lattice this term 
vanishes since the electric field is zero at the ion’s 
position. However, with relaxation around a defect this 
term can be important. As the type of defect considered 
here is neutral the regular ions and the defect may be 
considered separately. For the regular ions the energy 
becomes 


> i(—}a:E?) 


where E; is the electric field at the position of ion i. 
When the ions are in their relaxed positions this electric 


AFE,=>. Arn-| (—}ener) > a(- - 
VL ; i 


ririn® 


It is to be noted that the double sums over all of the 
ions of the lattice have disappeared through symmetry, 
leaving a single sum over 7, with the restriction that 7 
should not equal either 1 or .V. Once these sums are 
calculated then a double sum over the movable ion 
remains. The sums over i must be computed for each 
different pair of ions L, V and there is a pair of sums 
for each case, one over the anions, with polarizability 


: | ‘ —Srextiz 3tenTin 
AE, =A, > Arn:} (ever) > a, — —_ — + 
NL i+ 


| ricérin® rinriy® 


+Ea/(- 


where 


Le 
4,~(- <xie™* 
2 ro' 


For sodium chloride 4 ,= (—0.115) ev. To simplify the 
summations one of the ions Z or .V can always be taken 
as the ion at the origin, and as we are summing the 
components of a tensor, by examining the symmetries 
of L and V many of the components can be seen to be 
related. In addition many summations vanish through 
symmetry. Furthermore, by writing r;z as r;—rz, some 
summations already obtained in connection with pre- 
vious expressions can be used. 


(b) Terms Involving the Additional Atom 


If the interstitial is placed at the cube-center or 
square-center position, then the electric field on it is 
zero in the rigid lattice. However, because of relaxation 
an electric field may act on it if the relaxation is not 
symmetrical about the interstitial. Also, if the additional 
atom is slightly off its central position, then an electric 
field is present even in the undistorted lattice. If r, 
and r,’ refer to the additional atom, then the polari- 


—Srextex STNTiN 


Sri riv | 
= 2 +- ‘Ary, (11) 
iL vin” rin ter? rin rir? iL vin” 


field is a sum over the contribution from each ion so that 
the energy becomes 


1 e;Tij, CxTik” 
as (9) 
ijk Pt L 
(i #j, t ¥k) 

We note that the restrictions on the ions do not disallow 
j=hk. Equation (5) then involves a triple sum. After 
considerable reduction the expression for this polariza- 
tion energy term becomes 


O(rev: Nit) Pini 
; mt - Arr. (10) 


rn rir? Yr, v rin? rel by x5 


a— and one over the cations, with polarizability a,. 
However, it is again possible to reduce considerably, by 
symmetry, the number of sums necessary, e.g., for 
similar length vectors joining L and NV the results are 
related. Letting ey ENC], Gy a,’X10 = er=ezlel, 
a_=a_’X10-*4, expressing distances in terms of the 
anion-cation distance ro, and expressing the energy in 
ev, one obtains from Eq. (10) 


O( fin Pex) Pint st 


> 


TEn'TiL” 
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zation energy is given by 


and using Eq. (5) for the double summation and Eq. 
(3) for the terms with index 2, one obtains 


2 z Ar, [> VV uf r,, 7,11) |: Ary 
ul l 


AEp 1 


+> Vi f(t, 5,8%) ]- Ar, 


j 


+4Ar,-[> ViVi f(te,8;,%)]-Ar,, (12) 


with the f function as indicated above. We note once 
again the appearance of double sums over all the ions of 
the lattice. However, carrying out the differentiation 
and making use of the fact that the additional atom is 
originally in a symmetrical position, these sums vanish. 
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The single sum also vanishes in this case by symmetry 
considerations, so that there is no additional polarization 
energy, to the order considered here, for the additional 
atom. The reason for this can be understood by con- 
sidering expansions of the electric field in a crystal in 
the neighborhood of the cube-center or square-center 
position. As in Eq. (8) the térms in 2’, etc. will vanish. 
With this term vanishing, only the repulsive interac- 
tions of the additional atom need be considered and the 
electrical energies can be computed independently of 
the type of neutral atom present. Since the expansions 
are in terms of the distance of a relaxed ion from its 
normal position, this restriction must apply to the 
additional atom as well, so that in this approximation 
cases cannot be treated where the interstitial is placed 
at arbitrary large distances from the symmetry posi- 
tions. Such cases can, however, be treated by expanding 
about the new position of the interstitial and possibly 
also about a new position for a nearby displaced ion 
which may have been moved a large distance from a 
lattice position. 


V. DIPOLE-DIPOLE ENERGY TERMS 


Since the interstitial is not polarized in the con- 
figurations considered here, only the regular ions of the 
lattice enter into the dipole-dipole energy calculations. 

The dipole-dipole interaction energy of two polar- 
izable ions of polarizabilities a; and a: and separation ro 
is given by 


E. -E. 3(ro,-E,)(re,- E.) 
Vea oo _ ), 


roy r ib 


where E, is the electric field at the ion 1 caused by the 
ion at 2 and E; is the electric field at ion 2 caused by 
the ion at 1. For all the regular ions in the lattice in 


AEp=A,>, Atw-evew z 
MN ql 

q I, eo M,l #N) 
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The reason for so many of the other terms vanishing is 
connected once again with the fact that the expansion 
of the electric field in the neighborhood of an ion is 
strongly convergent. Equation (15) contains a set of 
rather formidable double sums over all ions of the 
lattice, except for the particular restrictions, and these 
sums have to be evaluated for each pair of movable 
ions that are chosen. However the terms for pairs of 
ions connected by similar length vectors are simply 
related to each other. Since the dipole-dipole energy is 
inversely proportional to r’, the terms decrease rapidly 
as a function of distance. Thus only a few of the terms 
are large enough to consider and in the applications 
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arbitrary relaxed positions, this energy is 


Va = ; - 
ij (i#)) fa 


E,'(k’)-E,'(’) 
jaa 2 ee 


3[ri;’-E,’(k’) [rE 1) 
a seamen ), (1 
r;;° 


where E,’(k’) represents the electric field at ion i in 
its relaxed position caused by all the other ions in their 
relaxed positions, with a similar definition for E,’(I’). 
Using 


in Eq. (13), one obtains for the dipole-dipole interaction 
energy, AEp, the quadruple sum 


AEp= D> f(ri’,r;’ tx’ ,01’) 


1 ex rey ey0 31 
= aa; ie a ‘i 
ijkl 2 _/3 
(§ 47, k #i, 1 #7) 


(14) 


Equation (5) is then applied, and in order to convert 
to ev we let a;=a,’ X10", ex=e& e) and A,=}4(e?/r0') 
<(10-* ?, which is 0.0050 ev for the case of sodium 
chloride. The calculation of the complete expression for 
AE» in terms of the Ary is straightforward but tedious. 
The triple sums over all ions and several of the double 
sums vanish because of symmetry. The terms remaining 
give 


Stivtin StguTgm ST qitgt 
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-Ary. (15) 
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made in Secs. VII and VIII this term was estimated 
from the first terms of the series and treated as a cor- 
rection to the main energy terms. It is to be noted that 
because of the appearance of the factors a,’a;’ inside 
the summations it is necessary to separate the sum into 
four parts as follows 


aya ( = E ay'a'( )+ > a,’a ( ) 
q.t +,+ +, 
| da '( ) +> aa ( ), 
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where the +’s and —’s refer to a summation over 
cations and anions, respectively. One of the ions, say 
M, may be chosen as the (0,0,0) ion to simplify the 
expressions and, in order to take all cases into account, 
has to be considered alternately as a cation and as an 
anion in order to include all possible symmetry cases. 
One useful approximation in evaluating sums is to 
consider only cases where M and N are not more than 
two units apart, and to place a similar restriction on g 
and /, g and M, and / and _ NV. In other calculations of 
relaxation energy in the literature, these dipole-dipole 
and polarization terms had been approximated by the 
introduction of a polarizable medium. Certainly such 
a concept should apply far from the defect, but it is to 
be noted that the larger terms in the sum come from 
ions which are relatively close by. 


RrnL 


—[rv2l—(1+Rryr)eyitwr | | “Ary 
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Equation (16) contains a sum over all the ions of the 
crystal which converges quickly because of the ex- 
ponential part. Since A y; will be chosen differently for 
the different pairs of ions four sums are necessary in or- 
der to have results good for an arbitrary alkali halide, if 
R is chosen the same for each. These sums will be varia- 
tions on the expression 


—[—ry2lt+ (1+ Rrvy)evytns], 


2r v4? 


(17) 


where + represents the cations, by replacing + with — 
for anions and considering .V as either an anion or a 
cation. In this sum .V can be considered as the (0,0,0) 
ion whence from symmetry the off-diagonal terms are 
zero and the ryyryvy ones can be replaced by }rv42l, 
so that Eq. (17) reduces to 
goons | ae 
Ans fan os 
a 3 | TN+ 2 
with similar expressions for the other terms. These 
summations can be easily evaluated on choosing a 
value for R. For R=8.14, 
exp(—8.14r;)/r;=0.001753, 
exp(—8.14r,)/r;= 0.000085, 


> exp(—8.14r;) = 0.001756, 
odd 


> exp(—8.14r;) = 0.000121, 


even 
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VI. REPULSIVE ENERGY TERMS 
(a) Terms Not Involving the Additional Atom 
The exponential form, 


F | sje Rrij; 


was chosen for the repulsive energy between ions i and J, 
where A,; has different values for different pairs of 
ions, and R is a constant which will be chosen the same 
for the different pairs but may be varied to see its 
importance. The method of choosing these constants 
will be presented in the next section; in this section 
expressions are derived for the repulsive energy for the 
various ions in the lattice. For all of the regular ions 
in the lattice in their relaxed positions, the repulsive 
energy is TBA ge Pei’ 


i,7 GF; 


Application of Eq. (5) gives 


A yiRe-®rni 


ie: — [—rv2l+ (1 + Rr.) sats) (16) 





where ‘‘odd”’ refers to ions that can be reached from 
the origin by an odd number of steps and “even” to 
those that are reached by an even number of steps. 


(b) Terms Involving the Additional Atom 


The expansion method is used for ions further away 
than the first shell. Representing the interaction 
constant by A,y between the additional atom and ion 
N, and using the same R as before, this energy difference, 
AE Ra, is, from Eq. (3) 


exp(— Rry1) 
3Fna= are] E(—dAuR)( a ) 


l Trl 


(1+ Reet) Porto 
x(I- ’ ) fae. (18) 
ot 


Here / stands for those ions which are further away 
than the first shell and the Ar, is the displacement of 
the additional atom from its symmetrical position. This 
term can be further reduced by symmetry in the 
manner of Eq. (17). 

For the nearest neighbors exact expressions will be 
used (in the sense that expansions are not employed) 
for the energy difference on relaxation. This energy 
AF xs is given by 

AErs=>n Ayn lenPren’ — ere) (19) 


where the NV ions are restricted to the first shell and 
will usually be considered to be among the movable 
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ions. Provision has been made here in the 7,y’ term for 
the cases where the additional atom will be considered 
near its symmetrical position. In order to bring the 
Ary’s into this expression we use 


r, y = rv—Ary +Ar,, 


but treat the additional parts exactly. 

All of the terms have now been derived, giving for 
the total energy of relaxation AE 

AE=AFEs+AEp+AEpt+AErnt+AErnatAkErs, (20) 
with As from Eq. (16), AFp from Eq. (11), AFp 
from Eq. (15), Ake from Eq. (16), AEr« from Eq. 
(18), and AF rs from Eq. (19). AF is a function of the 
Ary and Ar,. The equilibrium energy, for small Ary’s 
and Ar,, may be obtained from the equations 


dAE/d(Ary)-=0, (21) 
where x stands for the x, vy, or z component of Ary and 
N takes on all values of the movable ions as well as the 
additional atom. In general Eq. (21) will be difficult 
to solve, especially when the additional atom takes on 
an unsymmetrical position, and the usual procedure 
will be to pick various values for the Ary’s and, by 
examining Eq. (20), to find what choices will make it 
a minimum. It will be noticed that with the exception 
of AEgs all the terms have the form 


> Ary:-Byw- Ary, 
vo 


where By is a tensor and .V can equal M, taking care 
of the special cases where .V= M by choosing Byy=0. 

Equation (21) can also be used in a process of suc- 
cessive approximations by minimizing with respect to 
some of the Ary’s first, and then, with these values 
fixed, minimizing again with respect to the other Ary’s. 


VII. RELAXATION ABOUT THE CUBE-CENTER 
POSITION 


\s a first example, the general method is applied in 
this section to neutral chlorine atom 
situated at cube of ions in sodium 
chloride and the relaxation energy is computed with 
the chlorine atom considered fixed and only the first 
shell of Cl- and Na* ions movable. A symmetrical 
relaxation diagonally outward is assumed; the Cl~ ion 
(0,0,0) moves with Ar=(—p,—p,—p) and the Na* 
ion at (1,1,1) with Ar=(q,9,q), where p and g are the 
rectangular components of motion with the nearest- 
neighbor distances as unity. Equation (21) is applied 
to this two-parameter problem to solve for the p and q 
and hence for AZ. Two cases are treated, first without 
and then with the dipole-dipole correction term 
included. 

The constants used in the repulsive interaction are 
obtained from the Born-Mayer form of interaction &(7) 


the case of a 
the center of a 
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between two ions, 
&(r)=Ci2b exp (ritre—r)/p |, 


where r is the distance between the ions; 7; and 7» are 
the radii of the ions; p has an average value of 0.345 
X 10-8 cm; Cyo=14+2Z;/N1+Z2/ Neo, where Z1, Ze and 
Ny, Ne are the charges and number of outer electrons 
respectively for the two ions; and 6 is a constant for 
each alkali halide, being 2.19 10-" erg for NaCl. For 
r, and rz the Goldschmidt radii are used: 1.81 A for 
Cl- and 0.98 A for Nat. The same form and the same 
6 and p are used for the interactions involving the Cl’ 
atom. After comparing with the Cl radius and by 
calculating the average radius from the outer P-wave 
function for Cl’, 


rem f rprir | f Pdr, 


where P represents the wave function, we chose 1.56 A 
for the Cl’ radius. The wave functions that were used" 
involved exchange. For NaCl, R is 8.14 and 4 
has the following values for the different interactions: 


(in ev) 


3850; Cl—Cl, 2190; Cl 
Nat—Cl®, 252; Na 


— Nar’, 
—Nat, 52. 


166: 


To obtain a more accurate interaction energy 
between Cl° and Cl- is not an easy task. The Born 
Mayer results do not strictly apply to neutral atoms. 
A calculation according to Hartree method is 
exceedingly complicated, although possible, for example 
by the methods of Léwdin." Recently the Thomas- 
Fermi method has been used by Abrahamson ef al.'* to 
obtain interaction potentials between neutral atoms for 
small separation. This method can be applied to the 
interaction between an atom and an ion but its results 


the 


will not be very accurate in the region of separations 
used here. The repulsive potential is the least accurate 
of the various energy expressions and the effect on the 
activation energies of changing the parameters in the 
potential will be noted. 


The polarizabilities of Na* and Cl- were taken from 


TABLE I. Energy contributions in terms of coefficients of and q 
for the cube-center case, in ev 


Term p’ bq 

: 266.4 
64.6 
134.4 

Total 33.2 67.4 


AEs 
AEp 
AEr 


17D. R. Hartree, The Calculation of Atomic 
Wiley & Sons, Inc., New York, 1957). S. F. Boys and V. E. Price, 
Phil. Trans. Roy. Soc. (London) A246, 451 (1954 

148A. A. Abrahamson, R. D. Hatcher, and G. H 
Phys. Rev. 121, 159 (1961 
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the work of Tessman ef al. as 


a,=0.41K10-* cm’,  a_=2.96 10-4 cm’. 


The polarizability of Cl’ was not needed in these calcula- 
tions. For later work, where the Cl° will be considered 
in a position relatively distant from a symmetrical 
position, it is necessary to know its polarizability and 
for this purpose a rough value of about half of that for 
Cl, may be used, 2.25 10-*4 cm’. 

With the constants chosen as above the various 
energy expressions of Eq. (20) were evaluated and 
expressed as functions of the parameters p and g. The 
results (after the evaluation of a considerable number 
of sums) are given in Table I. The contribution from 
AErs is 


AErs=7.60 exp({— 14.10p)— 7.60 


+0.88 exp(—14.10g) —0.88, 
so that 


AE= 7.60 exp(— 14.10p)+0.88 exp(— 14.10q) 


—8.48+ 183.9p?+ 33.29¢?—67.4p9, 
and Eqs. (21) become 
dAE/dp= —107.2 exp(— 14.109) 
+367.8p—67.4¢=0, 
— 12.3 exp(— 14.109) 
+66.4g—67.4p (). 


OAL Og 


Solving the second of Eqs. (22) for p and substituting 
in the first of Eqs. (22) yields an equation in g which 
can be solved by numerical methods to give g=0.125 
and p=0.097, i.e., both of the order of a 10% relaxation 
along each of the axes. This is small enough that the 
expansion methods remain valid. These values of p and 
q yield for AF the value —4.97 ev. 

There are several interesting consequences of these 
results. Table II shows the contributions to the energy 
difference due to the terms separately, and in the last 
column the results that would be obtained by con- 
sidering only the four Cl~ ions as the movable ions 
(a separate calculation which gave p=0.086). It is 
clearly necessary to include the Na* ions, especially 
because of the large difference in the electrostatic and 
repulsive terms. It is also noted that each of the terms 


ras_e IT. Contributions to the relaxation energy in the cube 


center position for the ~,g and / cases, in ev. 


Term pq 


— 1.87 
—1.19 

4.48 
—6.39 


497 


AEs 

AEp 

AEr 

AErs 

Total 

9 J. Tessman, A. Kahn, and W. Shockley, Phys. Rev. 92, 890 
(1953). 
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Pasve IIL. Energy contributions in terms of coefficients of p and 
q for the square-center case, in ev. 


Term ; 7 pq 

AEs : ~61.4 
AEp £3 8.1 
AER 40.4 
Total -12.9 


is important although the repulsive terms dominate. 
As would be expected, by considering only AZs, AE, 
and Ak, the equilibrium values are obtained with 
p=q=0 and this is a solution for stable equilibrium, 
i.e., essentially the additional atom has been removed. 

An estimate of the dipole-dipole terms gives — 18.4 pq, 
which, although considerably smaller than any of the 
other pq terms atiects the sum proportionately more, by 
changing it from —67.4 pg to —85.8 pg. Carrying 
through the calculation as before for p, g, and AE yields 


p=0.104, g=0.158, AF 


— 5.23, 


i.e., a difference of 0.26 ev in the relaxation energy 
results. 


VIII. RELAXATION ABOUT THE SQUARE-CENTER 
POSITION 


With the Cl° atom fixed at the center of a square of 
ions, a relaxation calculation was carried out with the 
two nearest Cl- ions and the two nearest Na* ions as 
movable ions. Table III gives the results of the com- 
putation in terms of p and g, the x and y displacement 
outwards for Cl- and Na’, respectively (z displacement 
is zero since the relaxation is confined to a plane). 

The contribution from AF rs is 
AErs= 13.87 exp(—11.51p) — 13.87 

+ 1.60 exp(—11.51g¢)—1.60, 
so that 
Ak= 13.87 exp(—11.51p)+ 1.60 exp(— 11.519) 
— 15.47+49.0p°+-11.2¢?—12.9pq, 
and Eqs. (21) become 
dAL/ dp 
dAE/ dq 


— 159.6 exp(—11.51p)+98.0p—12.99=0, 
~ 18.4 exp(—11.51g)+22.4g—12.9p=0. (23) 


Solving these equations gives 


p=0.196, g=0.199, AH=—12.04 ev. 


A calculation was also made in which only the two 
nearest Cl- ions were allowed to move symmetrically 
outward. This yielded p=0.191 and AE= — 10.54 ev, a 
difference of 1.50 ev with respect to the previous case; 
it is clearly necessary to include the Na* ions. In the 
square-center situation it is to be noted that the values 
of p and g are almost the same, so that a calculation in 
which the same outward displacement for Na* as for 
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ontributions tn 


Vic the relaxation energy in the 
center position for the ~,q and / cases, in ev 


square 


erm p.q p 
0.26 
—0.29 
1.82 
— 12.33 


— 10.54 


AEs -1.82 
0.92 
4.58 

- 13.88 

—12.04 


AEp 
AEr 
AErs 
Total 


Cl~ was chosen would yield a good value. Table IV 
shows the contributions made by the respective terms 
in the ~,g case and the p case. The repulsive terms 
dominate even more than before because of the close- 
ness of the ions to the additional atom. 

The dipole-dipole terms were here calculated to be 
—3.9 pq, to give for the corrected values 


p=0.200, g=0.215, AE=—12.19 ev. 


In this case an energy difference of only 0.15 ev results, 
whereas in the cube-center case the change due to the 
dipole-dipole terms was 0.26 ev. 


IX. ACTIVATION ENERGY 


To calculate the activation energy between the cube- 
center and square-center positions it is necessary to 
refer both computations to a standard configuration, 
which was chosen as the regular lattice configuration 
without the additional atom. The energy differences are 
then easily calculated as the repulsive energy of inter- 
action of the additional atom with the nearby ions in 
their regular positions. The results are 8.48 ev for the 
cube configuration and 16.00 ev for the square. The 
results of the activation energy calculation are sum- 
marized in Table V. The cube-center configuration, as 
expected, turns out to possess less energy than the 
square-center one, the difference, or activation energy, 
being 0.45 ev, which is rather small in comparison with 
the various contributing terms. If the dipole-dipole 
corrections are included, the activation energy becomes 
0.56 ev. 

Mott and Littleton’ calculated the energy necessary 
to remove a positive ion from a NaCl crystal as 4.62 ev 
and that for a negative ion as 5.18 ev. A direct com- 
parison cannot be made because the electrostatic terms 
are dominant for charged defects whereas the repulsive 
terms dominate for a neutral defect. However, it is to 
be noted that the values are a little larger than those 
calculated here for the energy necessary to place a 
neutral atom in the lattice. 

By letting 
ve U/kT 
where v is the peak vibration frequency of the crystal, 
about 5X 10"/sec for NaCl, U is the activation energy, 
k is Boltzmann’s constant, and 7 the absolute tem- 
perature, one can estimate the temperature for sig- 
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nificant mobility to exist. For ( =0.45 ev this tem 
perature is 178°K, and for 0.56 ev the corresponding 
temperature is 222°K. Delbecq ef al.” report that at 
173°K the Cl. centers are beginning to move through 
the lattice in KCI. It should be mentioned, however, 
that we have not used the model of a molecular ion, 
although it would be possible to extend the calculations 
with the inclusion of some specific attractive forces. 

In order to investigate the effect of altering the 
repulsive constant used in the Cl-—C!° interaction 
energy, calculations were performed with the values 
1800 and 2600 instead of 2190. This was done without 
the dipole-dipole corrections, to give an activation 
energy of 0.44 ev for the 1800 case and 0.47 ev for the 
2600 case, compared to 0.45 ev for the 2190 case as 
used in these calculations. 
energies and energies relative to the standard con- 
figuration change considerably, but when differences 
are taken the results are remarkably uniform. 


In each case the relaxation 


X. DISCUSSION 


The activation energy calculated here cannot be 
considered to be very accurate for several reasons. 
First, only the nearby ions were allowed to relax, 
whereas the next shell of ions should also be considered. 
This can be done using the methods and expressions 
developed in the first few sections, either by a method 
of successive approximations or by assigning certain 
values to the Ary’s and testing for minimum values in 
the relaxation energy. Second, the dipole-dipole energy 
should be included in a more systematic way, rather 
than as an estimate, and again the methods developed 
here show this to be possible. Third, it should be inves- 
tigated whether placing the additional atom in a 
position a little away from the symmetry sites would 
not yield lower energies. This also can be investigated 
by the methods here. All three of these points are at 
present being calculated on an IBM 704 computing 
machine. Finally, the most stable configuration may 
have lower symmetry than that assumed here, i.e., the 
interstitial atom may find a lower energy position at a 
considerable distance from the cube or square centers. 
For such configurations, new expansions around these 
positions for the electric field and thus the polarization 
and dipole-dipole energies will be necessary. In this 
way it can be investigated whether or not the additional 


TABLE V. Energies entering into the activation energy, in ev. 


Cube 
center 


oquare- 
center 
Energy for introduction of additional aton 
Relaxation energy 
Energy relative to standard configuration 
Activation energy 


16.00 
12.04 
3.96 


8.48 
4.97 
3.51 


0.45 


2 C. J. Delbecq, B. Smaller, and P. H. Yuster, Phys. Rev. 111, 
1235 (1958). 
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atom tends to form a molecular ion because it tends to 
drift naturally, i.e. without any specific attractive 
energy terms, to a position nearer the anion than is 
possible in the configurations considered here. A pre- 
liminary calculation in this direction is not conclusive. 
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It will also be necessary in accurate future work to take 
into account the polarization models of Lundquist® and 
Woods e/ al.,!! for ions and atoms that are close together 
and to consider other than exponential forms for the 
repulsive interactions.” 
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The magnetic field dependence of the superconducting penetration depth for very thin films as predicted 
by the Ginzburg-Landau theory is considered. The results obtained depend upon the boundary conditions 
on the film. For the usual case of equal magnetic fields on opposite sides of the film, the penetration depth 
increases smoothly toward infinity as the critical field is approached, corresponding to a second-order phase 
transition. For the less common case of unequal fields on opposite sides, the penetration depth increases 
toward a finite value as the critical field is approached, corresponding to a first-order phase transition. The 
results for the latter case are shown to agree remarkably well with the very precise experiments of Garwin, 
Erlbach, and Sarachik on the field dependence of the penetration depth of a 250 A film of Pb. The pene 
tration depth in zero field as a function of thickness is also considered 


I. INTRODUCTION between theory and experiment can be made with con- 
siderably less ambiguity. Therefore, in this paper we 
shall consider the magnetic field dependence of the 
penetration depth in thin specimens. 

In the GL theory the penetration depth, A, is 
inversely proportional to the order parameter, ¥, which 
is a function of coordinates, magnetic field, and tem- 
perature. However, if d/A<<x!~10, where d is the 
thickness of the specimen and « is the nonlinear coupling 
constant of the theory, then y (and A) is independent of 
coordinates. Thus, if we restrict ourselves to this condi- 
tion, the dependence on coordinates is eliminated and 
the field dependence of the penetration depth may be 
expressed as 


\(7,0)/A(T,H) =0(T,H)/¥(T,0). 


HE magnetic field dependence of the supercon- 

ducting penetration depth has provoked con- 
siderable interest. This interest has been chiefly 
concerned with bulk superconductors. Because most 
bulk superconductors satisfy the nonlocal condition 
coherence length & greater than penetration depth d), 
the interpretation of experimental results can be quite 
difficult. The reason for this difficulty is that there is as 
yet no satisfactory theory that considers nonlocal effects 
in the presence of a strong magnetic field. One way to 
skirt this problem is to limit the coherence length by 
making the dimensions of the superconductor small, as 
in the case of a thin evaporated film. By making the 
thickness d of the film, and hence é, less than A, the 
superconductor will satisfy the local limit (<A). There 
is fortunately a satisfactory local theory that is valid 
for all fields up to the critical field; it is the non-linear 


(1) 


Thus the problem of finding the field dependence of A 
reduces to solving the GL equations for ¥(7,H)/y(T,0) 
for a specific geometry and specific boundary conditions. 


phenomenological theory of Ginzburg-Landau! (GL). 
Since the GL equations have been derived from the 
microscopic theory by Gor’kov,’ the solutions of the GL 
equations will have the same rigor as those of the micro- 
theory. Thus, by considering thin films the 
nonlocal problem can be avoided, and the comparison 
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There is evidence® that A(7,0) increases as the thick- 
ness decreases, and Tinkham‘ has suggested a sim- 
plified way of calculating this increase. In Sec. HA a 
more fundamental calculation of this effect will be 
presented. The field dependence of the penetration 
depth for equal and unequal values of the field on 
opposite sides of the film will be considered in Sec. 
IIB. In Sec. IIIT comparison of these results with an ex- 


periment of Garwin, Erlbach, and Sarachik$ will be made. 
W. B. Ittner, ILI, Phys. Rev. 119, 1591 (1900 
*M. Tinkham, Phys. Rev. 110, 26 (1958) 
*F. Erlbach, R. L. Garwin, and M. P 
Research Develop. 4, 116 (1960 
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II. SIZE EFFECTS IN THE GINZBURG-LANDAU 
THEORY 


A. Variation of Penetration Depth with 
Thickness in Zero Field 


The main topic of this paper is the effect of a mag- 
netic field on the penetration depth but before the 
effects of a magnetic field can be considered, we must 
first see how the penetration depth depends on thickness. 

Gor’kov® has also derived the GL equation for the 
case of impurity scattering of the electrons. He finds 
that the penetration depth is modified by collisions and 
depends on a dimensionless loss parameter p (ratio of 
the coherence length to the distance between collisions) 
in the following way: 


\(T,0)=X1(T,0)x7?(p), (1) 


in which 


Pa! 


1 


> 


- ay om ; r > l , 
7¢(3) m=o (2m+1)?(2m+1+ )) 


(| — 
3 p/\.1+p 4 


where 7 is the collision time, &) is the bulk coherence 
length, vp is the Fermi velocity, ¢ is the Riemann zeta- 
function, ® is the digamma function, ®’ is the trigamma 
function,’ and \,(7,0) is the London penetration depth 
corresponding to r=). Equation (3) has the fol- 
lowing asymptotic forms: as 9 approaches 0 (infinite 
collision time), 


x(p) > 1, 


and as p approaches ~ (very short relaxation time), 


8 14+16'(3) 1.173 
XW) ~*? saad 
glo p p 

In order to apply these formulas to any experimental 
results, one needs to know what the collision rate r~ is. 
The following analysis is similar to that of Tinkham.*‘) 
In a bulk superconductor one would expect the rate to 
be just tr/&. If impurities of mean separation / are 
present the rate would be v¢// and boundary scattering 
gives a rate v¢/d, where d is the size of the specimen. If 
it can be assumed that these processes are independent 
and equivalent, then the total collision rate is 


1/r=vp/Eotoe/d+rp/l. (5) 


$L. P. Gor’kov, J. Exptl. Theoret. Phys. (USSR) 37, 1407 
1959); Soviet Physics—JEPT 10, 998 (1959). 

7 These functions are tabulated in Harold T. Davis, Tables o/ 
the Higher Mathematical Functions (Principia Press, Inc., Bloom 
ington, Indiana, 1935). 
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Putting (5) into (4) we obtain (for our considerations 
we will neglect impurity scattering) 


p=1+£& d. (6) 


It is seen that the bulk state corresponds to p=1. The 
penetration depth, expressed in terms of the bulk pene- 
tration depth A,_(7,0), is 


\(T,0)=G(p)Az(T,9), 
where 
G(p)=Lx(1)/x(») }}. 


Equation (8) has been calculated and is shown in Fig. 1. 


B. Variation of Penetration Depth in a 
Magnetic Field 


In this section we shall solve the GL equations for a 
thin film in an external field. We shall show that the 
field dependence of ¥ (and A) depends quite strongly on 
the boundary condition. The criterion for the destruc- 
tion of superconductivity also changes with boundary 
conditions. The case of unequal fields is especially 
interesting and will be discussed. 

The GL equations of a superconducting film thin in 
the x direction are* 


0a,/ On ="d,, O8a./ Of = ¢G"a2, 


Oo/ On = ox[a,? +-a7+¢'7—1 |] 


0¢/An=0 at surface, 


where 
@=vV(T,H) v(T,0), a=A V2A(T,0O) Hew, 
n=x/X(T0), h=H/(v2H.), 


y is the order parameter, A the vector potential, \ the 
penetration depth, « the nonlinear coupling 
(about equal to 0.1 for most superconductors 
is the bulk critical field. Equations (9 
three coupled nonlinear differential equations in @, a, 
and a,. However, when «d/A(7,0)1, @ becomes inde- 
pendent of coordinates and the equations can be readily 
solved. We shall solve the equations under this con- 
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Consider a thin plate with the normal to the plate in 
the x direction. The plate is bounded by the planes 
x=0, d. Now subject the side of the superconductor at 
«=O to an external field H; and the side of the super 
conductor at x=d to an external field Ho, both being 
in the z direction. This gives for boundary conditions 
at n=0, 

A=. 


and at n=d/X(T,O), 
| 


h=0; 


h,=0. 


Using the relation curl a equals h, we obtain for the 
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solutions of Eq. (9) 
,==() 
h.—h, cosh{ @d/A(T,0) | hy 


ay = cosh(¢n)+ 


sinh (gn). 
¢ sinh[ ¢d/d(T,0) ] 


Using (11) the integration of (10) becomes 


—f T,0 
d 0 


Putting (12) into (13) we obtain 


(1—¢? a,2dn. 


r | od } od od 
i-¢’= - -) (y— he)? cosh? | — sinh - + 
2d¢* sinh*[¢d/A(T,0) | 2r(T,0) \(T,0) \(T,0) 


We are interested in the thin-film limit, @d/A(7,0)<1. 
For this limit the above equation reduces to 


M70) 1 
1—¢’ | —(hy— he)? 
4 


1 d Pfhithey? 
+[——_|(=). ay 
12LX(T,0) 2 


d 


Let us consider first the case of unequal fields when 
h;#h». [More precisely : 
hy— he >>(12)-3 (d/d) (ty +he)/2 J. 
Equation (14) reduces to 
(ho—h)?=9'(1—¢*)[d/A(T,0) F, (15) 
(H»—H,)?= 29*(1—@°)[d/(T,0) PHea2. (16) 
H.— Hy, is much less than Ha, then 
o?= 1—43[A(T,0)/d PL(H2— W1)/ Ha F. (17 


obtain for the field 


dependence of the penetration depth 


Combining (17) and (1) we 


CA(T.0) (TH) 


1—4[A(7,0)/d P[(H2—-H1)/Haf. (18) 


The critical conditions are obtained by holding H, 
(or Hy) constant and finding in Eq. (16) the maximum 
value of H», (or H,) with respect to ¢; this means 


(0H>s/db)1,=0 [or (0H,/ 0) 19= 0}. 
This calculation gives 
o-= 4, 


(H.—H,)2= (8/27)[d/X(T,0) PH. 


od od od 
+ (Ay+h2) snh( —- )| sinn( )- —- . 
2v(T,0) \(T,0) A(T,0) 


If the field is zero on one side, say Ho, then we get 


H,2= (8/27)[d/d(T,0) Pa’, (21) 


which is the result 
limiting case. 
For the case of equal fields /, 


differ slightly as long as 


obtained by Ginzburg* for this 


h. [the fields may 


hy — hho | «&(12)-3 (d/d) (Ay +hy)/2 |, 


Eq. (14) reduces to 


hy=12(1—¢*)[A(T,0)/d FP, 


Hy = 24(1-¢ [Xr TO) d PH bs 


Solving (23) for ¢? and using (1) we obtain for the 
field dependence of the penetration depth 


[A(7,0)/A(T,H) 


1—(1/24)[d/d(T,0) P(Mi/Ha)*, (24) 


or, using (27) 


[A(T,0)/A(T,H) P= 1— (H1/A,.)?. (25) 


The critical values obtained from (23) from 0H;/d¢=0 
are 


o 0, (26) 


H,2=24[N(T,0)/d FH a2, (27) 


which are again the results obtained by Ginzburg? for 
this case. Thus, Eq. (14) has the proper limiting cases. 
It should be noted that, as the critical field is approached, 
in the first case the order parameter decreases to a 
finite critical value, while in the second case it decreases 
to zero. 

For the intermediate case, between the equal and 
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Attenuation («\~*) vs magnetic field for 250 A Pb film 
Erlbach, Garwin, and Sarachik). 


unequal limits, Eq. (14) can be easily solved when the 
fields are much less than their critical values (when 


H<H., then@~l1): 


\(T.O) : 
o i-|( ) ama 
d 
-( d \(F > 
12\x(7,0) 2 ) 


This gives for the field dependence of the penetration 
depth 


d(T,0) 7 1 /(T,0)\2/Hi— Hey" 
cant -[( d = ) 
Ly d \°fHi+Hey? 
+h re) } 


It is seen that the above equation reduces to Eqs. 
18) and (24) for the appropriate limits. 

It is to be noted that the critical fields for these two 
cases have a different dependence on thickness, unequal 
fields giving a value less than Ha, and equal fields 
giving a value greater than H.. 

It is appropriate to consider here the consequences 
of this last statement. Let us consider the application 
of Eq. (20) to a thin cylindrical multiply-connected 
film. Let H; be the field at the inner surface and H, 
the field at the outer surface. Starting with H,;= H.=0, 
let us increase H» to the critical value H>o,. At this 
point, the superconducting state is destroyed, the film 
becomes normal, and the flux will leak in; thus H;= H.. 
Since the field is now the same on both sides of the film 
and is less than the critical field for these boundary 
conditions, the film cannot remain in the normal state. 
It must return to the superconducting state! Upon 
further increase in the external field, this process will 





DOUGLASS, JR. 


repeat again and again until the critical field for equal 
fields is reached. This explains why the critical field 
measurements of Ginzburg and Shal’nikov™ on cylin- 
drical films could apparently be explained by using the 
expression (27) for equal fields. 


III. APPLICATION TO EXPERIMENT 


Recently Erlbach, Garwin and Sarachik® have 
performed a very precise measurement of the field 
dependence of the penetration depth on a cylindrical 
film of lead of thickness 250+-50 A. If an external field 
Hz, is impressed on the outer surface, then the rela- 
tionship between H, and the resulting field 7, at the 
inner surface has been found for both the London 
theory® and the Pippard theory" to be 


(H,/ He) =X’, (28) 
when d&A(T,0), where d is the thickness of the film. 
[In the derivation of (28) it was assumed that the 
radius of curvature was very much larger than d. ] In 
this experiment they placed transmitting and receiving 
coils, operated at 2.2 Mc/sec, on opposite sides of the 
film. The attenuation, A, which is proportional to 
H,(2.2 Mc/sec) H,(2.2 Mc/sec), was measured as a 
function of H», the externally applied dc field. Assuming 
(2.2 Mc/sec)=A(0 Me/sec 


we obtain 


A(H)/A(0)=[A(T,0)/A(T, A) F. (29) 
The data, unexplained by them, are shown in Fig. 2. 

It is clear that the conditions of this experiment 
correspond to the first case considered in Sec. II, and 
the field dependence of the penetration depth is 


described by Eq. (18 


A(H) [— | | T,0 (= =} 
Ef en fae § — . (30) 
A(0) \(T,H) A (Ua Ae» 
Since for this film 1,~10~“H., we may neglect H, in 
comparison to H». Hence, 


A(H) fAr(T,0O) # 1fA(7,0) 7 
ie ta) 
A(0) \(T,H) 2L dH.» 


. Therefore, the attenuation is 


(31) 


In order to calculate the coefficient of H.* (quadratic 
coefficient) in Eq. (31), the following relations were 
used: Hy=Ha(0)(1—f), Ha(0)=805 gauss, t= 7/T., 
\(T,0)=G(p)A8(0,0) (1—#)-4, Ap (0,0) =370A, Eo= 830A. 
The coefficients calculated in this way are as follows”: 


Temperature Experiment Theory 
4.2°K 37.5416 10~* gauss 19.341110~* gauss 
3.8 23.749 15.4+9 
2.3 15.0+6 9.345 


 N. I. Ginzburg and A. I. Shal’nikov, J. Exptl. Theoret. Phy 
USSR) 37, 399 (1959); Soviet Phys.—JETP 10, 285 (1960 

MM. Peter, Phys. Rev. 109, 1857 (1958 

® Dr. Sarachik has pointed out that the al 
the magnetic field could be in error by as much as 20% 


solute calibration of 
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his experiment is a very sensitive test of the Ginzburg- 
Landau theory, and the good agreement, considering 
the uncertainty of some of the parameters, should be 
interpreted as strong support of the theory. 

The second case considered in Sec. II, where the 
fields are equal on opposite sides of the film, is the more 
common one experimentally. The field dependence of 
the penetration depth for this case as expressed by 
Eq. (25) will affect several experiments. For 
example, the magnetization of a thin [d<«<a(T,0)] 


superconducting plate is 
M = — (48m) (d/d)*A,. (32) 


(25) is substituted into (32) we obtain 


d 2 H,; \? 
M -(48n)-| }h:-( ) fan (33) 
\(T,O) H,.J .; 


> 


33) 


If Eq. 


Equation (33) predicts considerable rounding of the 
magnetization curve with a broad maximum at H,/H;, 

=0.578, which is to be contrasted with the triangular- 
shaped curves for the bulk state. Lock’s data on the 
magnetization of superconducting plates show that the 
magnetization curves become more rounded as the 
specimens become thinner. In fact, even though the 
inequality d«<A(T,0) is not satisfied, the thinnest 
specimens all appear to have a broad maximum at 
about the predicted value. 

There should also be an experimental correction to 
nuclear resonance measurements on superconductors. 
Because of the incomplete penetration of the dc mag- 
netic field, there are contributions" to both the linewidth 
and the shift in the line going as X~*. Thus, Eq. (25) 
should be applicable. Usually, however, either this type 
of contribution is small or the operating field is much 
less than the critical field, so that this effect has not yet 
been observed. 

13. J. M. Lock, Proc. Roy. Soc. (London) A208, 391 (1951). 

4 F, Reif, Phys. Rev. 106, 208 (1957). 
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It should also be pointed out that Prozorova’ has 
considered the field dependence of the surface im- 


pedance of thin films by using Eq. (25). 


IV. DISCUSSION OF RESULTS 


This work shows that the field dependence of the 
penetration depth of superconductors of small dimen- 
sions can’ be very well explained by the Ginzburg- 
Landau theory. In addition to depending on size, the 
penetration depth also depends on the boundary con- 
ditions. For the case where the external field is equal on 
both sides of a thin film the phase transition is second 
order, and the penetration depth goes smoothly to 
infinity as the critical field is approached. In fact, 
Ginsburg’ has shown that this is true up to d/A(T,0) 

V5. On the other hand, if the fields are unequal on 
opposite sides, the transition is first order and the 
penetration depth approaches a finite value at the 
critical field. 

By going to thin specimens nonlocal effects can be 
avoided. There would appear to be no loss in generality 
or fundamental information in doing this. Since the 
basic equations of the GL theory are differential ones 
containing fundamental lengths of the order of 1000 A, 
one would expect the character of the solutions to 
change as the thickness is made less than this value. 
The same fundamental constants would appear in both 
limits, but, as this work shows, they are more accessible 
for the thin limit. 
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The theory of the Faraday ellipticity in semiconductors is developed, via the Boltzmann transport 
equation, under the assumption of an isotropic energy-dependent time of-relaxation +. Equations relating 
ellipticity to semiconductor parameters are derived for various ranges of the collision, cyclotron, and applied 
frequencies. It is observed that, besides its dependence on the value of the scattering parameter, Faraday 
ellipticity is rather sensitive to the type of scattering mechanism as such, and to the distribution function 
Some specific experiments are suggested in the ranges where ellipticity appears particularly promising as a 
tool for investigating these aspects of the scattering process. Numerical examples, calculated for thermal 
and ionized impurity scattering in nondegenerate carrier systems, are contrasted with the results of the 
constant-r approximation, showing the inadequacy of the latter approach. Finally, the effect of spheroidal 
surfaces of constant energy on Faraday ellipticity is briefly discussed. 


1, INTRODUCTION 


ARADAY ellipticity arises from the difference in 

attenuation of the left- and right-handed circularly 
polarized components of an initially linearly-polarized 
plane electromagnetic wave, transmitted through a 
substance in the direction of an external magnetic field. 
In terms of the complex effective dielectric constant 
(ex)orr= es’ Fier”, with €,’ and e,” real, the attenu- 
ation constant for a nonmagnetic material is given by 


Bs = wp ? T (es +e,/")'—e,’]}, (1) 


where w is the angular frequency of the wave, uo the 
permeability of free space, and the subscripts + and 
— refer to the left- and right-handed modes of circular 
polarization. The ellipticity, i.e., the ratio of the minor 
to the major axis of the resulting electric field pattern, 
is given by!” 


4 


E=tanh[}(8_—8,)t]~4}(6_—B,)t, (2) 


t being the thickness of the specimen. This expression 
can be simplified for the range of low losses (€,’>«,””) 
as well as high losses (€,’">e,’). 

The theory of the Faraday ellipticity in semiconduc- 
tors has been previously discussed on the basis of the 
free-carrier model, assuming a constant relaxation 
time.’? Because of the strong and unique dependence 
of ellipticity on scattering, the latter assumption is a 
rather serious drawback in discussing this phenomenon. 
In the present paper the theory is extended, via the 
Boltzmann transport equation, to include the depend- 
ence of the relaxation time on energy. It will be shown 
by the resulting equations that, apart from its de- 
pendence on the relaxation parameter predicted by the 
previous formulation, ellipticity is a strong function of 
the scattering mechanism itself, and of the carrier 
distribution function. Faraday ellipticity can therefore 
be expected to be a very powerful tool for the experi- 

* Supported by the Advanced Research Projects Agency of the 
U. S. Department of Defense. 

1R. R. Rau and M. E. Caspari, Phys. Rev. 100, 632 (1955). 

2 J. K. Furdyna and S. Broersma, Phys. Rev. 120, 1995 (1960). 


mental investigation of the collision 


semiconductors. 


processes in 


2. APPLICATION OF THE CONDUCTIVITY TENSOR 


The effect of the energy dependence of the relaxation 
time 7 on the Faraday ellipticity can be conveniently 
seen by developing the problem in terms of the con- 
ductivity tensor #. For isotropic materials in a magnetic 
field, 


| O11 o Q) 
fa —O12 om 0 (3) 
0 ) 0 


where axis 3 coincides with the direction of the field. 

The real and imaginary parts of the effective di- 
electric constant for the two senses of polarization 
can now be written® 


64’ = eat + (01) +01’) /w, (4a) 
4": (o4;/F 012’) Ww. (4b) 
Here e,’ is the dielectric constant of the material 


without free carriers, and the single and double prime 
denote the real and imaginary parts. The Faraday 
ellipticity then becomes' for the region of small losses 


, ” ” | - 
—811 O12 )/WEat |, (5) 


E= 1 (Lo 


€st) {2042+ (a1; 
and for high values of the loss tangent 


E = 3 (uw 2)! oye’ (1—a) +02” [o.,/(1—a) , (6) 
where 


, , rt 


ry ” ’ 
a= (és @ to )/o1n =(er te )/ (ee +e), 


which can generally be neglected when the loss tangent 
is very large. 
In the present discussion, the conductivity tensor is 


*B. Lax and L. M. Roth, Phys. Rev. 98, 549 (1955 

* J. K. Furdyna and S. Broersma (unpublished). In the present 
article we do not discuss explicitly the narrow range where 
0>€,”/e,’>(—1). In this region of extreme attenuation experi- 


ments involving transmission are impractical 


740 








FREE-CARRIER FARADAY 
found by solving the Boltzmann transport equation for 
components of the electric current, in the case of 
orthogonal high-frequency electric field and de magnetic 
field. Components of the tensor are given explicitly in 
Appendix II. Second-order terms in the electric field 
are neglected, and the effects of orbital quantization at 
higher magnetic fields are not considered. The existence 
of an isotropic relaxation time is assumed in the form 
r=r7e", where ¢ is the carrier energy relative to the 
band edge. The main part of this article is further 
restricted to single-band conduction, spherical surfaces 
of constant energy (except in Sec. 6), and nondegenerate 
carrier systems. It is, however, a simple matter to 
extend the equations to more complicated semicon- 
ductor models by using appropriate conductivity tensors 
in Eqs. (5) and (6). 


3. SMALL LOSSES 


A. o.<27!, o<e7! 


When the collision frequency 7~! greatly exceeds the 
cyclotron frequency w, as well as the frequency of the 
electromagnetic wave w, and the dielectric loss tangent 
e.’/e,/ is small compared to unity,® the ellipticity i 
given by 


wo \3 (7?) 
E= ~ } lop Bor) { - one 


, 9 
Est (T°)T) 


S 


where second order terms (wz)? and (w,7)* have been 
neglected in the conductivity tensor components. Here 
o=ner)/m* is the dc conductivity, wa= (e/m*) ((7*) 
r)) the Hall mobility, B the magnetic field, 7 the 
relaxation time, wp= (e?/m*e,.’)! the classical plasma 
frequency, with carrier concentration, effective mass, 
and electronic charge denoted by n, m*, and e, respec- 
tively—all in mks units. For a Maxwell-Boltzmann 
distribution, the symbol (g(.)) represents the integral 


4 a 
(g(x))= tags f g(x)ate *dx: x=€E Rr. (8) 
3/4 0 


where & is the Boltzmann constant, and T the absolute 
temperature. The validity of this distribution is 
assumed for all numerical examples in this article. 
Equation (7) is expressed in terms of o, uy, and w, 
which are known (or can be calculated) from standard 
dc measurements, or from the Faraday rotation’? 
(see also Appendix I). This form shows that ellipticity 
is a strong function of the value of (7), as well as of 
the scattering mechanism and the distribution function 
which determine the dimensionless quantity (7*)/(r?)(7). 
When the form 7= roe? is assumed and Eq. (8) applied, 
this quantity is conveniently expressed as a ratio of 


5In this frequency range the loss tangent is approximately 
equal to o/west’, where o is the de conductivity of the material. 

6M. J. Stephen and A. B. Lidiard, J. Phys. Chem. Solids 9, 43 
(1959). 
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gamma functions 
(73) r($)r(§+3p) 
—=y= SERA SET (9) 
(rr l'(3+2p)l ($+ p) 
which becomes 1.50 for ideal lattice scattering (p= —}4), 


and 3.05 for ionized impurity scattering (p=), as 
compared to unity predicted by the energy-independent 
model. The quantity 7 is more sensitive to the type of 
scattering than the parameters more commonly used 
in investigating collision processes, e.g., the ratio of the 
Hall-to-drift mobilities.’ 

The range in which Eq. (7) applies is typical for 
room temperature microwave experiments on relatively 
pure materials. Note that in this range ellipticity 
exhibits a change of sign, i.e., a reversal in the sense of 
elliptical polarization, at w,”/w?=4n. This is of interest 
to the experimentalist, since the condition for the node 
involves few parameters, and can be determined with 
high precision. The feature should be particularly 
useful for the investigation of scattering as a function 
of temperature. Since the quantity w, is constant 
through the exhaustion range of a semiconductor, it 
should be possible to study the relative behavior of 7 
in this range by obtaining a temperature plot of signal 
frequencies at which ellipticity vanishes. 


B. a> ', o> @ 


In the case of small losses and high magnetic fields, 
i.e., when the cyclotron frequency exceeds both the 
experimental frequency and the average 
frequency,® the Faraday ellipticity is given by 


collision 


Mo OUT) 1 Wp 1 ( Tt’) 3 
E i (1- ) T ( ) - 
Cas" py B* tw r (7)? 
Wp W 1 1 Wy 
(po€st’) Xe ( ) i- 
W, ; T 4 w 


where », 


(10) 


is the cyclotron frequency eB/m*, with 
remaining symbols as previously defined. The first 
form is expressed in terms of standard semiconductor 
quantities o and wy which are generally known for a 
given sample, but which themselves depend on the 
type of scattering. The quantity (r){1/7)((7*)/(7)*)8 
equals 1.85 for ideal lattice scattering, and as much as 
24.4 for ionized impurity scattering, while the energy- 
independent model predicts unity. 

The second form of Eq. (10) is expressed in terms of 
w, and w,, which do not depend on scattering, to show 


7For a general discussion of the relation between scattering 
mechanisms and fundamental galvanomagnetic coefficients see, 
e.g., A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1954), 2nd ed., pp. 231-242; also F. J. Blatt, 
in Solid-State Physics, edited by F. Seitz and D. Turnbull (Aca 
demic Press, Inc., New York, 1957), Vol. 4, pp. 238-258. 


8 In the high-magnetic-field limit, the loss tangent reduces to 
o/ (west wn"B?). 
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that the high-field Faraday ellipticity directly measures 
the quantity (7) rather than (7). Note that here, 
unlike the low-field case, the sign-reversal condition 
does not depend on scattering. Thus, if w, is unknown, 
it should be possible to determine its value from an 
ellipticity node at high fields, and apply this value in 
interpreting measurements obtained at low fields or at 
other frequencies. 


C. e>ea,., a>! 


When losses are small and the frequency of the wave 
is larger than both the collision and the cyclotron 
frequency,® the Faraday ellipticity is given by 


: Wp We 1 3 wp? 
E= (po€s )2t— (-)(1+-=). 
w T 4 


Similarly as in the high-magnetic-field range, ellipticity 
in this region measures (7~’), i.e., the average collision 
frequency. However, it does not possess the experi- 
mentally convenient feature of a sign change as a 
function of w. The second term in the brackets will be 
relatively unimportant at infrared frequentcies, but it 
is likely to dominate in microwave experiments at very 
low temperatures. 


(11) 


4. HIGH LOSSES 


The range of very high values of the loss tangent 
e.”/e,’ will be considered for the case when the collision 
frequency exceeds both the cyclotron frequency and 
the frequency of the wave. For small w.7, Eq. (6) 
becomes, after neglecting terms in a, 


/ ; 
Mo€st @ 
— nlamialicts $9 49 
2 HW Ae 
? 


Pl +e 27? — 2wr—w*t?)/ (1-+-a*2*)? 


x - — . (12) 


7/(1+w?7?))3 


When terms in (wr)? and (wr)? are neglected, this 
relation can be expressed rather simply in terms of the 
semiconductor parameters o and py as 


E=—}(pwo/2)'tuyB(1—2u(r)n), (13) 


where 7 is defined by Eq. (9). 

It follows from Eqs. (12) and (13) that in the limit 
of very small w(7), Faraday ellipticity in lossy materials 
depends on scattering only through o and yy, and 
cannot provide additional information. The effect of 
scattering becomes increasingly significant, however, 
when w(r) exceeds approximately 1/10. 

The condition under which Eq. (12) reverses sign as 
a function of frequency or temperature in the small 
field limit is strongly dependent on the type of scatter- 

* In the high-frequency limit, the loss tangent is approximately 
given by o/ (wégt'w*r’). 
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ing. It is easily seen that in the energy-independent 
approximation ellipticity will display a change of sign 
when a{r)=0.41. Using tabulated integrals,” it is 
found that when scattering is dominated by thermal 
lattice vibrations, the zero in Eq. (12) occurs when 
«{r)=0.33, and when it is primarily due to ionized 
impurities, the zero occurs at w(7)=0.17. Equation (13) 
vanishes at values of w(7) sufficiently close to the above 
to be useful as a good approximation for this range. 
When e,’/e,” are smaller than unity but not negligible, 
Faraday ellipticity can be similarly analyzed by retain- 
ing terms in a in Eq. (6). 

The region of high frequencies or high fields is not 
discussed in this section. The value of the loss tangent 
is itself a function of the parameters wr and w,7r [as 
can be seen from Eq. (4) and the tensor components 
given in the Appendix], and in general decreases as 
these quantities are increased. Hence, in the limit 
wr>1 or w,7>I1 the situation will generally belong to 
the range of small losses, described by the equations in 
the previous section. 


5. GENERAL MAGNETIC FIELD DEPENDENCE 
OF ELLIPTICITY 


As shown above, Faraday ellipticity varies as the 
first power of the magnetic field in the range w,.<7", 
and inversely as the third power of the field when 
w.>>7. It has been previously observed’? that the 
variation of ellipticity with magnetic field will in general 
display a maximum when w,~ -~'>w. Similarly, a peak 
will appear at cyclotron resonance, w,.~w>77'. The 
shape of the maximum, its magnitude, and the value 
of the field at which it occurs will depend to some 
extent on the scattering mechanism. The analysis of 
this dependence is, however, quite tedious, and therefore 
much less revealing than the analysis of the ellipticity 
in the high and low limits of the field. 

There is, however, a range in which the ellipticity 
vs field curve shows a rather unique behavior, which is 
extremely sensitive to the scattering mechanism and is 
particularly suited for curve fitting. A brief qualitative 
discussion of this behavior is therefore given. If a 
material is characterized by high losses at small values 
of B, the sign of ellipticity is essentially determined by 
(2u{7)n—1), Eq. (13). On the other hand, if the low-loss 
range is reached by increasing B sufficiently, the sign 
is determined by (1—4w,?/w’), Eq. (10). Thus, under 
the conditions 4w,?/w>1, 2u{r)n>1, ellipticity will 
reverse sign at some value of the magnetic field. The 
shape of the resulting E vs B curve, particularly the 
relative values of the extrema and the zero position, 
are a sensitive function of the type of scattering. A 
typical example is shown in Fig. 1. These curves are 
calculated exactly, using Eqs. (1) and (2), with the 
effective dielectric constants given by Eq. (4), for a 


10R. B. Dingle, D. Arndt, and S. K. Roy, 
B6, 144, 245 (1957). 
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typical semiconductor sample at liquid nitrogen 
temperature. Tabulated integrals” were used in evalu- 
ating the conductivity contribution to Eq. (4), assuming 
r= Te” and p= —} for lattice scattering, } for ionized 
impurity scattering, and 0 for the energy-independent 
model. To make the comparison physically meaningful, 
the quantity 7» was chosen in each case so as to give 
the same value of (7). This value, as well as the values 
of és’, 2, m*, and w used in the calculations, are indi- 
cated in the figure. 


6. EFFECTIVE MASS ANISOTROPY 


Equations (4) to (6), expressed in terms of the 
conductivity tensor, apply to isotropic materials. By 
the word “isotropic” we only make the restriction that 
o1:=022, in which case the initial linearly-polarized 
wave can be resolved into two independent circularly 
polarized components.* When o1;4022, there arises an 
additional problem analogous to optical birefringence. 

In the case of spheroidal constant energy surfaces 
(such as in w-type silicon or germanium), the relation 
o11:= 022 holds for all orientations of the magnetic field 
in the range w<r7~!. In this case Eqs. (7) and (13) 
can be used if 

ne (2m,+m2)(7) ‘ 
3 Wp \T/€st 5 
3mm» 
and 


9 


(m,+2m.) e (7°) 
MH ¢ = ; 
(2m,+mz) mo (7) 


where mm, and my are the longitudinal and transverse 
components of the effective mass tensor. Since the 
many-valley model permits both intravailey and inter- 
valley scattering, this will affect the- values of the 
scattering-dependent quantities" such as n. The Fara- 
day ellipticity can therefore be used to study this 
aspect of scattering in germanium and silicon. 

For the spheroidal surfaces of constant energy the 
conductivity tensor becomes anisotropic (o1;4%¢22) in 
the range w,>77, w.>w for an arbitrary orientation of 
the magnetic field. However, in the special case when 
B is oriented along [111] or [100] crystallographi: 
directions, o1; becomes equal to o22 and Eqs. (4) to (6) 
can again be applied. As an example, equations for 
Faraday ellipticity are given for a material with six 
constant energy spheroids along the [100] directions, 
such as n-type silicon. For the magnetic field B along 
a [111] axis, 


wpw fl lw, 
E= (po€st’ )3t ) 1— -- : 
a Ss 4 a 
For B along a [100] axis, 


pw fl l a; 
E= (oes )*t ( )(- y 
Q,? zr 4 o 


' C, Herring, Bell System Tech. J. 34, 237 (1955). 


(14) 
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Fic. 1. Faraday ellipticity as a function of the magnetic field B, 
for the frequency range w,?/w*>4, 2w(r)n>1. The curves are 
calculated exactly using Eqs. (1) and (2). The values used in the 
calculation are indicated in the figure. They are representative 
of a wide range of semiconductors near the liquid nitrogen temper- 
ature. The usual form += oe” is assumed in averaging the compo- 
nents of the conductivity tensor, with p= —} for lattice scattering, 
3 for ionized impurity scattering, and 0 for the constant-7 approxi- 
mation. 


where 
Q.°= eB (m+ 2mz2)(2mi+m2)/9m2m:', 
Q°=e® B*/mym2’, 
and 
y= 3m, (m+ 2m2)/(2m1+m2)?. 


The form of the dependence of ellipticity on scattering 
in the high-field limit is therefore unaffected by the 
anisotropy of the effective mass. It is interesting to 


note that the conditions for the nodes do not depend 
on scattering, but can give some information regarding 
the m* anisotropy. 


7. SUMMARY AND REMARKS 


The equations developed in the present article show 
that the Faraday ellipticity in semiconductors depends 
in a rather sensitive and unique manner on the mecha- 
nism of scattering, the carrier distribution function, 
and the value of the average relaxation time even in 
the range w7<1. This information can be conveniently 
obtained from ellipticity experiments at various con- 
ditions, in conjunction with standard galvanomagnetic 
data known from dc measurements or from the related 
Faraday rotation. When the conductivity and mobility 
are only roughly known (so that an approximate value 
of the loss tangent can be established), ellipticity alone 
can provide much useful information. Here the ellip- 
ticity nodes, which can be observed, e.g., by varying 
the applied frequency, are especially interesting because 
they can be determined with precision and involve few 
parameters. 
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From the equations developed above it can be seen 
that the behavior of ellipticity predicted by the con- 
stant-r approximation agrees qualitatively with the 
more rigorous results of the present article. However, 
since the constant-r model neglects the influence of 
the type of scattering and of the distribution function, 
it cannot be used in a quantitative discussion of 
ellipticity. Comparison shows that, in the range wr<1 
(typical of microwave experiments), the effect of the 
energy dependence of 7 is equivalent to an increase of 
the value of wherever this parameter appears 
explicitly in equations derived from the constant-r 
model.” It is interesting that in the energy-independent 
analysis of the preliminary experimental data reported 
in reference 2, the best fit was in fact obtained with 
values of +r considerably larger than those calculated 
from the de mobility and effective-mass information. 
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APPENDIX I. THE FARADAY ROTATION 


Faraday ellipticity is always accompanied by Fara- 
day rotation. Although the explicit dependence of the 
rotation on scattering is in general not very interesting, 
measurements of this effect can be helpful in inter- 
preting ellipticity data. An outline of the problem of 
rotation should therefore be useful in parallel with the 
development of ellipticity presented above. The equa- 
tions for the Faraday rotation in terms of the conduc- 
tivity tensor are,‘ for the region of small losses 

O= —4(po/ est’) tore’, (Al) 
and for the high-loss range 


(A2) 


6= —3 (pum 2) loys’ (1+a)—o12"" | oy’ (1+<¢) }}, 


pM. E. 


BRODWIN 


where a is defined in Sec. 2. In the range of very small 
w, and w, these quantities can be shown to depend on 
scattering only through o and uy. In the high-frequency® 
or high-field? limit (where the low-loss formulas apply), 
rotation is scattering-independent. 

The effect of the scattering mechanism is, however, 
quite significant in the range where wr~1, as can be 
seen by using the conductivity tensor components given 
below. This will be of importance in low-temperature 
microwave experiments. It can be readily shown that 
when «(7)S1, the theoretical value of rotation is 
considerably lower than that obtained with the same 
values of €,:’, 2, m*, w., w, and (7) using the constant-r 
approximation. The values of rotation calculated with 
the energy-dependent model give improved agreement 
with Faraday rotation measurements on germanium 
at 77°K in the low-field region.” 


APPENDIX II. COMPONENTS OF THE 
CONDUCTIVITY TENSOR 


For reference, the components of the conductivity 
tensor are listed for the of 
dependent 7 and isotropic m* 


case isotropic energy- 


oi = (ne?/m*){7r(1 


Ld 


O11 — (ne m*)ax 


, ° , 
O12 = — (ne?/m*)w 


A ” 
O12. = 2(ne*/m*)ww.! 


where 


fw*w 2 T ‘ ° 


S= (1+e°7?+w,7")?- 


Often the tensors corresponding to more complicated 
models are published for the steady state. These can 
be readily generalized to the high-frequency case by 
replacing 7 with 7/(1+iw7), or, in the case of tensor 
relaxation time, by replacing each component rq with 
Ta/ (1+twra). 
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Focusing of the Silsbee type is studied in a row of identical atoms with the uniform spacing S, which 
interact during collisions through a repulsive potential V(r). Two energy-dependent parameters are intro- 


duced: the distance of closest approach in a head-on collision c, and y= — (dInV’/d Inr),.. 


.. In terms of 


these, the focusing parameter A=62/0; is approximately (SJo/c)—1, where Jo is an integral involving V (r) 
which depends mainly on y. For simple exponential] potentials and large y, Jo=1-+ (In4)/y—1.368/y? 


+3.41/73-- 


/ 


-, Appreciably less focusing is predicted than follows from earlier approximations which corre 


spond to putting 7)>=1. For (110) chains in copper, focusing is found at energies below 23 ev. This compares 
well with the 30 ev obtained by Gibson e/ al., for their three-dimensional model of copper 


INTRODUCTION 


N early calculations on irradiation effects in solids, 

correlations which might result from the regular 
lattice structure were almost entirely ignored. The 
likelihood of an important focusing effect, leading to 
the propagation of energy pulses along close-packed 
rows of atoms, was apparently first demonstrated by 
Silsbee.! His expectations have been confirmed by later 
research, particularly by the extensive calculations of 
Gibson ef al. on the dynamics of radiation damage in a 
model representing copper. 

Gibson ef al. compare some of the focusing results for 
their three-dimensional model with an approximate 
analysis of a linear chain. This latter analysis follows a 
common practice, treating the scattering as though the 
atoms were spheres with diameters equal to the distance 
of closest approach in a head-on collision. This approxi- 
mation overestimates the equivalent sizes of the atoms 
and predicts too strong focusing. In the present paper, 
a more accurate, but still rather simple analysis, is 
developed by looking more carefully at 
scattering relations, particularly for nearly head-on 
collisions. 


classical 


FORMULATION OF THE PROBLEM 


Consider a long row of identical, uniformly spaced 
atoms, S being the distance between neighbors. Let an 
atom be set in motion with a kinetic energy & and at a 
small angle 6; with the line of centers. The target atom 
will be driven away at some angle 62 with the line of 
centers. When £ is sufficiently large (perhaps a few 
electron volts or more) the event may be treated 
approximately as an isolated collision between two 
atoms which interact through a repulsive potential 
energy V(r). 

The classical relation between the scattering angle 
in center-of-mass coordinates 6 and the impact param- 
eter p=S sind, can be written in the form@=2— (2p//c), 


* Supported by the Aeronautical Research Laboratories, Wright 
\ir Development Division. A brief report of these results was 
made earlier [E. M. Baroody, Bull. Am. Phys. Soc. 6, 293 (1961) ] 

1R. H. Silsbee, J. Appl. Phys. 28, 1246 (1957). 

2 J. B. Gibson, A. N. Goland, M. Milgram, and G. H. Vineyard, 
Phys. Rev. 120, 1229 (1960). 


where c is the distance of closest approach in a head-on 
collision, and 


r= f [1—(p/cex)?—0(x) |x dx. (1) 


v(x)=Vi(r)/V(c), and ro=cxo is the 
distance of closest approach for the impact parameter 
p. On the other hand, from conservation of energy and 
momentum: @=2—2(6:+62). These two expressions 
for # lead to the focusing parameter 


Here x=r/c, 


A A» ‘6, (TS sin@, c6,;)—1. (2) 


When @, is small, this reduces to 


A (STo ( )—1, (3) 


I, f [1—v(x) }-x*de. (4) 


When A is less than unity each atom moves off at a 
smaller angle with the line of centers than did its 
predecessor. 

It should be noted that 7) and the differential cross 
section for @=7 are closely related. In general 


where 


a (0) = — pdp/sinddd= pe{{ 2d( pl) /dp | sin(2pI/c)}—. (5) 


When p approaches zero, this reduces to o(r) = (¢/2/5)*. 


EVALUATION OF / 


It is desirable to consider together all potentials of 
the form 
Br-" exp(—r/a), (6) 


where B and a are positive and is positive or zero. 
In addition to c, a second energy-dependent parameter 
y=—(dIn\V/d\nr),.. may be introduced.’ One then 


> The idea of introducing a parameter y defined in this way was 
suggested by the remarks of Bohr concerning the value of com 
paring the scattering by exponentially screened Coulomb po- 
tentials with that by inverse power law potentials. [N. Bohr, 
Kgl. Danske Videnskab. Selskab., Math.-fys. Medd. 18, No. 8 
(1948). ] 
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Fic. 1. Behavior of the integral J» for n>1. The line is for 
power laws (n=) and was computed from Eq. (12). The points 
are for exponentially screened Coulomb potentials (n=1), and 
are based on results of Everhart, Stone, and Carbone. (For n>1, 
results would be confined to the range y~'<n™, and would lie 
between those for power laws and for n=1 


finds from Eq. (6), y=n-+ (c/a) and 


v(x) =~" expl — (y—m)(x—1) ]. (7) 


When ¥ is substantially larger than unity (the range of 
greatest interest here), the form of 2(x) is largely 
alone, the value of » becoming im- 


determined by ¥ 
portant only 
convenient 


this case it is 


‘ 


small. In 
— Inv, 


where v(x) is 


to introduce z and use Eq. (7) to 


obtain 
1+2/yt+nz?/2y'+n(3n—2y)s/6y'+,°-°- 
Substitution into Eq. (4) leads to 
Top=14+Do/y—(2y—n)Di1/¥ 
+ (6y?—8ny+3n?)Deo/2y>+--- 
where 


x 


D,= fi 
2(k+1) 


exp(—=z)[1—exp(—s) dz. (10) 


An elementary integration gives Do=In4. On the 
other hand, expansion of the denominator of the 
integrand leads to a formula which converges rapidly 
for large k: 


D,= (k!/2 (11) 


1+ (3/8)(2-*)+ (5/24)(3 


A convenient way to evaluate D, and D, is to consider 
the inverse power law potentials (a= «2, y=n). For 
this case, a well-known integral involving gamma 
functions is obtained: 


Io= (x) 470 (9)/T (7-++0.5). (12) 


Use of expansions for the gamma functions and com- 
parison with Eq. (9) leads to D,;=0.684 and D,= 1.136. 

A careful discussion of the convergence properties of 
Eq. (9) will not be given here. A casual inspection 
indicates, however, that for the inverse power law 
potentials the expansion is convergent when 7¥ is greater 


than unity, while for the other cases it is an asymptoti 
expansion which gives results correct to less than three 
percent for y>5. 

It is obvious from Eq. (9) that for large y, Jo is 
approximately the same for all the potentials included 
in Eq. (6). It is also true that for 721, J» is approxi- 
mately independent of » for all possible y. This is 
illustrated in Fig. 1, where Jo is plotted against y~. 
The line is computed for power laws from Eq. (12), 
while the circles apply to exponentially screened 
Coulomb potentials (n= 1), and follow from the results 
of Everhart et al.4 

It has been seen here that expansion in inverse 
powers of y provides useful approximations for /) and 
o(m). By expanding the general integral of Eq. (1), 
one can also derive approximations for ¢(@) which are 
useful over a wide range of angles. A brief discussion 
of this topic is being published elsewhere.“ 


APPLICATION TO 


For most of their calculations on copper, Gibson 
el al., used an exponential potential with B= 22 600 ev 
and a=d/13, where d is the distance between nearest 
neighbors. These constants imply c=~yd/13 and 4 


110) CHAINS IN COPPER: 


2.0 
A=(I3 Ip/y)-! 


Machine calculations 
(Gibson, et al.) | 


Extreme hard sphere 
approximation (I, =!) 








50 100 
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Fic. 2. Focusing parameter A=62/0,; as a function of 


energy for (110) chains in copper 


‘FE. Everhart, G and R. J. Carbone, Phys. Rev. 99, 
1287 (1955). These authors report extensive numerical] calculations 
on scattering by exponentially screened Coul potentials. Their 
tables include differential cross sections for a number of cases of 
light and moderate screening (y < 2.75 

* E. M. Baroody, Phys. Fluids 4, 1182 (1961). 

5 After this paper was completed the author’s attention was 
called to a treatment of focusing in (110) chains published recently 
by C. Lehmann and G. Leibfried [Z. Physik, 162, 203 (1961) ]. 
They corrected the usual hard-sphere expression for the focusing 
parameter A in two steps. The first replaced the hard-sphere 
radius by an effective radius which is the same as c//o of the 
present paper. They next showed that the atomic separation S 
should be replaced by a slightly smaller distance. Their final 
formula gives a curve of A against E which runs just a little 
below the machine calculations, thus showing that the influence 
of neighboring chains can be neglected. For an exponential 
potential they evaluated /» in terms of ¢ obtaining the same 
asymptotic expansion found here, although their handling of the 
coefficients was a bit different. They did not consider other 
analytic forms of the potential, or comment on the 
between J» and differ 


Stone, 


mt 
Oo 


relation 


ntial cross sectior 





FOCUSING COLLISIONS IN 
=10.72—InE, where & is in electron volts. For the 
(110) chains S=d and Eq. (3) becomes A= (13/o/y)—1. 
The upper solid curve in Fig. 2 follows from this 
relation with J) computed from Eq. (9) with n=0. 
The dashed curve shows the trend of A with energy 
as revealed by the calculations of Gibson ef al. (see 
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LINEAR CHAIN OF ATOMS 


their Fig. 27). The agreement is satisfactory, the 
slightly greater focusing found in the three-dimensional 
model probably resulting from the effect of neighboring 
chains of atoms. The lower curve in Fig. 2 corresponds 
to Z9=1, that is, to the commonly used equivalent 
hard-sphere approximation. 
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rhe first anharmonic contribution to the ground-state energy of a body 
has been calculated. 


oscillating in a uniform background positive charge, 


with r, the radius, in Bohr units, of the sphere equivalent in volume to that occupied pe 


centered cubic lattice of electrons, 


rhe result is —0.73r,-? rvdbergs, 


r electron. Combining 


this term with previous results gives for the ground-state energy of a dilute electron gas the expression 


I= Eexp— 1.7927, +2.65r,-1—0.737r,?+0(r,-*), 


wave functions and falls off exponentially with r 


where Eexp comes from the overlapping of electronic 


}. 


; while the 7,7 


and r.! terms are, respectively, the 


Coulomb energy of a bec lattice and the zero-point energy of the electrons. 


The “correlation” energy corresponding to the above expression, as well as the kine 
parts, has been plotted and an interpolation has been mac 


‘tic and potential 


le between the low-de sity curve and the high 


density expression of Gell-Mann and Brueckner. The interpolated curves give strong evidence that the 
next term in the above low-density expansion for E is approximately —0.8r,~4. Ii the high-density expression 


is rapidly converging near r,=1, it also is predicted that t 


approximately —0.02r,. 


IGNER! originally pointed out that the ground- 

state energy an electron (electrons 
moving in a uniform background of positive charge 
approaches the energy for a body-centered cubic lattice 
of electrons as the density approaches zero. This energy, 
as calculated by Fuchs, 1.792r,+ rydbergs per 
is, in Bohr units, the radius of a 


of gas 


is 
electron, where r, 
sphere equal in volume to the volume per electron of 
the gas. The next approximation to the energy of 
the dilute gas is obtained from the zero-point motion of 
the electrons about their lattice points, which becomes 
a problem of evaluating the normal modes of the 
oscillations. Recently, two accurate calculations for the 
zero-point motion have been made independently,’ 
the results agreeing within one percent. We shall take 
the average of these two results, 2.657,-!, which may 
be compared with the values 3r,~! and 2.7r,-! obtained 
by Wigner! from two different estimates. 

\ complete solution of the lattice dynamics which is 
encountered in the dilute electron gas problem is 
obtained by expanding the Coulomb potential in 
powers of displacements of the electrons about their 


* Permanent address: University of Bristol, Bristol, England. 


1E. P. Wigner, Phys. Rev. 46, 1002 (1934); Trans. Faraday 


Soc. 34, 678 (1938). 

2K. Fuchs, Proc. Roy. Soc. (London) A151, 585 (1935) 

> Rosemary Coldwell-Horsfall and A. A. Maradudin, J. Math 
Phys. 1, 395 (1960). 


*W. J. Carr, Jr., Phys. Rev. 122, 1437 (1961). 


he r, term in the high-density expansion will be 


respective lattice points. The energy then is an infinite 
series in powers of r,~}, the terms beyond the r,-! term 
being the anharmonic may be 
calculated from perturbation theory. The first anhar- 
= term, comes from the sum of 


corrections, which 
monic correction, the r 
a second-order energy perturbation due to cubic terms 
in the displacements, and the first-order perturbation 
due to the quartic terms in displacements. 

From Appendix II of reference 4, the cubic and 
quartic terms lead, respectively, to the energy expres- 


sions (in rydbergs), per electron: 


3 \ 887-8 
eE=>— ( ) \ 
24 


T 
X Lw(f,s)w(f,s’)w(f+f, s” 


B(f,f’,s,s’,s’”) |* 
ff’ ss’s'’ 


X [w(f,s) +oy(f’ 5’) +w(f+f’, 5’) le 
and 


D. (fs)? 1 
> 


ya) +] 


f.s w/ fs) 


nx“ 


7 


where 

B= > [sinf-n+sinf’-n—sin(f+f’)-n |[v(f,s)-V, | 
= : 1 

Xv (f',s’)- Va iivt-f’, s”)-V, L-, 


nN 
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and 


D,(f,s) = (1—cosf-n)[v(f,s)- VP. (4) 


The v’s are the polarization vectors for the normal 
modes, the w’s are essentially the frequencies (w= }hv 
in rydbergs, with v the frequency), the f’s are the wave 
vectors, s=1, 2, 3 denotes the three polarizations, N is 
the number of electrons, V is the gradient operator, 
and nis a lattice vector in real space having components 
that are all even or all odd integers. Since values of v 
and w have been tabulated in reference 4 for 512 points 
in f space, these points being the centers of space- 
filling polyhedra having 1/512 times the volume of the 
unit cell in f space, we use the approximation whereby 
each sum over f is replaced by V/512 times the sum 
over the 512 points. The resulting expression for €; was 
programmed for machine computation, as indicated in 
the Appendix, and evaluated on an IBM 704 electronic 
data processing system. The result is 


€;= —1.14r,—. (5) 


A check on the accuracy of the calculation was obtained 
by simultaneously running the program for the case 
where all the w’s are set equal to unity, a case which 
can be evaluated analytically. In this special case, 
which corresponds to the Einstein independent oscil- 
lator model, exact values of the sum for all points in f 
space were obtained by summing over f’, s, s’, and s”. 
From a comparison with these points it was concluded 


| 
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Fic. 1. Energy of the electron gas plotted against r,. O, from 
Eq. (10); @, from Eq. (9); A, points for 2.217,-?—0.916r,-; 


, from the first three terms of Eq. (7). 
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AND FEIN 


that the approximate method of summation was 
accurate within 2 to 3%. It is to be noted that all 
terms in (1) are positive or zero so that the error in the 
sum is no greater than that of the individual terms. 

An interesting feature of the calculation was the fact 
that the function of f obtained after summing the 
right-hand side of (1) over f’, s, s’, and s” rarely 
deviates by more than 25% from its average value, 
except near f=0, where the expression goes_to zero. 
Another point to be noted is that the value of (1) is 
about four times as large as the value obtained from 
an Einstein approximation, indicating that the inde- 
pendent oscillator model can be used only as an order 
of magnitude estimate for the anharmonicity of lattice 
vibrations. 

The contribution of the quartic term to the energy 
was obtained with the aid of a desk computor, the 
result being 

€,= 0.4097. (6) 


The sum of (5) and (6) gives —0.73r,~ ry, with an 
estimated accuracy of 3%, for the first anharmonic 
correction to the energy. Thus the ground-state energy 
of a dynamic bec lattice of electrons in a uniform 
background of positive charge is 
FE, = —1.792r,+-2.657r,-?—0.73r,°+0(r 

However, Eq. (7) gives the energy of an electron gas 
only in so far as the electrons may be treated as dis- 
tinguishable. When the electronic wave functions begin 
to overlap appreciably, additional terms proportional 
to exp(—const Xr 
pointed out by Wigner.' These exponential terms arise 
principally from exchange, as shown in reference 4. 
Although, formally, exchange effects easily may be 
included, actual calculation is difficult and the following 
approximation has been used: 


') enter into the expression, as first 


1 


exp(- 2.06r,!/7) 


1.167 


5/4 () 66r,-7/4 


Eexp= (219, —4.87 


— (2.06r, exp(—1.55r,!"), (8) 


the expression corresponding to the exponential terms 
which arise from an antisymmetric wave function 
describing an antiferromagnetic arrangement of inde- 
pendent oscillators centered about the lattice points. 
Although (8) is not exact, it is satisfactory for deter- 
mining at what r, the exponential terms become 
important, and for making small corrections to the 
total energy E. Thus for sufficiently large r 


E=Eep—1./92r, 142 65r,—!—0.73r,-. (9) 


It is found that F.xp is small compared with £, for 
r, greater than 5 or 6, and therefore between this value 
and «, Eq. (9) is a good approximation to the energy 
providing (a) the series (7) continues to converge 
rapidly, and (b) there are no other states which in this 
range of r, ‘“‘cross over” and lie appreciably lower in 
energy. 
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The equations are plotted in Fig. 1 where the dotted 
line shows E; alone as given by the first three terms in 
(7), and the solid and dashed curve shows a plot of / 
as obtained from (9). The dashed part of the curve is 
included to show that (9) has the correct qualitative 
features even for smaller values of r,. Because of the 
anharmonic correction this curve is appreciably lower 
in energy near the intermediate densities than a similar 
curve plotted in reference 4. 

The other solid and dashed curve in Fig. 1 is a plot 
of the leading terms in the Gell-Mann and Brueckner® 
expression for the high-density region: 


E=2.21r,—0.916r,-'+0.0622 Inr,—0.096. (10) 


With DuBois’® value for the third-order terms, the 


expression for this region becomes 


E=2.21r,-?—0.916r,—'+0.0622 Inr,—0.096 


+r,(0.0049 Inr,+C). (11) 


However, the constant C has not yet been evaluated 
and we have used (10) in plotting Fig. 1. Again, the 
dashed extension shows the behavior of the expression 
(10) outside the range of quantitative validity. 

The correct values for the ground-state energy must 
lie below the points given by the triangles in Fig. 1 
since these points are for 2.21r,-?—0.916r,-, which is 
the expectation value of the Hamiltonian for a determi- 
nant of plane waves. In the intermediate range of 
2<r,<6, which is of greatest interest, both the high- 
density and low-density expressions show qualitatively 
reasonable behavior. Whether the inclusion of higher 
order terms in the expansions (7) and (10) would 
make them converge toward or diverge away from the 
correct energy,in this region is a question which cannot 
be answered definitely, but the evidence is discussed 
in the next section, where an interpolation is made 
between the high- and low-density expressions. 


CORRELATION ENERGY 
The expression 
Ec= E-—2.21r,°+0.916r", 


called the correlation energy, is of considerable interest 
in connection with the binding energy of solids, since it 
is widely used as a correction term in the Wigner-Seitz 
calculation. Since E¢ has only a logarithmic singularity 
(), it is somewhat better for interpolation purposes 
than /, assuming that if E is a smoothly varying 
function Ec is likewise. Inasmuch as Ec is the difference 
between two functions which have minima at different 
points, it is not entirely obvious that E¢ should be free 
of “bumps” at intermediate densities even if the energy 
FE, happened to be; nevertheless, in the following the 
assumption of “smoothness” will be made. 


atr 


5M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
1957). 


6). F. DuBois, Ann. Phys. 7, 174 (1959). 
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As Mott’ has pointed out, the high-density electron 
gas is analogous to a metal, and the low-density case 
to a nonmetal. Therefore, in going from low to high 
density, it is reasonable to expect one or more transitions 
corresponding to the change from nonmetallic to 
metallic properties; i.e., the level which is the ground 
state at low density will be crossed by the lowest 
metallic band of energy levels. At the crossing there 
will, in effect, be a discontinuity in the slope of 
the energy-versus-density curve. Our assumption of 
“smoothness” implies that the discontinuity is small. 
In this regard, we follow the tacit assumption of Wigner 
and others who have attempted to evaluate the corre- 
lation energy by interpolation procedures. Within our 
present knowledge, this is the best assumption that we 
can make. 

For interpolating between high- and low-density 
results it is helpful to consider the kinetic and potential 
energy curves in addition to that for the total energy, 
as March has pointed out. If 7 is the expectation value 
for the kinetic energy and V that for the potential 
energy, the virial theorem can be used to derive the 
expressions 


(12) 
(13) 


Or EE / Or,, 

V =dr2E/r,0r.. 

It is to be noted from (13) that the first anharmonic 
term in (7) is entirely kinetic energy, whereas the 
zero-point energy is half kinetic and half potential. 
Also it is to be noted that (12) places a useful limit on 
some of the energy expressions; the minimum value of 
T for electrons is the Fermi energy, and therefore 
(—dr,E/dr,)— (2.21/r,7) 20. (14) 


If the expression (10) is used for the energy, one obtains 


0.0338 —0.0622 Inr, > 0. (15) 
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Fic. 2. Correlation energy versus r,. Upper and lower solid 
curves obtained from Eqs. (10) and (9). Dashed curve is the 
interpolated curve. , points obtained by adding the term 
—0.8r,-§ to (9). A, points obtained from Eq. (11) with C= —0.02 


7N. F. Mott, Phil. Mag. 6, 287 (1961 
8 N. H. March, Phys. Rev. 110, 604 (1958 
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Fic. 3. Kinetic part of the correlation energy versus r,. Upper 
and lower solid curves obtained from Eqs. (10) and (9). Dashed 
curve is the interpolated curve , points obtained by adding 

—0.8r-$ to (9 , points obtained from Eq. (11) with 


Because the inequality breaks down for r,>1.73 the 
energy expression (10), in the neighborhood of r,=1.73 
and beyond, cannot be a close approximation to the 
correct energy. Ferrell® has given a more restrictive 
condition by showing it is necessary that (dr,V/dr,) <0, 
which for (10) is violated for r,>1.05.! 

Following March we define the correlation kinetic 


and potential energies by 


and 


1-() 91697 


Ve=V 


9) and (10) and the dashed curves are our 


conception of the best interpolation between these two 


qs 


In Figs. 2, 3, and 4 the solid curves are obtained from 
Eas. 


expressions. Although some freedom exists in making 
the interpolation, this freedom is restricted by the 
ither than one curve, and 

V-. Further, all reason- 
have the feature, in 


necessity of fitting three r 
the requirement that Ec=T, 
able smooth interpolations the 
low-density range, that the interpolated curve falls 
above the solid line for Ec, and below it for Te and Vc. 
This is just the type of discrepancy which could be 
corrected by is a term 
in the energy, the corresponding termin T is — (n+1)ar 
and in V, (n+2)ar". For n<—2 the correction to E 
has the same sign as that for JT and the opposite sign 


higher order terms in (7). If ar,’ 


he desired qualitative behavior. 
Since the next term in (7) is ar,—' it is of interest to 
see if this term alone can explain the discrepancies in 
the low-density range of Figs. 2, 3, and 4. Such a term 
gives the ratios AT/AE=%, AV/AE=—}, and! by the 
choice a= —0.8 the three calculated curves of Figs. 2, 
3, and 4 can be made essentially to coincide (as shown 


as that for V, which is t 


Ferrell, Phys. Rev. Letters 1, 443 (1958 
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0.067 
—0.065 
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—0.074 
—0.072 


0.008 
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—0.086 
—0.081 


—0.085 
—0,090 
—0.099 
—0.094 


Present 
Wigner (corrected)!* 
Hubbard"! 


Noziéres and Pines" 


by the circles) with the interpolated curves between 
r,=6 and infinity. Thus strong evidence exists that the 
next term in (7) is —0.8r,-'. Also, agreement could be 
extended up 4 by choosing an r term; 
however, if the analysis were to be carried this far it 
urate evaluation 


to r 


would be desirable to have a more ai 
of E..... 

In regard to the high-de nsity region, our inte rpolated 
curves may be used to estimate the constant C in Eq. 
(11). If the value —0.02 is taken, the equation gives the 
points indicated by triangles in Figs. 2, 3, and 4. We 
that, if the high-density expansion 
1, and if DuBois’ value 
the 


predict, therefore, 
is rapidly converging 
for the r,|Inr, term is 
constant C in (11) will give the result C= 


near 7 
calculation of 
—(),02. 


magnitude of 


correct, a 
It will be noted from Fig. 2 that the 
the correlation energy we obtain in the intermediate 


region is 15 to 30% lower than previous estimates.! 
A comparison is given in Table I. The error in our 
results due to the use of a smooth interpolation is 
difficult to estimate. 


APPENDIX 


Herein we give some details of the calculation of the 


anharmonic contribution to the ground-state 


cubic 
energy. 

The gradient 
B(E,f,£’",s,s’,s") are carried out and Eq. (3 


operations expression for 


be omes 


V \(v,-M(f, T (V3° Vy V -M f,)) 


Mf, 


{(vo- 
—_ 


+-(Wy° Vo) V3° 
where 


M(=-v,5- 


n+~0 


n> 


é 


(Vie 


n+“ i 


Di jx(f) =5(9 7) (V7) 


For convenience we have written ¥;, V2, and vz instead 
of v(f,s5), v(f’,s’). and v(f’’.s’’), respectively. £, takes 


the values f, f’, and f”’, where f”’ f—f’+a reciprocal 


10T). Pines, in Solid-State Physics, edited by F. Seitz and D 
Turnbull (Academic Press, New York, 1955), Vol. 1, p. 367 

a]. Hubbard, Proc. Roy. Soc (London) A243, 336 (1958 

2 P. Noziéres and D. Pines, Phys. Rev. 111, 442 (1958 
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lattice vector. We now use the relation 


1 1 . 


=- ~f exp(—n?u)u“/?-Ddu, 
n! T(L, 2) 0 


and the Ewald transformation formula, 


> exp(— if-n—n?u) 


— 
n 


r\} r f \2 
= v(*) > exp| — “(b- ) | (A.5) 
u b u 24 


to obtain the following expression for the sums in 


Eqs. (A.2) and (A.3): 


il wut 
aa 1v.(*) ~¢ 4145 (X) 
rd/2 Ned 


) 
= "sa Za @ #-sou-x2) | (A.6) 


ni) 


where 


L r f 2 
om(y) f B™e-fudpB, x= (»- ). = = 
1 T 2r 


V» is the volume of the unit cell in the space reciprocal 
to n, the b are the reciprocal lattice vectors, and r is a 
convergence parameter. 

When Eq. (A.6) is substituted into Eqs. (A.2) and 
(A.3), and the gradient operations are performed, the 
following expressions are obtained: 


T? r\ f 
[0 x6-Dew 
r(3) T b 2r 


—>n sin(f-m)6,(«) | (A.7) 


no 


, f 
> b— Jae | 
2r/ ; 


+ >> nnn, sin(&-moy(s) | (A.8) 


n+<0 


Further simplification is obtained by use of the recur- 
rence relations for the ¢,’s, 


nm 
do( Vv) +—dOm i(v), 


V 


dm(y) 


ELECTRON GAS 

and the value of 7 is chosen to give rapid convergence 
of both the direct and reciprocal lattice sums. With 
the value r=72?/16 it was necessary to use only the 
first six vectors n in the bcc lattice sum and the first 
two vectors b in the fcc lattice sum. The final expres- 
sions for the M’s and the D’s are then given by 


w\® 1 $4 (110) f 
M(f)- -( ) | > (»- )e 1(x) 
47 T(8) lari b=t000) 2r 


[400] 
— > nsin(f ni] oe?) (14 


n= [111] 


> 


3 
-¢ (2) . (A.9) 


(A.10) 














Fic. 4. Potential part of the correlation energy versus 1r,. 
Upper and lower solid curves obtained from Eqs. (10) and (9). 
Dashed curve is the interpolated curve. O, points obtained by 
adding the term —08r,-' to (9). A, points obtained from Eq. 
(11) with C 0.02 
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rase IIL. Table of the lattice sums defined by Eqs. (A.2) and (A.3) in the Appendix 

f Vf M, M, Ries Dx Bia Dia Bou Dias Bs p.. } ) oe i. 
[110] 0.484 0.484 0 1.404 1.404 0 0.415 0.601 0.415 0.601 0 0 0 
[200] 0.705 0 0 1.616 0 0 0.954 0.954 0 0 0 0 0 
[211] 0.548 0.268 0.268 1.426 0.907 0.907 0.656 0.656 0.142 0.293 0.142 0.293 —0.170 
[220] 0.437 0.437 0 1.242 1.242 0 0.338 0.603 0.338 0.603 0 0 0 
[222] 0.298 0.298 0.298 0.968 0.968 0.968 0.260 0.260 0.260 0.260 0.260 0.260 —0.389 
310] 0.565 0.170 0 1.119 0.660 0 0.820 0.887 0.015 0.203 0 0 0 
[321] 0.384 0.235 0.122 0.899 0.846 0.526 0.456 0.566 0.060 0.271 0.008 0.076 0.258 
[330] 0.244 0.244 0 0.684 0.684 0 0.173 0.362 0.173 0.362 0 0 0 
[332] 0.176 0.176 0.127 0.563 0.563 0.593 0.128 0.191 0.128 0.191 0.020 0.020 0.532 
[400 ] 0.481 0 0 0.617 0 0 0.894 0.894 0 0 0 0 0 
411 0.400 0.070 0.070 0.545 O411 O411 0.728 0.728 —0,093 0.032 0.093 0.032 0.138 
[420] 0.326 0.102 0 0.462 0.580 0 0.550 0.617 —0.135 0.064 0 0 0 
[422] 0.222 0.084 0.084 0.337 0.518 0.518 0.388 0.388 —0.094 —0.003 0.094 —0.003 -0.434 
[431] 0.157 0.067 0.052 0.239 0.385 0.341 0.251 0.295 —0.080 0.030 0.050 0.032 0.304 
[433] 0.062 0.051 0.051 0.101 0.331 0.33 0.105 0.105 0.047 — 0.030 0.047 0.030 ~0.697 
[440 ] 0 0 0 0 0 0 0 0 0 0 0 0 0 
[442] 0 0 0.068 0 0 0.458 0 0 0 0 0.059 0.059 0.584 
[444] 0 0 0 0 0 0 0 0 0 0 0 0 0.800 
[510 0.297 0.003 0 0.126 0.273 0 0.679 0.681 0.171 —0.085 0 0 0 
[521] 0.191 0.016 0.013 0.009 0.348 0.274 0479 0470 —0.261 -0.168 0.122 0.085 0.210 
[530] 0.085 —0.085 0 0.147 0.147 0 0.314 0.258 —0.314 —0.258 0 0 0 
[532] 0.048 —0.048 0.030 —0.182 0.182 0.397 0.224 0.197 -—0.224 —0.197 0.123 0.123 0.497 
[600] 0.194 0 0 —0.096 0 0 0.533 0.533 0 0 0 0 0 
[611 0.155 0.040 —0.040 —O0.141 0.188 0.188 0.458 0458 —0.208 0.181 0.208 0.181 0.085 
620 0.115 -0.115 0 —0.198 0.198 0 0.408 0.363 —0408 —0.363 0 0 0 
[622] 0.062 -—0.062 —0.062 —0.261 0.261 0.261 0.285 0.285 —0.285 —0.285 0.285 0.285 0.289 
710) 0.077 —0.077 0 —0.135 0.135 0 0.265 0.256 0.265 0.256 8) 0 0 
800 ] 0 0 0 0 0 0 0 0 0 0 0 0 0 
where ” 3 B= {022032 vi-M(1)+201.M.(1)—1.D, “eS oem 
goly=e%/y, ba(y)=—E(—y), —04,Dy2:]+02y03yf Vie M(1)4+201,M (1) —tieDavy 
r\} 7 = yDyyy—?izeDyy2 472220320 V1 M (1) +201.M.(1 
a () L1—@(y") J (4.11) —7,,D,..—11,D,:,—11-D + (to ,03,+1 Vi, 
2 + 01M e— sD ecy—ViyDayy— 12D zy2) + 
— : +-13,022)(diyM +01.M y— VieDey2—ViyDyys 
&(y?)=—_— f exp(—a’)da, 
Vr —012Dy22) + (Vot32+032022) (01-M2+01.M 
—12D,2:—11,Dry:—11:Dz::)} +cyclic permutation 

Ei(—y) being the exponential integral. The values of the indices 1.2, and 3. (A:12 


obtained for M(f) and D(f) are given in Table II. 
The program was further simplified by writing Eq. 
A.1) in the form 


Thus it was necessary to state only one of these permu- 
tations, say {231}, explicitly. 
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The pressure dependence of the Hall constant of the five alkali metals has been measured to 15 000 kg/cm? 
at room temperature. The purpose of the measurements was to investigate the effect of lattice constant on 
the warping of the Fermi surface. The Hall constant R is written as 1/Necn*, where N is the number of 
carriers/cc and n* expresses the deviation from the free electron value of the Hall constant. In all the alkalis 
except cesium, m* decreases monotonically with increasing pressure; the decreases range from 5% in 15 000 
kg/cm? for lithium to 8% in 15 000 kg/cm? for rubidium. In the case of cesium, m* passes through a minimum 
at 5000 kg/cm? and rises to a value of 1.2 at 15 000 kg/cm?. The change of n* between room and liquid nitro 
gen temperatures was measured and is less than 3¢ for all the alkalis except lithium. In lithium, n* decreases 
about 25% between room and liquid nitrogen temperature. The sign of the pressure dependence of n*, as 
well as its magnitude, can be reconciled with recent band structure calculations by Ham only if highly 
anisotropic scattering times are considered. The pressure results are explained in a semiquantitative manner 
using a scattering time, 7, that varies by a factor of 3 over the Fermi surface. Consideration of the factors 
determining the scattering time indicates the both umklapp processes and the large elastic anisotropy of the 
alkalis contribute to the anisotropy of 7. A crude calculation shows that the present results can be explained 





by the effects of umklapp processes alone. 


HE Fermi surface in metals has recently been ex- 
tensively investigated, theoretically and experi- 
mentally. The alkali metals are of special interest, for 
they are expected to conform closely to a free electron 
picture, in which the electron energy, is proportional 
to the square of the electron wave number &, and in 
which the Fermi surface is consequently a sphere in k 
space. Furthermore, there have been some calculations 
which allow the shape of the Fermi surface to be de- 
duced. The recent calculations by Ham! of the band 
structure of the alkali metals are of particular impor- 
tance for several reasons. They provide curves of E vs 
k for the three principal directions in k space and allow 
the deduction of an approximate shape for the Fermi 
surface. They are made for the entire alkali series, using 
the same method in each case, and should give a quali- 
tative picture of the change in the shape of the Fermi 
surface as one progresses through the series. They have 
been carried out for several values of lattice constant 
and provide a guide to how the Fermi surface should 
change under pressure. 

Despite the fact that there has been considerable 
progress made in experimental techniques for studying 
the Fermi surface, the methods that proved very suc- 
cessful in investigating the noble metals, de Haas-van 
Alphen measurements using pulsed magnetic fields? and 
measurements of acoustic attenuation in magnetic 
fields,* have not been applied to the alkali metals. This 
is in large part because of the difficulty of growing and 
handling single crystals of these very reactive metals. 

Since these techniques for determining the shape of 
the Fermi surface are quite difficult, one can attempt 

* Supported by the Office of Naval Research. 

t Present address Raytheon Research Division, 
Massachusetts. 

' Frank S. Ham, Proceedings of the Fermi Surface Conference 
(John Wiley & Sons, Inc., New York, 1960), p. 9. 

2D. Shoenberg, Phil. Mag. 5, 105 (1960). 


3 R. W. Morse, A. Myers, and C. T. Walker, Phys. Rev. Letters 
4, 605 (1960). 


Waltham, 


/ 


. 


to glean some information from measurements of the 
transport properties. In particular, it would be interest- 
ing to make such measurements as a function of lattice 
constant by performing them under pressure. The 
alkalis are particularly attractive for such measure- 
ments, since they are highly compressible; the linear 
contraction of potassium, for example, is 9% in 15 000 
kg/cm. In order to take advantage of the pressures 
available in the laboratory, the experiment should be 
done at room or liquid nitrogen temperatures, since at 
liquid helium temperature the pressure transmitting 
fluid would freeze at relatively low pressures. 

The simplest transport property to measure is the 
conductivity; Bridgman has measured the resistance 
of all tive alkali metals as a function of pressure.*~® For 
a metal having a spherical Fermi surface the conduc- 
tivity, o, is given by 
(1) 


o=Ne*r/m"*, 


N is the number of electrons/cc, e is the elec- 
tronic charge, 7 is an isotropic scattering time, and m* 
an effective mass. 

lor a nonspherical Fermi surface this expression is 
multiplied by a factor that depends upon the distortion 
of the surface. Olson and Rodriguez’ give this factor for 
a particular type of warping. Since the conductivity 
depends upon the magnitude of the scattering time and 
upon the effective mass, both of which may have strong 
pressure dependences, Bridgman’s data are difficult to 
interpret. Furthermore, since more detailed study shows 
the conductivity is relatively insensitive to distortion 
of the Fermi surface, these data are not useful for study- 
ing the pressure dependence of the surface. 

On the other hand the expressions for the magneto- 


where 


‘P. W. Bridgman, Phys. Rev. 27, 68 (1926). 


5 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 72, 176 (1938). 
6 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 81, 184 (1952). 
7 R. Olson and S. Rodriguez, Phys. Rev. 108, 1212 (1957). 
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resistance of a metal with a warped Fermi surface ob- 
tained by Olson and Rodriguez show that this property 
is quite sensitive to the shape of the surface. Unfor- 
tunately the size of the magnetoresistance effect de- 
pends on the square of the mobility and becomes ex- 
tremely small at room temperature. Measurements by 
Kapitza* on sodium and lithium using pulsed magnetic 
fields of 300 kgauss at room temperature showed re- 
sistance changes of less than 2%; since the effect goes 
as the square of the magnetic field ordinary dc magnetic 
fields of 10 kgauss would produce resistance changes of 
0.002%, too small to be useful. 

The Hall effect is another transport property that can 
be studied. The Hall constant, R, is defined by 


E=RJH, (2) 


where £ is the electric field in the y direction produced 
in a sample in which a current of density J flows along 
the x direction and which is subject to a magnetic field 
H along the z direction. The Hall constant, in units of 
(volt-cm)/(ampere-gauss), may be written as 


R=1/Necn*, (3) 


where c is the velocity of light in cm/sec and n*, which 
we shall refer to as electrons/atom, is a factor which is 
unity if the expression for R is derived for the case of 
free electrons or for any spherical Fermi surface. More 
accurate treatments of the Hall effect involve solving 
the Boltzmann transport equation for specific forms of 
the energy, E(k), and the scattering time r(k). The 
Hall constant is then given as the quotient of two inte- 
grals involving the scattering time and energy deriva- 
tives taken over the Fermi surface’; n* is then obtained 
as a factor which depends only on the anisotropy of 
7(k) and E(k), and is independent of the magnitude of r. 

Cooper and Raimes have carried out such a calcula- 
tion for the case of anisotropic scattering times and 
warped Fermi surfaces that are described by Kubic 
harmonics." They express the length of the wave 
vector of an electron on the Fermi surface as: 


k=kol1+A¥ 4(0,6)+A1V 6(6,6) ]. (+4) 
Similarly they write 


Ok _ 
— =hko'[1+BY 4(0,6)+Bi¥ 6(0,6)]; (5) 
0 F ~ E=Ef 


the derivative is taken at the Fermi energy E;. The 
scattering time is also expanded in Kubic harmonics; 


r=r(1+CY, 6.6) +C 1V'6(0,0) J. 6) 


The Kubic harmonics ¥'4(6,6) and Y4(@,¢) are combina- 
tions of spherical harmonics having cubic symmetry ; 


* P. Kapitza, Proc. Roy. Soc. (London) A123, 292 (1929). 

°A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1953), p. 226 

‘© J. R. A. Cooper and S. Raimes, Phil. Mag. 4, 145 

J. R. A. Cooper and S. Raimes, Phil. Mag. 4, 1149 
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they are given by” 


71) 


Y 4(0,6) =5/2(a‘+y'+2'— 3/5), (7) 
and 

Y 6(0,o) = 231/2 (a? yx? — ¥4(0,6)/55—1/105), (8) 
where x=sin@ cos¢, y=sin@ sing and cos#. In the 
principal directions the values of the Kubic harmonics 

are: 
¥,4(100) = 1, 
¥.(100) =1, 


Y ,(110)=1/4, 
Y.(110) 


¥,4(111)= —2/3, 
V6(111)= 16/9. 
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By evaluating the expression for the Hall constant with 
the above forms for the scattering time and the constant 
energy surfaces Cooper and Raimes obtain an expres- 
sion for n*; 


n* =1+4/21[942— 184 (C— B)—(C—B)?] 

+8 13[204 2 10.4, C, B, .. B, , (9 
As expected, n* is unity for sperical surfaces and iso- 
tropic scattering times. 

Except for the direct volume dependence of .V, the 
pressure dependence of R comes from n*. 
n* reflect changes in the anisotropy of the Fermi surface 
and/or the anisotropy of the scattering time. If a meas- 
urement of the pressure dependence of the Hall constant 


Changes in 


is performed in the impurity scattering range, where 
the anisotropy of the scattering time is directly related 
only to the anisotropy of the Fermi surface, the results 
of the measurement can be interpreted in terms of 
changes of the anisotropy of the Fermi surface alone; 
in a room temperature measurement lattice s¢ attering 
is dominant and the possibility of anisotropy in the 
scattering time arising from the elastic anisotropy of 
the crystal must be considered. 

In addition to sensitivity of the Hall effect to the 
anisotropy of the Fermi surface and of the scattering 
time there are some experimental advantages to such a 
measurement. It can be performed at room tempera- 
ture, single crystal samples are not necessary, and since 
the scattering is dominated by the lattice small amounts 
of impurities are not important. 


EXPERIMENTAL 


The electrical measurements were performed with a 
de system using a Rubicon No. 2767 wv potentiometer 
with a galvanometer amplifier as a detector. The gal- 
vanometer amplifier employed a simple optical system 
to focus the light reflected by the mirror of the primary 
galvanometer onto two selenium photocells which were 
connected so that their voltages opposed. The output 
of the pair fed a secondary galvanometer. The gal 
vanometer amplifier had a sensitivity of 10-5 v/mm 

“iia 
(1947). 

'8The experimental setup is described in 
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greater detail in 


Technical Report HP-6, Gordon McKay Laboratory, Harvard 
University, Cambridge, Massachusetts 
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PRESSURE 
secondary galvanometer deflection, making it possible 
to resolve 10~* v. The sample current was 3 amp. The 
magnet was of laboratory design, with 7-in. pole pieces 
and a 2-in. gap. After initial checks on the linearity of 
Hall voltage vs magnetic field, all measurements were 
made by reversing a fixed field of 6310 gauss. 

The samples were placed in a beryllium-copper bomb, 
which was connected by }-in. flexible stainless steel 
tubing to the piston and cylinder arrangement used to 
generate the pressure. The bomb has been described in 
sufficient detail elsewhere."* The electrical leads were 
brought out through a four terminal plug of beryllium 
copper. The pressure was determined by measuring 
with a bridge the change of resistance of a manganin 
coil, which was calibrated by assuming the freezing 
pressure of Hg at O°C to be 7640 kg/cm?. Pentane was 
used as the pressure transmitting fluid. 

Sample preparation and handling presented some 
difficulty, since the alkali metals are highly reactive. 
The usual technique for making and preserving alkali 
metal samples for electrical measurements is to freeze 
the metal in glass capillaries or ampules. This is not 
suitable for measurements under pressure because the 
effect of the glass is to generate nonhydrostatic strains 
in the sample. The sample holder finally developed, 
shown in Fig. 1, incorporates several compromises. In 
order to expose the metal to the pressure fluid we had 
to tolerate some surface oxidation. While it is desirable 
to have the sample completely free to contract under 
pressure, it was necessary to constrain it somewhat in 
order to make reliable contacts and to keep the sample 
orientation fixed. The relatively small hysteresis found 
in curves of Hall voltage vs pressure, of the order of 
1°7, and the agreement of the pressure dependence of 
the resistance of rubidium with the data of Bridgman 
on free samples to at least 10%, indicates that the 
sample is behaving as if it were unconstrained. 

The samples of lithium, sodium, and potassium were 
formed under Deo Base, a light mineral oil, by rolling 

sheet of the metal to a thickness ranging from 0.007 
in. to 0.050 in. and trimming it to the shape shown 
while it was on the sample holder. In the case of 
rubidium and cesium, it was necessary to cool the oil 
to approximately 5°C in order to reduce the oxidation 
rate and, in the case of cesium, to prevent melting. The 
Deo Base and the pentane pressure transmitting fluid 
were purified by reacting them with alkali chips and 
globules of molten sodium-potassium alloy. 

The lithium, from Fairmount Chemical Company, 
ind the potassium from Mallinckrodt Chemical Com- 
pany, were cleaned by heating to above the melting 
point under forepump vacuum. The sodium, from 
Merck and Company, was cleaned by melting under 
oil. The object of the cleaning process was to produce 
macroscopically homogeneous specimens, not to remove 
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Fic. 1. Sample holder and sample. 


impurities which were found not to be important in the 
lattice scattering range, as would be expected. The 
rubidium and cesium were obtained from MacKay and 
from Fairmount Chemical; they had already been dis- 
tilled into glass vials and no attempt was made to clean 
them further. 

Although the primary interest was in relative changes 
of the Hall constant, thickness measurements were 
made on lithium, sodium, and potassium using a 
(0.001-in. dial comparator with an accuracy of 0.001 in. 

Temperature measurements on lithium per- 
formed using a sample holder similar to that used in the 
pressure experiments. The sample holder and an asso- 
ciated heater were enclosed in a glass tube filled with 


were 


helium exchange gas and the entire assembly was 
placed in a nitrogen Dewar; temperatures below 77°K 
were obtained by pumping on the liquid nitrogen and 
measured 
Rubidium and cesium were protected from accidental 


using a copper-constantan thermocouple. 
exposure to air by enclosing the sample holder in a 


formica tube filled with mineral oil. 


RESULTS 


Figure 2 shows the results of the pressure measure- 
ments on typical samples of lithium, sodium, and 
rubidium, in terms of the normalized Hall voltage at 
fixed field Vy vs pressure. As an indication of the kind 
of reproducibility achieved, in a total of five runs on 
two different samples of rubidium the decrease in Vy 
in 15 000 kg/cm? was between 12% and 13°% for four 
of the runs and 9° in the fifth run. 
the results on the other 


In contrast to pressure 


alkalis, the results for different potassium samples did 
not agree. Figure 3 indicates this difference and the 
approximate range of the value of Vy at 15 000 kg/cm’. 
The resistance vs pressure curve for potassium was 
anomalous insofar as it consistently differed from the 
data of Bridgman.® Our value of 0.4 for the normalized 
resistance at 15000 kg/cm? is in sharp disagreement 
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Fic. 2. Normalized Hall voltage vs pressure for lithium, 
sodium, and rubidium. 


with Bridgman’s value of 0.22. Because we suspected 
that our sample holder might be acting as a constraint 
we repeated Bridgman’s experiment, which used a free 
wire of potassium. Although difficulties with the con- 
tacts caused sample current fluctuations and made it 
impossible to get accurate curves, the value of the 
normalized 15000 kg/cm’, 0.4, 
confirmed. 


resistance at was 


Figure 4 shows a typical Hall voltage curve for 
cesium; this measurement was made at approximately 
14°C. The reproducibility was good; the value of 
Vy at 15 000 kg/cm? was between 0.61 and 0.64 for six 
runs on two different samples. 
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Fic. 3. Normalized Hall voltage vs pressure for two 
different potassium samples. 
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Fic. 4. Normalized Hall voltage vs pressure for cesium 


Since the Hall voltage is 


V y= RHI/t=HI1/Necn'*t, (10) 


where / is the thickness of the sample and J the sample 
current two dimensional corrections must be applied 


to obtain n*. These give 


n*=V(P)/Vin(P)UP), (11) 
where {(P) is the thickness as a function of pressure 
and V(P) the volume. V(0)=/(0)=1. 
V(P) and ¢(P) are obtained from 
pressibility data.!° n* was arbitrarily normalized to 
unity at atmospheric pressure. The resulting curves of 
n* vs pressure for the alkalis are shown in Figs. 5 and 6. 


The values of 
Bridgman’s com- 








Fic. 5. n*, normalized electrons/atom vs pressure for lithium, 


sodium, potassium, and rubidium 


16 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 70, 93 (1935 
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6. n*, normalized electrons/atom vs pressure for cesium 


The curves for lithium and sodium, where the pressure 
effect was both small and linear, were computed from 
the average of the least square slopes of Vy vs pressure 
for two lithium samples and four sodium samples. The 
curves for potassium, rubidium, and cesium were ob- 
tained from the values of Vy read from curves for 
specific samples which, except for potassium, were well 
reproducible. Since we were interested in fitting the 
shape of the 2* vs pressure curve the extra precision to 
be gained by doing a least squares fit of all the data to 
a quadratic curve was not needed. 

Figure 7 shows n* vs temperature for lithium. The 
values of n* are computed from the measured values of 
V7 using Bridgman’s® values of the thermal expansion. 
Table I shows the values of Vw and n* at room and 
liquid nitrogen temperatures for sodium, potassium, 
rubidium, and cesium; x* is not given for cesium 
because no value of the thermal expansion coefficient 
is available. 

In the course of interpreting the results we become 
interested in the absolute value of m*; in particular we 
noticed that the literature values of the Hall constant 














a * . oe . sje , 
. n*, normalized electrons/atoms vs 
temperature for lithium. 
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TABLE I. Hall voltages of four alkali metals at room 
and liquid nitrogen temperatures. 


Vu 


n 
Metal Temp. Normalized Normalized 


1.000 
0.973 
1.000 
0.971 
1.000 
0.981 
1.000 
1.000 


Cesium 


1.00 
1.00 
1.00 
0.98 


1.00 
0.97 


Rubidium 
Potassium 


Sodium 


for sodium and potassium'® gave n* greater than unity. 
As we expected, for reasons that will be given in the 
discussion, that * should be less than unity we de- 
cided to compute the absolute value of the Hall constant 
from our data where possible. Figure 8 shows 2Vq vs 
the reciprocal of sample thickness for sodium, lithium, 
and potassium; the slopes of these plots were used to 
obtain the Hall constants. Table II lists the values of 
R and n* obtained, along with values of R calculated 
on a free electron basis and values of n* calculated from 
published data on lithium,'? rubidium,'’ and cesium.'® 

The electrical portion of the measurement is accurate 
to better than 2, since the accuracy of the voltage 
measurement is about 1% and the current and mag- 
field measurements are each accurate to better 
The thickness measurement, accurate to 
0,001 in., gives a 10%% error on (0.010 in.) samples and 
an error of less than 5°% on the thicker (0.020 in. to 
0.050 in.) samples. Since the latter were favored in 


netic 
‘ 1¢ 
than 3%. 


fitting straight lines to the points shown in Fig. 8, we 
estimate the error due to the thickness measurement Is 
5%. The over-all accuracy of the measurement is 7%. 
The accuracy of the previous Hall measurements is 
given as 6% for sodium and 5% for potassium,'® so that 


the disagreement falls outside of experimental error. 


ras e II. Hall constants of the alkali metals. 


Li Na K Rb Cs 


Reatc. X 108 13.5 


volt-cm 


24.5 46.5 


amp-gauss 


Rexyp X 10" 


volt-cm 


amp-gauss 


Nexp” 87 0.95 


n* from literature 7 7 1.11 0.94 0.98 


values of R 


16, J. Studer and W. D. Williams, Phys. Rev. 47, 291 (1935). 

7 A. y. Ettingshausen and W. Nernst, Ann. Physik 29, 343 
(1886) 

18 FE. Krautz, Z. Naturforsch. 5a, 13 (1958) 





ravUt., 





























8. 2VH vs reciprocal thickness for sodium, 
lithium, and potassium. 


DISCUSSION 


The results of the pressure measurements show two 
important features. First, for the elements lithium, 
sodium, potassium, and rubidium the value of n* de- 
creases as the pressure increases. Second, in cesium n* 
goes through a minimum as the pressure increases. 

Equation (9) for n* contains too many parameters 
to allow any conclusions to be drawn from the experi- 
mental data alone. However the computations of Ham 
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can be used to obtain those parameters which describi 
the warping of the Fermi surface as a function of pres 
sure; we shall see that not even the direction of the 
experimental effect can be explained on the basis of a 
pressure dependent warping of the Fermi surface alone 
and that the 
anisotropic. 


scattering time must also be highly 


Ham’s data give electron energy vs ka, 27, where a 
is the lattice constant, for the [100 ; [110 , and [111 
directions. If the Fermi energy is known, t] 
the & vector to the Fermi surface 


1€ length ol 
obtained for 
the three principal directions and Eq. (4) used to 
compute ky, A, and A;. The Fermi energy may be ob 
tained from the requirement that t 
enclosed by the Fermi surface contain exac 


can be 


he volume in k space 
tly one elec- 
tronic state per atom. Using an expression for the 


] 


volume enclosed by a surface of the form given by 


Eq. (4) one can show that for the values of the warping 


coefficients encountered in the alkalis the enclosed 


volume is, to better than 2%, just that of a sphere of 
radius ky. The condition on the « 


the requirement 


nclosed volume vields 


kya/24r=0.62. 12 


The Fermi energy was obtained simply by picking an 
energy for which the computed value of k 
Eq. (12)..The results of this procedure art 
Table III along with the values of a/ 
principal directions; the last figure on the values of A 
and A, is not justified by the precision of the 


satisfied 
given in 


three 


2m for the 
fit but is 
changes in the 
warping parameters. In Table IV we give the warping 
parameters for lattice constants corresponding to at- 
mospheric pressure and to 15 000 kg/cm’, as obtained 
by a linear interpolation using the data in Table III. 


given to avoid obscuring some of the 


The coefficients B and B, are 
and A, but depend upon through some rather 
cumbersome algebraic expressions. Table III 
that the & vectors for the [100] and [111 


not independent of A 
+} 

tnem 
shows 


directions 


TABLE III. Warping parameters for alk 
from data of Ham 


puted 


a ak; akito 
atomic 
units 2r 2r rt 1 1 


Metal 


Li 8.11 
6.65 

5.34 

Na 10.04 
8.11} 

6.65 

K 11.46 
10.05 

8.11 

Rb 12.57 
10.74 

9.05 

13.35 

11.46 

10.04 


0.623 
0.634 
0.665 


0.005 
0.011 
0.037 


0.613 
0.607 


0.575 


0.613 
0.613 
0.590 


0.002 
0.011 
0.031 


No anisotropy 


0.625 
0.620 
0.585 
0.611 
0.605 
0.560 
0.600 
0.580 
0.495 


0.640 
0.620 
0.675 
0.629 
0.627 
0.680 
0.655 
0.670 
0.655 


0.625 0.003 0.007 
0.620 0 0 

0.575 0.013 0.049 
0.004 0.009 
0.005 0.011 
0.028 0.061 
0.013 0.027 
0.021 0.045 
0.041 0.088 


0.611 
0.605 
0.560 
0.600 
0.580 
0.495 
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are usally equal; in this case Eq. (4) leads to the con- 
dition A=0.47A,;. We used this relation to compute 
B and B, for values of A; between 0.00 and —0.08; 
the result can be expressed as 


?>2 


B/A 1:=3.3—60A,, for A,<0. (13) 


Before attempting to fit the curves of n* vs pressure 
it is useful to notice that the terms arising from the 
sixth order Kubic harmonics dominate the expression 
for n*, Eq. (9); if C=0 and | A <0,03 the terms in A 
and B contribute only about 1% to n*. We can simplify 
the fitting of the data with no significant error by con- 
sidering only the contribution of terms in A;, Bi, and 
C, to n*; the expression for n* then becomes: 


n* = 14+12.3A 2—24.64 1(C,— B,)—0.615(C,— B, 


(14) 


[Examination of this expression together with Eq. (13 
and Table IV shows that if the scattering time is taken 
to be isotropic, that is if C;:=0, the predicted change in 
n* will be an increase as the pressure increases. In order 
to obtain a decrease in n* with an increase in 4; a non 
zero Value of C, must be considered. In Fig. 9 we give 
some curves of n* vs A, obtained using Eqs. (13) and 
14) and various forms of Cy. C;= —0.3 and C,= —0.4 
represent the simplest nonzero C,’s whose magnitudes 
give values of »* at 4,;=0 that are in the same range as 
the observed values. The other forms of C, were chosen 
because they give a steeper initial slope of the n* 
1; curve. 


Vs 


The experimental data can be semi-quantitatively 
fitted using non-zero C,’s of the form shown in Fig. 9; 
that is the change in n* produced by changes in A, of 
the magnitude indicated in Table IV is consistent with 
the size of the observed effect. Furthermore the value of 
n* passes through a minimum and then rises rapidly ; 
no additional assumptions need be introduced to 
account for the observed minimum of n* in cesium. 
However a quantitative fit does not seem feasible at 
this stage; some theoretical guidance as to the form of 
C, is needed. It is perhaps worth noting that while the 
consideration of nonzero C;’s was forced upon us by the 


direction of the change in n*, it is also needed to account 


rasie LV. Warping parameters of alkali metals at two pressure 
computed from data of Ham. 


a 
atomic 
units A A, 


Pressure 
kg/cm? 
1 6.64 
15 000 6.42 
1 9.85 
15 000 9.00 
1 10.64 
15 000 
I 11.44 
15 OVO 10.01 


0.011 
—0.015 
-0.001 
0.007 
0.006 
0.021 
0.021 
0.041 


—0.011 
0.015 
-0.003 
0.026 
0.015 
0.047 
0.045 
0.088 
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values 


for the magnitude of the in sodium and 


lithium, where the predicted change in 4, is small. 


change in n 


Several difficulties with the fit should be considered. 
Ham’s data, in Table LV, indicate the warping in sodium 
pressure and at 15 000 
making it impossible to attribute the change 
to the pressure dependence of 


is zero both at atmospheri 
kg/cm’, 
in n* A,. However the 


existance of a low temperature magnetoresistance in 


sodium implies that there is a small anisotropy of the 
Fermi surface although this effect might conceivably 


be connected with the martensitic transition that 
sodium undergoes above hydrogen temperature or with 
anisotropic scattering times. If 4; is nonzero for sodium 
we expect it to change with pressure and if C; is large 
enough the observed effect could still be accounted for. 

The calculated change in A, for lithium is small 
(0.004) ; in order to account for the observed 5% change 
in n* we chose a value for C; of —0.4+54, to obtain 
a sufficiently steep initial slope on the n* vs A, curve. 
The value of n* for lithium at atmospheric pressure ob- 
tained from this curve is 0.78, in agreement with the 
fact that the absolute value of n* for lithium is sub- 
(Table II). By contrast the 
absolute values of m* are much closer to unity for the 
other alkalis; this suggests that the value of C, for 
lithium should be different from that for the other 
alkalis. 

In order to account for the observed minimum in n* 
for cesium it is necessary to postulate that the at- 
mospheric pressure value for 4, is approximately —0.02 
indicating considerably less warping than Ham’s cal- 
culations, which give —0.045. With this assumption 
about A,, the cesium data can be explained by the curve 
for Cy 0.3+4.5 A. If one accepts Ham’s value of 
1, 0.045 the curve for C; 0.44-5 A, will produce 
a minimum in n* with further warping, but this curve 
also implies an unreasonably low value of n* at 


stantially less than one 


at- 
mospheric pressure (0.6). Alternatively, since the work 
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of Ham indicates that the Fermi surface nearly touches 
the zone boundary, it is possible that the drastic change 
in the behavior of n* vs pressure is due to the beginning 
of contact with the zone face. 

Another result of anisotropic scattering times is that 
the values of n* for 4,;=0 are always less than one. As 
Ham’s calculations indicate the Fermi surface for 
sodium is spherical the value n*=1.17 obtained from 
previous measurements'® seems unreasonable, as does 
the value for n*=1.11 for potassium. If we accept our 
values for sodium and potassium, the atmospheric pres- 
sure value of n* is less than one for all the alkalis; the 
proposed explanation for this is the existence of a non- 
zero C). 

The pressure data and the changes in the warping 
parameter 4, obtained from Ham’s calculation agree 
semiquantitatively if we consider anisotropic scattering 
times with values of C,; of about —0.3. We shall indicate 
possible sources of the proposed anisotropy and make 
an estimate of its order of magnitude. 

Mott and Jones * have obtained an expression for an 
isotropic scattering time assuming a spherical Fermi 
surface and isotropic transition probabilities; that is 
P,x'dS’, the probability per unit time of an electron 
making a transition between two states k and k’ both 
lying on the same constant energy surface is assumed to 
be independent of the original state k and to be a func- 
tion of the angle 8 between & and &’ only. dS’ is an ele- 
ment of area on a constant energy surface about the 
state k’. If we follow their derivation and let the electric 
field ( axis) lie along the direction k for which we wish 
to compute r(k), but do not assume isotropic scattering 
times or isotropic transition probabilities we obtain: 


1 cosér(k’) 
-{ 1—— P,,’dS’. 
r(k) Fermi ; r(k) 


sphere 


(15) 


Since Eq. (15) is an integral equation for 7(k} we shall 
set r(k’)/7(k)=1 inside the integral in order to estimate 
the anisotropy of 7(k). This may be regarded as the 
first step of an iteration procedure for finding +. With 
this assumption Eq. (15) can be written as 


1 ‘ ms 
=i? f is f [1—cosé | 
r(k 


@ is the angle between the plane of k and k’ and the 
cx plane and k, the radius of the Fermi sphere. 
These limits on 6 and ¢, rather than the more con- 
ventional ones in which 4 goes from 0 to x and @ from 
are chosen because of the possibility that 
Py (0)4 Px.¢(—9). This possibility arises because for 
an arbitrary direction of & the section of the phonon 
Brillouin zone centered on the tip of the k vector is not 


sind Py 4(9)d6; (16) 


0 to 2x, 


iN. F 
ind illoys 


M tt and H Jones 7 eory i the Properties 
Dover Publications, New York, 1958), p. 259 


Vetal 
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symmetrical about the line 6=0. The absolute value 
sign on sin@ is used because of the limits on @ and @. 
Perturbation theory gives 


1 
P, .(0)= (17) 
4h |ViE 
where U,,’ is the matrix element of the perturbing 
potential U taken between the initial electron state 
y; and the final state y,’; unit crystal volume is assumed. 
Only the perturbation due to the lattice vibrations is 
considered, since these dominate the scattering of elec- 
trons at room temperature. We write 


U(r)=> Vir—-I— RD J—-V(r-1 


—>° R(D-VV (r-I (18) 


where V(r—I) is the contribution to the potential at r 
associated with the ion at lattice point | and R(I) is the 
displacement of the ion at 1. V(r—I) includes both the 
potential due to the ion core and to the electrons that 
shield the core. This is a refined “rigid ion’? model in 
which a neutralizing charge distribution which moves 
with the ion core has been introduced. 
The wave functions are written in the Bloch form 
vi. (r)=e 


k-ty.(r), (19) 


By changing the origin to the lattice point at I so that 
r’=r—I the matrix element may be written as 


Un =—> RW expl—i(k—k’)-1 


(r’)dr’. (20) 


Bailyn™® has computed the integral in Eq. (20) in a 
calculation that uses the Hartree-Fock equation for the 
electrons. In his notation 


[ 


“crystal 


where $=k—k’/|k—k’|. J denotes the contribution 
to the matrix element of the ion core alone and S denotes 
a shielding factor which includes the effect of the elec- 
tron cloud the the hole 
Normalizing factors have been dropped. 

If we now express the displacement R(I) in terms of 
lattice waves we have, 


Ve (rr) TV (r Wi (r’ dr’ = STIS], (21) 


about core and exchange 


R®)=-> .>.2 nile. nf ‘ )2) 


ant“ 4 


where é,,p is a unit vector which depends on q, the 
lattice vibration or phonon wave number and the po- 
20M. Bailyn, Phys 


Rev. 120, 381 (1960 
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larization p. aq is the amplitude of the vibration. Then 
Ure =—-L Dd expl—i(k—k’+q)-Dayp & é4,p° STIS]. 
eA Pp 
(23) 
The sum over I yields the condition 


k—k’+q=K, a reciprocal lattice vector, or=0, (24) 


and a value .V, the number of ions. Since k and k’ are 
specified and we have restricted q to the first Brillouin 
zone, q is specified and the sum over q reduces to a 
single term. a, is obtained from the matrix element for 
a phonon annihilation or creation operator and is given 


by 
- 1 
[Nq.p]} 
or 


LLi%ig.p +1]! 


annihilation 
h 
a = _ 
q.D : 
2NMwq.p 
creation, 


where M is the mass of the ion and w,,» the 
frequency of the phonon q.”! 

Rg.» the equilibrium number of phonons is given by 
the factor; 


angular 


Nap= (26) 


exp(hwg,p/ kT) — 7 


In the high temperature limit tw/kT<1 
becomes 


and dq.p 


h kT 73 B} 
ae . (27) 
NVwa.p 


dq p 


2N Muy, hws, 


The constants have been lumped into B; the 1/.\ 
cancels the .V from the sum in Eq. (23). 

Then by substituting Eq. (27) into Eq. (23) for U’;x’ 
and dropping the sum over p with the understanding 
that we will consider the polarization that gives the 
largest contribution to U’;.,.’ we obtain 


[ {7S} (0) P(éq,p°8)° 
P, 4(6)= (28) 
4h Vik Wap” 
When all the constants are included in D and Eq. (28) 
is substituted into Eq. (16) we obtain 


1 r 2r 
=D f dd f do 
7(k) 0 ( 


(1—cos6) | sind [{ JS} (6) P(éq, pS) 


xX 


(29) 
Wey” Vi E k’ 


We can now consider the sources of anisotropy in 
r(k). The density of states factor is, strictly speaking, 
isotropic since a spherical constant energy surface was 
assumed in obtaining Eq. (15). If Eq. (15) is. still 
valid for a Fermi surface, then 


assumed warped 


J. M. Ziman, Flectrons and Phonons 
Press, New York, 1960), p. 181 


(Oxford University 


DEPENDENC 


OF HALL CONSTANT 761 


TABLE V. Velocity of sound in potassium. Numerical values 
are for potassium in units of dynes/cm?X10-". 


Values of pc qe 


Direction of Direction of propagation 


polarization 110 
Longitudinal 
l'ransverse 


[001 


110 


1/\ViEé 
variation of this factor with direction can be estimated 
using Eq. (5); for a warping typical of the alkali metals, 
A,=—0.02, B= B,=—0.09, the value of the density 
of states factor varies by about +20% from its average 
value. This is a relatively weak weighting factor, com- 
pared with the effect of Wa 
We now write 


‘acts as a weighting factor in Eq. (29). The 


Wap €q pq, (30) 


and chose for ¢q,» the velocity of sound in the elastic 
limit (small q). 

Although this is incorrect for large g, we are only 
concerned with indicating the relative importance of 
the longitudinal and transverse branches of the phonon 
spectrum and of the different directions of the same 
branch. In Table V, we list expressions for the velocity 
of sound squared times the density for the three prin- 
cipal directions” and evaluate these expressions using 
the published values of the elastic constants for po- 
tassium.” The table indicates how bad the assumption 
of an elastically isotropic solid, usually made in com- 
puting 7, is for the alkali metals. Since ¢q,,? is sub- 
stantially larger for the longitudinal modes than for 
the transverse ones the contribution of the transverse 
phonons to the integral Eq. (29) is weighted more 
strongly than that of the longitudinal ones. Likewise 
certain transitions, namely those using [110] phonons 
polarized 110 will be weighted much more strongly than 
others. The anisotropy in the sound velocity is averaged 
in Eq. (29), since transitions from a given initial state 
k to those states for which the transition probability is 
large involve many different phonon directions. Since 
the angular terms in the integral Eq. (29) weight 
certain values of the scattering angle, 6, heavily and 
since the phonon direction for fixed @ depends on the 
initial state k we do not expect averaging to be com- 
plete, although we expect the anisotropy of 7(k) to be 
considerably less than that of ¢, 

Another source of anisotropy is the term 1/q? in 
Eq. (29). For a normal (V) process, in which K=0, 
q depends only on the angle @ between k and k’: how- 


D 


22 Jules de Launay, Solid-State Physic 
D. Turnbull (Academic Press, Inc., New 
3 American Institute of Physics Handbook 
Company, Inc., New York, 1957), pp. 3-81 


s, edited by F. Seitz and 
York, 1956), p. 267. 
(McGraw-Hill Book 
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ever for an umklapp (U.K.) process in which K#0, 
q depends not only on @, but also on the particular re- 
ciprocal lattice vector K used. The latter depends on 
the initial state k. 

Figure 10 shows a cross section of the Brillouin zone 
for a bee lattice, taken in a [001] plane. The circles 
are cross sections of the Fermi surface and the dashed 
square is a zone for phonons, centered on the state k. 
The U.K. processes are those for which the final state 
k’ lies on that portion of the circle centered at 0 which 
is outside the dashed square. The dependence of (q 
on the initial state k can be most easily seen by taking 
@= 180° and k first in the [100] and then in the [110] 
direction. For the latter direction q) is about } as large 
as for k in the [100]. 

Normal processes must use longitudinal phonons, at 
least for those directions in which a separation into 
longitudinal and transverse modes is possible, because 
the term é,, q and this is zero for a 
transverse mode. For a U.K. process § is not parallel to 
q and transverse phonons participate; indeed the small 
sound velocity for transverse phonons emphasizes those 
U.K. processes which use transverse phonons. 


-§ becomes €q »° 


We should like to obtain the anisotropy of r(k). To 
do this accurately one would need to choose a direction 
k, compute q, ¢,,,7, and é, , for a large number of points 
k’ on a Fermi sphere and evaluate Eq. (29). This is a 
major computational task; a simpler but considerably 
less accurate procedure is to consider only scattering 
in two dimensions and evaluate the @ integral in Eq. (29) 
for fixed ¢. Some of the loss of accuracy comes from the 
fact that for some & directions the @ integral depends 
strongly on the value of ¢ chosen. For example, if one 
chose k in the 110 direction and replaced the Brillouin 
zone for phonons by a sphere of equal volume, there is 
@ symmetry in the sense that q_ for fixed 6@ is inde- 
pendent of ¢, although c,., and é,,,-§ are not; on the 
other hand for k in a 111 direction this is not true. 


10. Cross sectior 


(001 } plane, of Brillouin 
zones for bec metal. 
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We estimated the anisotropy in r(k) by evaluating 


2* (1—cos@) | sin [ {JS} (0) Pde 
k= f 


q ° 


for & in the [100], [110], and [111 directions. This is 
a very crude procedure, which not only replaces the 
three dimensional integral in Eq. (29) by a two dimen- 
sional one, but also considers the velocity of sound, the 
polarization factor é,,,-§ and the density of states as 
constants. The calculation will underestimate the 
anisotropy in + since it ignores the anisotropy of the 
velocity of sound (Table V). 

We obtained the values of (JS)? from Bailyn*®; in 
Table VI we list his values of u*(J.S)? vs u=sin6/2 for 
potassium and lithium. Potassium was chosen as repre- 
sentative of all the alkalis except lithium, which differs 
from the others in that (JS)? goes through a zero. near 


TABLE VI. Scattering functions for K and Li using 
Bailyn’s values of «4(JS)*. 


JS . F@ F(@ 
for Li for K for Li 


(1—cos@) #(JS)? 0 
Xsine for K 


0.00 0 0 0 

0.10 5 0.004 0 0 

0.20 0.03 0.005 0.005 
0.30 0.10 0.035 0.035 
0.40 0.23 0.090 0.090 
0.50 0.43 0.190 0.190 
0.60 0.70 0.315 0.265 
0.65 0.83 0.345 0.275 
0.70 0.98 0.375 0.265 
0.75 1.11 0.393 0.220 
0.80 1.22 0.400 0.125 
0.85 1.30 0.385 0.025 
0.90 1.28 0.340 0.010 
0.95 1.07 0.305 0.025 
0.97 0.88 0.300 0.033 
0.98 0.70 0.296 0.035 
0.99 0.54 0.293 0.040 
1.80 0.00 0.290 0.042 


u=sin@/2 degrees 
0.00 
0.00 
0.02 
0.13 
0.32 
0.65 
0.86 
0.83 
0.76 
0.58 
0.30 
0.05 
0.02 
0.03 
0.03 
0.03 
0.02 
0.00 


0.00 
0.00 
0.02 
0.13 
0.32 
0.65 
1.02 
1.04 
1.07 
1.03 
0.95 
0.82 
0.60 
0.38 
0.29 
0.23 
0.17 
0.00 


@=120°. We also tabulate 


F(6)=(JS)2(1- 


cos@) sind. 32) 


for potassium and lithium. Values of q as a function of 
6 for k in the [100], [110], and [111] directions were 
obtained by measuring on a diagram such as that in 
Fig. 10, the integral of Eq. (31) plotted as a function of 
6, and J(k) evaluated graphically. The results are shown 
in Table VII; we have also evaluated /(k) counting 
U.K. processes only. This takes account of the large 
velocity of sound for the longitudinal phonons by not 
counting these processes at all. 

As pointed out before the integration for k(111) is 
unrepresentative since the possible scattering processes 
depend strongly on the particular great circle on the 
Fermi sphere for which we have chosen to do the @ inte- 
gration; because of the strong @ dependence no two 
dimensional integration will give a very meaningful 
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Pasir VIL. 7(k), [see Eq. (31)], for various conditions 


Direction of k 
10 | [111] 
0.5 


( 
5 


(Juantity {1 
1—0.3¥¢ 1 


[100 } 
0.7 


Using potassium matrix element 
1(k), N and ULK. 
processes-aribtrary units 46 48 
[7 (k) "xX 100 
proportional to 7(k) 
/(k), U.K. processes or.iy 
[/(k)}"X100 U.K. only 


Using lithium matrix element 
/(k), Nand U.K. 
processes-arbitrary units 
[7 (k)}“'x 100 
1(k), U.K. processes only 
[7 (k)}-?X 100 U.K. only 


estimate of r(111). On the other hand Eq. (31) can 
give a meaningful estimate of 7(100) and 7(110 
because of the weak @ dependence. 

The results show a difference of about 20% in the 
values of J(k) for the [110] and [100] directions count- 
ing both N and U.K. processes and using either the 
lithium or the potassium matrix element. If only U.K. 
processes are counted the difference becomes nearly 
70% using the potassium matrix element and 60% 
using the lithium matrix element. 

We have also tabulated 1—0.3Y for the three prin- 
cipal directions. This gives the dependence of 7(k) on 
the sixth order Kubic harmonic with C,=—0.3. It 
should be pointed out that we have no way of knowing 
C; there is no reason for C and C; to be simply related 
in the way A and A, were for certain shapes of the E 
vs k curves. In addition, even though the influence of 
C on n* may be small because of the smaller size of the 
coefficients arising from the fourth order Kubic har- 
monic its influence on 7 is not. It is interesting to note 
that both matrix elements give 7(110)>7(100) as would 
be the case if r were proportional to 1—0.3¥ 6. 

We conclude that if the matrix elements obtained by 
Bailyn are correct, then the geometry of the U.K. 
processes alone is sufficient to produce appreciable 
anisotropies in 7 for both potassium and lithium. The 
velocity of sound is also highly anisotropic in the 
alkalis and may produce further anisotropy in 7; like 
the geometrical factor (1/g*) it is most significant in the 
umklapp region. 

The highly anisotropic 7(k) for lithium is in line with 
the large deviation of n* from unity for this metal noted 
in Table I; however it is not clear why the same devia- 
tion does not occur in the case of potassium where the 
anisotropy is also large. The form of F(6) for lithium 
also suggests a possible explanation for the strong tem- 
perature dependence of n* shown in Fig. 7. F (8) is much 
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more sharply peaked in the case of lithium than in the 
case of potassium and although the peak is at @=75° 
scattering processes at @=90° are still quite heavily 
weighted. The wave vectors for phonons involved in 
scattering from k(110) at 6=90° are quite large [ap- 
proximately 50% large than for k(111) or (100) and 
§=90° ]; as the temperature is lowered some of these 
phonons are no longer excited and the scattering should 
be changed severely. The high Debye temperature, 
§n=430°K, suggests that there should actually be 
‘freezing out” of phonons at nitrogen temperature even 
though we are interested in the Debye temperature for 
transverse phonons which will be lower than the 
specific heat 9p. There is, however, also the possibility 
that the change in n* may be connected with the mar- 
tensitic transition occurring near 77°K."4 

The small changes in 2* with temperature for sodium 
and potassium may also be due to the beginning of the 
“freezing out”? of some phonons. However, the scatter- 
ing function F(@) is much less sharply peaked in the 
case of potassium than in the case of lithium and so the 
total scattering is much less sensitive to the freezing out 
of large g phonons. In addition the Debye temperatures 
are lower for these metals. Both factors should decrease 
the temperature effect in sodium and potassium. 


CONCLUSIONS 


The observed pressure effects in the alkalis require 
the assumption of an anisotropic scattering time, 7(k), 
in order to explain how relatively small increases in the 
warping parameters which describe the Fermi surface 
cause n* to decrease. The assumption of anisotropy in 
t(k) is required both by the sign of the pressure effect, 
and, in the case of sodium and lithium, by its magni- 
tude. The anisotropy in the shape of the Fermi surface 
is small, except possibly in the case of cesium, while 
the anisotropy in 7, is large. The anisotropy in r comes 
from: (1) the fact that 1/ | q ? occurs as a k dependent 
weighting factor in the expression for 7 and (2) the fact 
that 1/c,,° occurs as a highly anisotropic weighting 
factor in the same expression. 
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The hyperfine structure of divalent and trivalent iron in CoO has been obtained from the Méssbauer effec 


t 


of Fe? produced by the electron-capture decay of Co’. The two valence states are obtained respectively 
by x ray and Auger effect de-excitation of the A-shell hole resulting from electron capture in divalent Co*’. 
Higher valence states which could be produced by multiple Auger de-excitation are not observed, indicating 
that their lifetimes are short. The magnetic field at a divalent iron nucleus at low temperature is 2.0X 10° oe 
while that at a trivalent one is 5.6105 oe. The quadrupole coupling in this almost cubic environment 


is less than 1.0 Mc/se« 


INTRODUCTION 


ECENT studies of magnetic fields at Fe’ nuclei 
using the Méssbauer efiect' have shown that a 
field of 5.0X10° to 5.5X10° oe is characteristic of 
trivalent iron in a number of compounds.’ The corre- 
sponding value for divalent iron appears to depend 
more strongly on the crystalline environment, but the 
available information is limited. Further experiments 
in substances like the divalent transition metal oxides, 
whose magnetic structure and properties are well 
known,’ are of considerable interest. The additional 
fact that both the iron and the cobalt compound exist 
and have the same crystal structure makes them 
particularly attractive for Fe*’ Méssbauer effect studies. 
Cobalt oxide is an antiferromagnetic cubic material 
with a Néel temperature of 291°K. Above this temper- 
ature it is cubic and has the sodium chloride structure; 
below, it contracts along one of the cubic principal axes 
and becomes tetragonal. The distortion amounts to 
1.2%. The direction of the magnetization has been 
found to lie about 10° from the c axis. The divalent 
iron oxide has the same crystal structure and a Néel 
temperature of 198°K. Below that temperature it 
elongates along a [111] direction, becoming rhombo- 
hedral. The direction of magnetization is perpendicular 
to a (111) plane. 

An experiment of the type proposed above can 
advantageously be done by incorporating Co*’ into 
CoO. Such an experiment may, however, give rise to 
some difficulty because of the of the 
electron-capture decay® of Co*’, which produce multiply 
ionized atoms and excited atomic states. These have 
already been invoked to explain the hfs of Fe*” produced 
by the decay of Co*’ in Al,O;,° and as is well known, 


after-effects 


1R. L. Mésshauer, Z. Physik 151, 124 (1958). 

?See R. E. Watson and A. J. Freeman, Phys. Rev. (to be 
published) for a recent review 

?C. G. Shull, W. A. Strauser, and E. D. Wollan, Phys. Rev 
83, 333 (1951). 

*W. L. Roth, Phys. Rev. 110, 1333 (1958). 

5 See the discussions by I. Bergstrém, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (North-Holland Publishing 
Company, Amsterdam, 1955), p. 624. 

*G. K. Wertheim, Bull. Am. Phys. Soc. 6, 8 (1961). The 
situation in that case is relatively complicated since cobalt may 
enter the lattice both interstitially and substitutionally. There is 
also the possibility that two valence states of cobalt may be 
present initially. 


can have a serious effect on angular correlations in 
dielectric materials.’ These effects can be more defini- 
tively studied in CoO, where cobalt is a normal con- 
stituent of definite valence and lattice position. More- 
over, the iron atoms resulting from the decay of Co” 
are produced in sites very similar to those occupied by 
iron in FeO. (The recoil accompanying the electron 
capture decay is insufficient to displace the atom from 
its lattice site.) Such an experiment should also make 
it possible to study various valence states in the same 
almost cubic environment. 

A measure of the relative frequency with which 
divalent and trivalent iron atoms are produced may be 
obtained from the fluorescent yield, which for iron is 
known to be 35%. That is, in 35% of all decays the 
excited iron atom emits a K x ray; in the rest it emits 
a K Auger electron. It is not correct to assume, however, 
that divalent iron is produc ed in 3507 of all dec ays. 
Stable divalent iron is formed only when the x ray 
completely de-excites the atom, i.e., when it is a AM 
x ray. A KL x ray would almost certainly be followed 
by an Auger process from the M shell, i.e., an LMM 
Auger process, resulting in a trivalent iron atom. 
Trivalent iron is also produced directly by a KMM 
Auger process. Other, higher valence states may be 
produced by multiple Auger processes.* In fact, Snell 
and Pleasonton® have shown that the Auger effect is 
possible not only between the atomic shells but also 
between the subshells, making it possible to produce 
very highly ionized charge states in free atoms. It is 
clear, however, that the electron affinity of these states 
is so great that they will not exist for an appreciable 
length of time in a solid, but it is difficult to estimate 
the lifetime of a state such as Fe** in a medium such 
as CoO. 

The Fe*’ Méssbauer experiments reported in the 
past, in which the radioactive species was incorporated 
into a metal, show the presence of only one atomic 
state, a result in theoretical estimates 


accord with 


7 See the discussion by H. Frauenfelder, in Beta- and Gamma 
Ray Spectroscopy, edited by K. Siegbahn (North-Holland Pub 
lishing Company, Amsterdam, 1955), p. 591. Also, B. G. Petter 
sson, J. E. Thun, and T. R. Gerholm, Nuclear Phys. 24, 223 
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Fic. 1. Hyperfine structures of the 14.4-kev gamma transitions in divalent and trivalent Fe*’ in cobalt oxide 


a) at 298°K; (b) at 243°K; (c) at 169°K; (d 


which suggest that the relaxation time must be less 
than 10~” second. This time is short compared to the 
10-7-second half-life of the first excited state of Fe*’, 
which here sets the time scale of observation. It is also 
in accord with the observation in the case of angular 
correlations that there is no disturbance attributable 
to this cause in metallic sources. 

In the present experiments we expect to be able to 
distinguish much higher charge states. Their identifi- 
cation is greatly facilitated by the earlier studies of the 
(chemical) isomer shift" and of the magnetic fields at 
iron nuclei in various environments. The more detailed 
study of the isomer shift” also shows where previously 
unobserved higher valence states may be found. 


EXPERIMENTAL 


Che sample was prepared from crystalline CoO which 
was powdered, coated with Co” from an aqueous 
solution, dried, heated in a continuously pumped quartz 
tube to 1000°C for one hour, and then rapidly cooled. 
\ 0.005-in. layer of the powder was then cemented to a 
copper sample holder which was placed in a vacuum 
Dewar. The absorber consisted of potassium ferro- 
cyanide made with isotopically enriched Fe’. The 
required Doppler velocity was provided by a dual 
voice-coil loudspeaker executing parabolic motion at a 
frequency of 3.5 cps. (Positive velocity corresponds to 
absorber moving toward source.) The desired 14.4-kev 


O. C. Kistner and A. W. Sunyar, Phys. Rev. Letters 4, 412 
1960 

S. DeBenedetti, G. Lang, and R. Ingalls, Phys. Rev 
6, 60 (1961 

>L. R. Walker, G. K. Wertheim, and V. Jaccarino, Phys. Rev 


Letters 6, 98 (1961 
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at 78°K 


gamma ray was selected with a conventional scintil- 
lation-counter spectrometer. A modulator 
was used to combine the output of the single-channel 
pulse-height analyzer with that of the velocity sensing 
coil of the loudspeaker to produce pulses with amplitude 
proportional to the instantaneous velocity of the 
absorber. These pulses were then analyzed by a 256- 
channel analyzer which directly produces an absorption 
spectrum. Data were taken at four fixed points in 
temperature, 298°K, 243°K (liquid Freon), 169°K 
(liquid ethylene), and 78°K. 

After completion of the Méssbauer measurements the 
sample was examined by x-ray diffraction.“ The results 
indicated that the material had the structure of CoO 
and had not been oxidized in the diffusion process. 


transistor 


RESULTS AND DISCUSSION 


Ihe data obtained the Néel temperature, 
Fig. 1(a), show two poorly resolved emission lines of 
unequal intensity. A spectrum could arise 
from quadrupole splitting or from the presence of two 
nonequivalent types of iron, representing different 
lattice positions or different valence states. The inter- 
pretation based on quadrupole splitting may be ruled 
out immediately, since the intensities are unequal 
(Electric field gradients may, however, be experienced 
by a substitutional impurity atom which is shifted from 
the lattice point of cubic symmetry.) The suggestion 
that the Fe? atoms occupy other than normal Co 
lattice points is also not tenable, since before their 
decay these atoms are chemically indistinguishable 
from stable cobalt atoms, which were shown by x-ray 


above 


two-line 


The author is indebted to Mrs. V. B. Compton for the x-ray 
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Caste I. Isomer shifts and magnetic fields at the nuclei of 
divalent and trivalent iron atoms in CoO. The isomer shift is 
measured with respect to a potassium ferrocyanide absorber. 
ts sign indicates that the energy of the gamma ray emitted by 
Fe* in CoO is greater than the nuclear transition energy in the 
absorber. The magnetic fields may be assumed to be negative.? 


H at nucleus 
105 oe 


Fe oe Fe* 
0.08744 


0.093+4 
0.118+4 


Isomer shift 

(cm/sec) 

Fe’ : 
0.02344 
0.025+4 
0.036+4 
0.03444 


diffraction to form good CoO crystals. Moreover, it is 
extremely unlikely that the recoil associated with the 
neutrino of the electron capture process is sufficiently 
energetic to displace the atom from its lattice site. The 
data are consistent with an interpretation relating the 
two lines to two valence states of iron. 

The data taken below the Néel temperature, Figs. 
1(b) and (c), give further support to this interpretation. 
The lines shown in these figures have been grouped 
into two six-line hyperfine spectra. The lines belonging 
to each set were identified in part by their intensities, 
which are greater for the six lines grouped in the 
middle, and in part by their linewidths, which are 
smaller for these lines. The centroids of the resulting 
patterns in Fig. 1(b) coincide with the positions of the 
two lines observed above the Néel temperature, Fig. 
1(a), confirming that the two lines correspond to two 
distinct types of iron. (The thermal red shift between 
298° and 243°K, the two temperatures in question, 
is sufficiently small to be neglected here.) 

The resulting six-line absorption patterns have the 
properties characteristic of pure magnetic hyperfine 
splitting of the 14.4-kev transition in Fe*’. The quadru- 
pole coupling must be less than 1 Mc/sec. This is not 
surprising in view of the near-cubic symmetry of CoO, 
even in the antiferromagnetic state. A crude estimate 
based on a calculation of the field gradient due to the 
nearest neighbor oxygen ions indicates that the expected 
quadrupole coupling is at most only a small fraction of 
an experimental linewidth. As a result these experiments 
give no information concerning the direction of the 
magnetization, yielding only the magnetic field at the 
ion nuclei and the isomer shifts which are summarized 
in Table I. 

The data show the presence of only two distinct types 
of iron which we have so far tentatively identified with 
two distinct charge states. It is clear, especially from 
an examination of Fig. 1(a), that other charge states 
cannot be present to an extent greater than 0.1 times 
the concentration of the two discussed so far. It is also 
reasonably clear that these two must represent the 
most stable divalent and trivalent charge states which 
are known to be produced by x ray and single Auger 
effect de-excitation, respectively. Further confirmation 
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comes from a comparison with the systematics of the 
isomer shift! which shows that the line with the smaller 
displacement from zero (0.023 cm/sec) corresponds in 
shift to those observed for trivalent iron compounds, 
while the line with the greater shift (0.087cm/ sec) 
corresponds to the less ionic divalent compounds such 
as FeS. 

This identification is also consistent with the values 
given for the magnetic fields at the iron nuclei in 
Table I. A field of 5.0X 10° to 5.5 X 10° oe has repeatedly 
been shown to be characteristic of compounds con- 
taining trivalent iron in octahedral coordination, e.g., 
Fe2O3,"° Fe,O4,""° and yttrium iron garnet,!*!’ as well 
as for Fe** in MgO."* The value obtained here for the 
iron now identified as trivalent is 5.6105 oe at 0°K. 
In the case of divalent iron the situation is less clear-cut : 
a field of 3.4X10° oe has been obtained for FeFo,"' 
while a field of 4.5 10° oe has been given for Fe?* in 
Fe;O,."° The smaller field and greater variability in 
the case of divalent iron is not unexpected in view of 
possible large positive orbital contributions to the 
magnetic field. The value obtained here for Fe?* is 
2.0X 10° oe at 169°K where the field may be within 
5% of its low-temperature limit. Further complications 
which arise at lower temperature are discussed below. 

We return now to a discussion of the stability of the 
various charge states which are in principle produced 
by x-ray emission and by single as well as multiple 
Auger processes. A pertinent feature here is the line- 
width, which was found to be greater for the trivalent 
than for the divalent iron. The divalent iron linewidth 
is not significantly different from that generally found 
The larger linewidth of the trivalent iron can arise 
either because there are differences in the immediate 
environment of the trivalent atoms or because the 
trivalent charge state is unstable with a decay time 
not much different from 10~7 sec. Differences in local 
environment can arise in the following way: Higher 
valence states such as Fe*t (which are known to be 
formed but are not observed) decay by capturing an 
electron from a neighboring divalent Co atom, pro 
ducing a trivalent iron atom with a nearest neighbor 
trivalent cobalt atom. In that way a wide range of 
local environments can be produced which will result 
in small differences in the field at the Fe nuclei. This 
process can in effect reduce all the higher charge states 
to trivalent iron on a time scale which must be short 
compared to 10~7 sec. 

The question of whether the trivalent iron ts itself 
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stable can be answered in part by referring to the 
relative intensities of the divalent and trivalent iron 
lines. On the basis of the fluorescent yield, it can be 
concluded that less than one-third of the decays will 
produce divalent iron, but the observed intensity ratio 
is significantly greater. We would therefore conclude 
that the trivalent iron must, to some extent, decay to 
divalent iron in a time somewhat greater than 10~ sec. 
Che process is analogous to that described above, but 
the exchange of an electron between a trivalent iron 
atom and a divalent cobalt atom, which in effect 
exchanges their valence states, is energetically much 
less favorable. Such an electron-hopping process which 
may contribute to the linewidth has been observed in 
magnetite.” 

The data taken at 78°K, Fig. 1(d), show a quite 
different hfs for the divalent iron, while the trivalent 
iron behaves normally. The spectrum here indicates 
the presence of strong quadrupole coupling with the 
axis of the electric field gradient tensor approximately 
perpendicular to the direction of the magnetic field. 
The analysis was made in the following way: Six lines 
were assigned to the central part of the emission 
spectrum observed in Fig. 1(d); the magnetic field was 
determined from the ground-state splitting represented 
by the distance between lines 2 and 4, or that between 
3 and 5, which were found to be the same; the excited 
state hfs was then constructed and compared with a 
two-parameter family of curves giving the splitting as 
a function of the angle @ between H and V,, and of the 
ratio A of quadrupole to magnetic hf coupling; a 
satisfactory fit was found for 6=90° and A=0.35, from 
which the quadrupole coupling and magnetic field were 
determined. The values obtained are 31 Mc/sec for 
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the quadrupole coupling and 1.8 X 10° oe for the hf field. 
The internal consistency of this analysis, i.e., the 
agreement between the magnetic field determined in 
terms of the ground state moment and in terms of the 
excited state moment indicates that the six lines as 
originally assigned represent a proper hf structure. 

It should be noted that no such quadrupole coupling 
is apparent in the spectrum of the trivalent iron. 
Moreover there is no known change in lattice structure 
between the temperatures of Figs. 1(c) and 1(d). In 
other words the observed “quadrupole coupling must 
arise from the behavior of the Fe®* ion rather than 
from the lattice, and may represent a Jahn-Teller 
distortion. The temperature dependence of this effect 
has not been investigated in detail. 


CONCLUSIONS 


These experiments have given the magnetic fields at 
the nuclei of both divalent and trivalent atoms located 
in an identical, almost cubic environment. The values 
obtained are 2.0 10° oe for Fe?* and 5.6 10° oe in 
Fe*+, both at O°K. They have also shown that the 
after-effects of electron capture in a dielectric medium 
may produce a number of stable charge states having 
distinct hyperfine structures which may complicate 
the interpretation of Méssbauer effect data. 
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On the basis of the Padé approximant method we deduce from the exact series expansions for the Ising 


model that the reduced magnetic susceptibility behaves at the critical point as x; 
0.1561789 —w) P, x4 [0.22138/ (0.218156—w}*", x.~[0.2432/(2—v3 —w) ] 
4 and xn~[0.4506/(1/v3 —w) }*4, where w=tanh(J/kT) and the last figuri 


-w) }*4, Xbec [0.152773 


Xaq = (0.35724/(v2-—1—w) J 


= [0.09923 / (0.101767 


juoted is somewhat uncertain. The spontaneous magnetization is found to behave as (/o//«) 


~[12.5(0.664658—2?) P 3, (Lo/T) vee [10.4(0.5326607 —2?) 23, (To/T) se [10.9(0.411940 —2?) p3 


where 


s=exp(—2J/kT) and again the last place quoted is somewhat uncertain. The numbers 5/4 and 7/4 have 
an error of at most 10~%, and 0.3 of at most 10~*. The lattices referred to are fcc, face-centered cubic; bec, 
body-centered cubic; sc, simple cubic; t, triangular; sq, simple quadratic; and h, honeycomb 


INTRODUCTION 


T is frequently the case in the solution of physical 

problems that one is unable to obtain a closed form 
for the answer. Yet one may, in principle, have com- 
pletely solved the problem. Consider for example the 
three-dimensional Ising model. Methods have been 
developed! to compute any finite number of terms in 
the power series expansion of the partition function, 
both about infinite and zero temperature. From the 
theory of functions of a complex variable? we know 
that a knowledge of every term of the power series 
convergent) is equivalent by analytic continuation to 
a knowledge of the function everywhere (as long as 
there are no “‘natural boundaries’’). However, practi- 
cally speaking the power series may converge so slowly 
as to be a most difficult way to evaluate the function. 
In fact, the power series may not even converge at all 
at the point of interest, even though the function 
considered is perfectly smooth and well behaved. 
[ Consider, for example, tanh(10.0). ] From the standard 
theory of analytic continuation, what one must do to 
continue the function beyond the circle of convergence 
of its power series is clear. We simply compute the 
the function many 
necessary to as high a degree of accuracy as desired at 


value of and as derivatives as 


some new point inside the circle of convergence but 
closer to the point of interest than our original origin. 
We obtain a new convergent series expansion for the 
function. By repeating this process sufficiently often 
we may finally obtain the value of the function at the 
point of interest (presumed non-singular). 

In certain cases, all this work is not necessary. We 
may automatically obtain the analytic continuation by 
appropriate manipulations on the power series. Con- 
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sider, for example, a function f(z) which has a singu 
larity at s=—1 and all its other singularities within a 
circle of radius unity about z= —2. Suppose we wish 
to know /f(2) and f(»). The change of variables 
2=3w/(1—2w) maps the exterior of the circle of radius 
unity about z= —2 in the z plane into the unit circle 
in the w plane. The points z=2 and s=~ go into 
w=2/7 and 1/2, respectively. Since a power series 
converges out to the nearest singular point of the 
function it defines, the power series of g(w)= f(3w/ (1 
—2w)) converges for all |w, <1 thus we may 
easily compute /(2) and f(«<) from the power series 
expansion of g(w). A case of very similar nature to the 
example just discussed is the spontaneous magnetization 
for the three-dimensional Ising model. The power series 
here is known not to converge at the critical point, 
which makes the determination of its behavior near 
the critical point very difficult from the power series 
expansion. It is doubtless true that a trick similar to 
the one used in the example given above would enable 
one to compute the value of the spontaneous magnet 


and 


ization for every real temperature [the series expansions 
are given in terms of exp(— A/T) | less than the critica! 
temperature. The trouble is that one does not a priori 
know the all the 
spontaneous magnetization. 


location of singular points of the 
This 
avoided if we could introduce a sequence of approxi 
mants to the function value whict 
the group® of homographi 


(1+ Bw). One would expect such a sequence 


I 
could be 


troubl 


under 
transformations, z= Ax 


is invariant 


to converge 
at least as well as the best power set ries obtainable by 
any trick of the type described above. Such a s¢ quence 
should automatically effect the analytic continuation 
to any point, not directly blocked off from the origin 
by singularities of the function under consideration 
The sequence of L.V,.V | Padé approximants has the 
property that it is invariant under the above mentioned 
group of homographic transformations.‘ In general a 


We shall actually consider 
homographic group s= (A + Bu 

*G. A. Baker, Jr., J. L. Gammel 
and Applications 2, 405 (1961 
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\PPLICATION OF PADE 
Padé approximant is of the form of one polynomial 
divided by another polynomial. In the [V,M] Padé 
approximant the numerator has degree M and the 
denominator degree V. The coefficients are determined 


by equating like powers of z in the following equations: 


P(z)=AzM+4 


O(0)= 1.0, 


f(s)O(sz) $+ BoMtN+24 


where P(z)/Q(z) is the [.V,M | Padé approximant to 
/(s). The full range of convergence of the sequence of 
L.V,\_] Padé approximants is not known. For certain 
classes of functions their convergence has been proved 
and for many examples it has been shown to be quite 
rapid. For a fuller discussion of these questions the 
reader is referred to the work of Baker, Gammel, and 
Wills** and the references quoted therein. 

The purpose of this paper is to use the Padé approxi 
mant method (approximation by the sequence of L.V,.V 
approximants) to deduce relatively accurate values for 
the magnetic susceptibility and spontaneous magnet- 
ization for three-dimensional model 
lattices. We also consider the magnetic susceptibility 
for several two-dimensional lattices so that the value 
of the critical point deduced by this method may be 
compared with the exact value.®? 


various Ising 


2. ESTIMATION OF THE NATURE AND LOCATION OF 
THE CRITICAL POINT FROM THE SERIES 
EXPANSIONS FOR THE MAGNETIC 
SUSCEPTIBILITY 


Che simplest assumption that one can make concern 
ing the nature of the singularity of the magnetic 
susceptibility for a two- or three-dimensional Ising 
model lattice is that in the neighborhood of the critical 
point the magnetic susceptibility is proportional to 

1—T,/T ’, The work of Sykes and Domb indi- 
cates that this assumption is very likely so. If it is so, 
then the logarithmic derivative of the magnetic suscepti- 
the critical point, and 
its residue will give the nature of the singularity. Since 


bility will have a simple pole at 


the Padé approximant is the ratio of two polynomials, 
1 simple pole has the possibility of being exactly 
represented by the Padé approximant and hence one 
convergence at this type of singularity 
particularly good. For this reason we have 
computed the [.V,.\_] Padé approximants to the loga 
rithmic derivatives of the magnetic susceptibilities 
We have used the series expansions given by Sykes 
ind Domb.’* The logarithmic 
magnetic susceptibility,” x, are 


would expect 


Lo be 


derivatives of he 


>G. A. Baker, Jr. and J. L Anal 
\pplications 2, 21 (1961). 
6 |.. Onsager, Phys. Rev. 65, 117 (1944). 
R. M. F. Houtappel, Physica 16, 425 (1950). 
’M. F. Sykes, J. Math. Phys. 2, 52 (1961). 
*C. Domb and M. F. Sykes, J. Math. Phys. 2, 63 (1961) 
We are actually considering the reduced high-temperature 
isceptibility defined as RTXo/m 


Gammel, J. Math and 


APPROXIMANT METHOD 


d InX¢ee 


12+ 120w+ 1188w?+ 11664w*+ 11449224 


} 


+-1124856w>+ 11057 268x 
+- 108689568w' + - 
d In X bec 
8+48w+344w"?+ 2016w*?+ 13928w!+83376w? 


+567512w®+ 3443136w? +23173256w'+ - - - 


6+ 24w+ 126w?+ 528w*+ 2646w'+ 11160w* 


+ 54942°+ 236448? + 1147590w' 
+-4995384w®+23995758w""+ -- - 


6+ 24w+ 90w?+ 336w?+ 1266w*+4752w* 


+ 17646w®+65760w! + 245646w'+ 917 1840" 


+ 3422898 + 12773952w" + 


$+ 8w + 28"? + 48w?+ 1641+ 296w° + 956% 


+1760w' +5428w>+ 10568w* +3 1068% 


+ 626400"! + 179092w'*+ 369160 


+ 1034828w" 


; ' a : 2 . 
3+ 3wt9w?t+ 152 33wit+ 27w®+87w' 


+159? + 297w5+ 24. 195w!’+ 1503w"! 


-2499w? + 2355 w+ 7 209w"4 + 13503w!® 


+ 21729w!®+- 22707 w!? +64299w!*+ 120975w!® 


19241 1+ 214107w"+571461e" 


+ 108697 2w*+ + + -, 
stands for face-centered cubic lattice; bcc, 
body-« entered cubic lattice; sc, simple cubic lattice; t, 


triangular lattice; sq, juadratic h, 
honeycomb lattice; and 


where fcc 


simple lattice ; 


tanh//kT, J 


exchange integral. 


In Table I we have listed, except where otherwise 


noted, the location of and residue at the closest pole 
to the origin of the [.V,N ] Padé approximant. By 
examination of the results listed in Table I it seems 
reasonable that, within an error of the order of a few 


lattices have 
have 


three-dimensional 
two-dimensional 


thousandths, all the 
and all the 
g=(.75. These results confirm the previous observations 
of Domb and Sykes.* 

It should be remarked that the poles in Table I 
which lie nearer than the one which corresponds to the 
ferromagnetic critical point always have a zero very 
close by and represent a severe perturbation of the 
function value over only a very small range. The 
occurrence of these perturbations is not clearly under- 


g=(0.25 lattices 





catior 


10101010 
.10187683 
10171078 


CAllO! 
26666667 
26705389 
12912285 
26671401 
26392285 
22948115 
26795019 


0.267949193 


l 
stood, but in 
ind Wills 


‘lsewhere. 


the examples st 
they have not 


lo test the 
more 
point we have raised the 
bilities to the 4/5 power ind 


Locallo 


0.10204082 
0.10174095 
0 10177220 


‘ 1 = 
6101 7634 


call 


26923077 
26837648 
27030309 
2128791¢ 
26784605 
26795882 

26795969 
(12757395 


0.267949193 


GEORGI I 


1.2243648 
1.2564708 
1.2451572 


resiaue 


7066667 
7124366 
10018936 


0.06541672 
1.7495212 


SARER, JR 


ase IL. Results derived from d Inx/du 


location 


0.13953488 
0.15593068 
0.15618195 
0.15601592 


location 


0.28571428 
0.41118648 


().40926772 
0.41644866 


0.41216606 
—().20919322 
0.41412464 
0.41421058 


residue 


0.9345592 
1.242589 

1.2500231 
1.2392262 


residue 
~ 0.653061 2 
1.6545587 


290 
3526 


s 
‘ 


1.6257 
1.79 


- 1.6823402 
- 0.000032 23 
.7458396 

7496448 


0.414213562 


watio 


0.19047619 
0.21510662 
0.21896751 
0.21815114 
0.21818264 
0.18387029 


location 


3d 
5 


0000000 


no posit 


t 
56797947 


56793836 
07395963 
57301019 
57266504 
09651947 
$7737042 
57739267 


0.5773502692 


residue 


0.8707483 
1.2048243 
1.2808656 
1.2505286 
1.2518014 


0.00068696 


resiaue 
0.3333333 
1.0000000 

) rhe 
1.5308261 
1.5302682 
0.81079) 
1 6176357 
z 6104612 


pps em 


udied by Baker, Gammel, 
impeded the convergence 


to the 4/7 power. This operation has the effect oi 
converting the ferromagnetic singularity into a simple 


pole. In Table II we list the location of the nearest 


consisten¢ y of 


accurate estimates of the 


these 


results and obtain 
» location of the critical 
three-dimensional suscepti- 


the two-dimensional ones 


resiaue 


0.09958349_ 
0.09911332 
(099263130 
0.099202123 


esau 


0.24852071 
0.24526609 
0.24664458 
0.0023842 
0).24297979 


0).24383274 
0.24383884 
55610 


ras_e II. 


location 


pole and its residue for the LV,.V ] 


to [x(w) ]”. 


From looking at the results listed in J 


that the Padé approximants have 


Results derived from (x)” 


bee 
residue 





0.16129032 
0.15627479 
0.15617854 
0.15617908 


location 


0.46666667 
0.41823005 
041404192 


0.41281162 
0.23886399 
0.41421872 
0.41420612 
0.19136145 
04142171 


0.414213562 


0.16649323 
0.15314145 
—(0.15277110 
0.15277365 


residue 


0. 374140691 
0.35510985 


0.34657517 
0.00001 166 
0.357 28803 
0.35719057 
0.9% 10 

0.35728743 


) 


pocation 

22727 »7 2 
21871837 
21804071 
21819754 


21814435 


¢ 


auion 


73684211 
56866762 
56346843 
14787515 


58226219 


57767633 


57719100 


57734619 
0.57734607 


-0.01404287 


0.57737434 
0.57734262 
0.54474770 
0.57734823 
0.57735732 
0.5773502692 


Padé 


approximants 


‘able II we sec 
converged to 


residue 


0.24793388 
0.22349263 
0.22055930 
0.22169306 
0.22121910 


resiaue 


0.93074791 
0.42032321 
0.40380449 
0.00000302 
0.47764838 


0.45254064 
0,44915654 


).45052022 
0.45051897 
1.1510" 
0.45082173 
0.45045917 
0.00015766 
0.45052893 
0.45070361 
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TABLE 


fcc 
—1.2591654 
1.2497759 
1.249751 


.2211120 
.2507893 
2498902 
2493802 


» Pole at —0.562 X10-¢ with residue of —8.4 X10" b Pole 
known answers for the location of the critical point 
within a few parts in the sixth place for the sq and h 
lattices and within a part in the fifth place for the 
triangular lattice. The rate of convergence for the 
three-dimensional lattices is such that about the same 
degree of accuracy is obtainable for them as was 
obtained for the two-dimensional cases. Furthermore 
they seem to show an oscillatory pattern of convergence 
(starting with \V =2 for the loose packed lattices) which 
enables one to estimate the error. Using the rate of 
convergence as a guide to interpolate the last two 
for each lattice, estimate for the 


approximants we 


critical point 


0.101767 Residue = 0.09923 


? 


0.1561789 Residue=0.152773 


w-=0.218156 Residue=0.22138 


where the last place quoted must be considered rather 
uncertain. It 


also consistent with those of Table I. They also round 


is to be noted that these estimates ar 
to the answers given by Domb and Sykes,’ except for 
the fee which however differs by an amount which is 
less than their quoted error. 

As an additional consistency check on our procedures 
we may now remove the simple pole in the logarithmic 
derivative which corresponds to the ferromagnetic 
critical point by multiplying the logarithmic derivative 
by (w—w,). We may then use Padé approximants to 
evaluate (w—w,)dInxy/dw at w,. Actually, for the 
close-packed lattices this refinement is not. strictly 
necessary as the power series converges reasonably 
well at w,. For the loose packed lattices x goes to zero 
for a value of w somewhat smaller (algebraically) than 

the antiferromagnetic critical point. This zero 
necessarily produces the maximum in Xo observed by 
Burley.'' It also causes a singularity in d Iny/dw which 
slows the convergence of its power series so that the 
use of the Padé approximant method is necessary to 
obtain a reasonably accurate value at w, from the 
terms available. We have listed the values of the LV, | 
Padé approximants to (w \d Inx(w.)/dw, in Table 


'D. M. Burley, Phil. Mag. 5, 909 (1960 


III. The [N,N] Padé approximants to 


APPROAIMANT METHOD 


ld Inx/dw at 


h 


1.3660254 
0.0 
6096621 
7179725 
8376120 
7409649 
7542884 
7503526 
7501918 
7501958! 
7500932 


1.7320495 
1.73204958 
1.7479548 


1.5672233 
1.7058387 
0000000 
7279384 
7515982 
7498932 


1 
1 
1 
1 
7497973 1 
1 
1 
l 
1 


? 
1.7508444 1 
1.7494566 1 
1 
1 


at 0.11860601 with residue o 


III. They show consistency with the assumed values 
for g within an error of at most 10~*. The exact values 
of w, were used for the two-dimensional cases. 

In Figs. 1 and 2 we have plotted the reduced magnetic 
susceptibility vs w/w.. For loose-packed lattices this 
plot is carried over the whole disordered range from 
—1to +1. The close-packed lattices are carried further 
in the negative direction as they have no antiferro- 
magnetic state of order and hence no antiferromagnetic 
transition. We that the magnetic susceptibility 
curves are differentiated almost entirely by the di- 
mensionality of the lattice and the coordination number 
is relatively unimportant. These figures are based on 
the Padé approximants to [x(w) |". We have listed 
the coefficients for them in an Appendix 


see 
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ESTIMATION OF THE NATURE OF THE 
SPONTANEOUS MAGNETIZATION AT 
THE FERROMAGNETIC CRITICAL 
POINT 


\s is well known from the work of Yang," Potts,! 
ind Naya,' the spontaneous magnetization is propor- 
tional to (7.—T)''5 for the two-dimensional Ising model 
If we assume that the spontaneous magnet- 
zation goes to zero at T, like (T.—T)", then, as in 
Sec. 2 for x, the logarithmi 


iLtices. 


derivative of the spon- 
taneous magnetization has a simple pole at the critical 
point and we may study it by computing the L.V,\ 

We remark that it is easy to 
see from the known exact values that this Padé ap- 
proximant method will give the exact results for the 
wo-dimensional cases by the computation of only a 


Padé approximants to it 


nite order approximant 


Using the results of and the 


Domb and Sykes 


idditional f functions 


S¢ fg= 24u+ 
fcc te=u-t+ 


1 


e obtain for the logarithmic derivatives of the spon 


taneous magnetization, ///, 
n(Io/Ie)tec/du 
12u°— 2644 


+ 11424n'°- 


+ 288 7 20u* — 4032u' 
3648'>— 1968014'9 


41040640 +- 


6996u!7 
23184u+ 26690407! 
Re Vv 85 


Rev. 88, 3 
Phi 


BAKER, JR 


yproximants t 


yy I 
—u)/u? | T,.)/du at u 


raBie IV. The [V,N ] Padé a 


[(1—m) (a 


0.54410588 
0 32717390 
(00.32995454 
0.19776749 
(0.32193537 


0.30638038 


30938496 
28306575 
30132063 
30307992 
301220904 


0.43022570 
0.31992175 
0.32227436 
(.32124883 
0.30826516 
0.30886220 
i) 0.30741574 
10 0.30736227 


* Pole at +0.577, zer 


d In(10/ Le) bee dut 


— 8u'— 112u°+128u' 


212161" 


1680u°+ 38721 3368u 


+ $1200! — 131280u'44 
To ae lsc du 

— 6u?— 60u'+72n° 

+ 1896009 — 793324" 


636 hu 


+1344? 
+ 2466242! 


69000° 


- 939900024 
where 


u=2*, s=exp(—2//kT)=(1—u Iu 


Rather than proceeding as we did in Sec. 2, we may 
use our knowledge of the location of the critical point 
to proceed as we did in the construction of Table IIT; 
namely, we may remove the singularity by multiplying 
by (u.—w). As all the two-dimensional results had a 
singularity at u 
simpler if we also remove it 


+1 we will probably make our t: 
Thus, we formed [.V,.A 
Padé approximants to 


1—wu)(u 


where the # in the denominator was 
to keep the limit of the multiplying factor finite as 
is that the 


magnet 


ncluded merely 


u— 2. The reason for this requirement 
logarithmic 
ization in the two-dimensional cases 


derivatives of the spontaneou 


tend to zero like 


mple quadrat 
honey comb - 
face-centered cub 


body-centered cubic 
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slope Ue 


0.70049101 
0.700491018 


— 7.2065603 
-7.2065603 


SOND UI ke Ww 


— 12.661934 
— 12.495958 
—12.577421 
— 12.651636 


0.66360465 
10 0.66433442 
11 0.66399412 
12 0.66371331 
from x 0.664658 


® The [6,6] and the [7,7] for the fcc are identical and the [8,8] does not exist. The [5,5] 


u-! (except for the honeycomb lattice where it is 
We would expect the Padé approximants to do better 
further out if the functional behavior and the form of 
the approximant match at infinity. In Table IV we 
have listed the value of these Padé approximants at 2. 
From these results we estimate that (Jo/J~) goes to 
zero like (u.—u)°™ with an error of at most 10~ in 
the power. 

As a final check on the internal consistency of our 
results, if we form the [.V,V] Padé approximants to 
(Io/I)'* we should find a simple zero at the critical 
point. We see from Table V in which we list the location 
of the appropriate zero and the slope at that point 
that while the values for «, obtained from the spon- 
taneous magnetization are not as accurate as those 
from the magnetic susceptibility, they are however 
consistent with them within a few thousandths. The 
reason that these results are less accurate than those for 
the magnetic susceptibility is that the logarithm of 
spontaneous magnetization has roughly four complex 


0.57254334 


0.53413230 
0.53037024 
‘= 0.53159797 


0.5326607 


APPROXIMANT METHOD 


TABLE V. Results derived from (Jo/J,,)". 


bee 
slope slope 


— 5.9809307 
— 10.861860 
— 10.947899 
- 10.944034 
11.142299 


0.45737318 
0.41212918 
0.41162508 
0.41164581 
0.41092472 


6.0916502 
10.224762 


10.910849 
10.653271 


0.411940 


for the bec does no 


singular points which are as close or closer to the origin 
than the critical point. (There are not enough coeffi- 
cients available for the simple cubic to identify more 
than one closer singularity.) In order to do a good job 
at the critical point, the Padé approximant must also 
take care of these other singularities. 

In Fig. 3 we have plotted the spontaneous magnet- 
ization vs 2/z, over the whole ferromagnetic, ordered 
range. The difference between the appearance of Fig. 3 
and Fig. 1 of Burley’ is more apparent than real and is 
the result of plotting vs z/z, rather than 7/T, as he 
did. As the critical points for the three-dimensional 
lattices are generally at higher temperatures than for 
two-dimensional ones, this effect causes the difference 
in appearance. 
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APPENDIX 


We list here the Padé approximants from which the figures were prepared. 


Xfeo™ L(1.0—6.4878493% + 29.2669400" 


X bee L(1.0+ 23.667027x 


11.816067% 
(1.0— 16.087849w+ 89.630294w? 


283.77802w*+ 74.773566w*) ]>/4, 


+ 134.51767w?+ 176.26096w? —92.930262w* 


(1.0+ 17.267027w— 15.671302w? 


— 666.90235w*— 1300.7945w*) ]>/4, 


X so | (1.04 6.18026580+- 6.3507605w? — 2.1384202w5+ 25.127806w!+ 4.816817 1w* 


(1.0+-1.3802658x 


[ (1.0+0.87105230w+ 3.0148 162w*+ 3.1175050w* + 3.057 1423w*— 
0).951240687" 


(1.0—2.5575191w- 


21.3945 15w* 


26.707960w* + 24.087 1412 — 122.05113*) }>/4 


’ 
2.8165376w*) 


8.4221376w*— 11.149369w*— 19.448134w>) ]*/ 


X oq = £1.04 4.4331741w+ 6.6323991u?+ 4.796107 2u*+ 1.7261877u*—0.33157888w* 


0.57263274w* — 4.3028266w" ) 


(1.0+2.1474598w- 


3.1740397w?— 11.015221w*— 13.264413w! 
9.5895365w*— 6.7966830w*— 9.7192691w") ]! 


X= (1.04 1.7262288w+ 3.255868 1w*+ 3.1997445w? — 6.1144361w*— 11.161589w®— 20.974653w® 
— 14.779058w7+4.1782428w'+ 9.907 2950w9+ 17.623607w! — 3.5558160w"! + 2.8837465w!?) / 
(1.0+0.011943082w+0.908863642? — 2.40941 70? — 11.214862w*— 2.9776. 97w5— 7.1011106w® 
+ 19.066060w? + 27.538787w*+ 15.3768410®+ 8.81217 70w"™ — 23.0126 18!" + 11.014469w"2) ]7/4; 
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(Lo/ Te) toc™ L( 1.04 3.8805092u-+ 7.828 104412 + 13.419386u3+ 14.18130204 — 1.7565205u° - 38.657407 u' 
— 60.3061731? —93.189067u* — 77.874280u° — 75.149353u! + 27.847042u"! — 48.093601 0! 


1.0+3 


8805092u+ 7.82810442+ 13.419386u3+ 14.181302u'— 1.7565205°— 31.990740u° 


— 34.43611 147 —41,00170418+- 11.58829630?+ 19.3926641" + 96. 136905!! — 53.146689u!”) }8/2°, 
Te) beo® [(1.0+3.54815914-+ 7.880666 1 u?— 1.1714755u*— 19.310113u4— 46.487253u°— 37.851754u° 
— 26.364680u7 — 39.358346u*) / (1.0+-3.5481591u+ 7.880666 110? — 1.17147550— 12.643446u4 
— 22.832859u'+ 14.686020u°+ 19.158817u7 —9.9683914048) } 


> -9--" 


To/Ta)s 
+ 13.621297%' 
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M | 124, 


[ (1.0+-3.5495749u— 5.78266231?— 24.45355713— 8.2315745ui+ 15.570039u5+49,84032 108 
(1.0+ 3.5495749u— 5.7826623u?— 17.786890u'+ 15.432258u*+ 17.018957 1° 


+ 11.0218255 


- 35.665913u7) | 
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A method of frequency-modulating a monochromatic electromagnetic wave by varying the optical path 
length between the source and detector is described. The method has been applied to the measurement of 
the refractive index of Lucite for the 0.86 A radiation emitted from Co’; the small frequency shift was 


detected by recoilless resonance absorption. The refractive index was found to be 1 


in agreement with classical theory. 


HIS paper describes a method of frequency- 

modulating a monochromatic electromagnetic 
wave by varying the optical path length between the 
source and detector. The method has been applied to, 
and is described in terms of, the measurement of the 
refractive index of Lucite for the 14.4-kev radiation 
emitted from Co’. The measured refractive index 
agrees, within the 2% experimental uncertainty, with 
the simple theory applicable when the radiation energy 
is much greater than the binding energy of the electrons 
in the refractive medium, as in this case. The technique 
is in principle applicable to the nearly monochromatic 
radiation emitted from optical-frequency masers. 

It is instructive to consider the method from two 
points of view, first in terms of frequency modulation 
and then in terms of a Doppler shift. Consider a source 
S and an observer (in our case a recoilless resonance 
absorber) A separated by a distance x [Fig. 1(a)]. A 
wave of angular frequency w emitted by S will have the 
form e**‘'-7'® at A. If a length Z of material with re- 
fractive index » is placed in the optical path, the wave 

~z/e)4 


becomes e* *, where the phase advance 


oO 1 - wh Cc. 1) 


If @ changes with time, the instantaneous frequency 
seen by A will be (w+d@/dt). This is done by moving a 
wedge-shaped piece of material to produce a frequency 


* This work is supported in part through a U. S. Atomic 
Energy Commission contract, by funds provided by the U. S 
Atomic Energy Commission, the Office of Naval Research, and 
the Air Force Office of Scientific Research 


n= (1.29+0.03) kK 107-6 


shift 


Av 


2r dt 

An equivalent point of view considers the radiation as 
being Doppler-shifted during the refraction by the 
moving wedge [Fig. 1(b) ]. As it leaves the wedge the 
radiation is deflected (toward the 
by an angle 


normal, since n<1) 


A6= (1—n) tana. 
The change in momentum of the photon is Ap 
and since the wedge is moving at a speed V it 
work on the photon, increasing its energy by 


pad, 


does 


AE= VAp= Vp 1 EC (1 n)/¢ lV tana, 


n) tana= 


which is equivalent to Eq. (2) above. 
For 14.4-kev radiation, the refractive index of Lucite 
is (see below) 
1.2910" 
so that 
(Ap/v + 10 lWdL/dl. 


14 key 


The frequency shift thus obtained for reasonable values 
of dL/dt detected by recoilless 
scattering.' 

A schematic drawing of the experimental arrange- 
ment is shown in Fig. 2(a). The recoilless resonance 


can be resonance 


1R. L. Méssbauer, Z. Physik 151, 124 (1958); R. V 
and G. A. Rebka, Jr., Phys. Rev. Letters 4, 337 (1960 


Pound 





MEASUREMENT OF REF 
apparatus has been described previously.? The 14.4-kev 
gamma rays from a Co*’ source diffused into Armco 
iron passed through a rotating wheel, shown in profile 
in Fig. 2(b), then through a movable 0.5-mil Armco 
le absorber to the Be-window NalI(T1) detector. 

To construct the wheel, 12-in. diam. pieces of ;'g-in. 
brass and }-in. Lucite were clamped together and 120 
radial slots jg in. wide were cut through both at an 
angle of 60°. Since the gamma rays are stopped by the 
brass, they are allowed to pass through only one side 
of each Lucite tooth. As the wheel rotates, every gamma 
ray which passes through it does so when the thickness 
of Lucite in the tooth is changing in the same direction. 
Thus all the gamma rays detected undergo a frequency 
shift of the same direction and magnitude. 

The absorption line profiles for four wheel speeds are 
shown in Fig. 3. The shift in the line position is evident. 
The high-speed runs, 1500 rpm clockwise and counter- 
clockwise, show a broader line which we attribute to 
vibration transmitted through the air from the rotating 
wheel to the source and absorber. This effect diminished 
rapidly with decrease of angular speed and no attempt 
was made to alleviate it. At speeds below 1000 rpm, 
line broadening resulted in an error of less than 2% 
the determination of the line shift. 

The shift in the position of an accurately known line 
profile is most efficiently determined by measuring the 
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ic. 1, (a) The phase advance produced by interposition of a 
length L of refractive material between source S and observer A. 


b) The deflection A@ of the beam when the refractive material of 


Fig. 1(a) is wedge-shaped. 
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I'ic. 2. (a) Schematic diagram of experimental arrangement. 
(b) Detail of the slotted wheel; not to scale 


change in counting rate at the maximum slope points 
of the absorption line profile, 0.013 cm/sec in this case. 
The counting rates for absorber speeds towards and 
away from the source were separately recorded for 
each of a set of speeds of the Lucite wheel; the resulting 
line shift as a function of wheel speed is shown in Fig. 4. 
A least-squares fit of the data (from 4 to 12 10* counts 
per point) between 900 rpm clockwise and 900 rpm 
counterclockwise yields a slope 


Av Av cm ‘sec 
. 3.32+0.05) XK 10~ 
Awwheel vy Awwheel rpm 
where Av/y is the relative frequency shift. 
The effective radius from the axis of the 
the gamma ray path was 14.2 cm so that 


wheel to 


(dL/dt) cm/sec 
2.58 (4) 


rpm 


Aawheel 


\ combination of Eqs. 4), refractive 


index: 


yields the 


c(Av/yv) 3.32K10- 
(il—n (1.29 
(d] dt) 2.58 


0.04) K10°°. 


The stated error includes uncertainties in the effective 
radius, the absorption line depth, and the 
veloc ity. 

This result theoretical value 
obtained for the refractive index of a gas in which the 
binding energy of the electrons is much less than the 


absorber 


is in agreement with the 
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energy of the radiation. This condition holds for 14.4- 
kev radiation on Lucite (CsHsO2) since Ex (oxygen) 
=0.53 kev. The result is® 


pZ 
1—n)=.1 


2A mare 


where the symbols have their conventional meaning; 
i.e., Vo is Avogadro’s number, p is the density, etc. 
For the case of Lucite and 14.4-kev radiation, Z/A 
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3. Absorption line profile versus wheel speed. 
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Fic. 4. Reduced data: Line shift versus wheel speed; the 
theoretical slope contains an uncertainty in the wheel radius. 
(See text.) 


=0.54, p=1.185, and w= 2.185 X10". Then 
1—n=1.285X10-*. 


The exact theory of the index of refraction, which 
takes into account the binding energies of the. elec- 
trons,’:* yields a result differing from the above number 
by about 0.1%. 

The measurement of the index of refraction at x-ray 
wavelengths is, of course, not new.’ Indeed, Bearden‘ 
measured the refractive index of diamond at 1.39 A to 
an accuracy of 1 part in 10*. The phase modulation 
technique can, if desirable, be made as accurate for 
those wavelengths observed by recoilless nuclear gamma 
emission. 

We have shown that the frequency of a nearly mono- 
chromatic electromagnetic wave may be shifted by 
modulating the optical path between source and ob- 
server. The application to an optical-frequency maser 
where Av/v<10- is evident. Since (1—n) is ~10° 
times as large for optical frequencies as for x rays, fre- 
quency modulation may be observed by varying either 
n or L. For example, L may be varied by vibrating a 
mirror [1—n=2 in Eq. (2)] from which the light is 
reflected. The corresponding experiment for recoilless 
gamma radiation has been reported by Ruby and Bolef,® 
who acoustically vibrated the source. 


‘J. A. Bearden, Phys. Rev. 54, 698 (1938 
5 J. A. Prins, A. Physik 47, 479 (1928). 
6S. L. Ruby and D. I. Bolef, Phys. Rev. Letters 5, 5 (1960). 
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The Boltzmann equation for electrons in many-valley semicon 
ductors, with scattering by acoustical and optical lattice vibra- 
tions, is solved for high electric fields in the following two cases: 
(1) Intervalley-scattering is completely negligible. Then, in each 
particular valley, the distribution of the electrons over the energy 
is Maxwellian for energies of the electrons larger than the energy 
of an optical phonon. The corresponding electron temperature 
varies approximately with the square of the electric field strength 
and depends on the angle between the electric field and the 
longitudinal axis of the particular valley under consideration. The 
electron temperatures are therefore in general different in different 
valleys. The deviations of the electron distribution from the 


I. INTRODUCTION 


XPERIMENTAL determinations of the drift ve- 
locity of carriers in high electric fields were first 
carried out by Ryder and Shockley'? and have been ex- 
tended by several authors.*~* An explanation of the 
results was put forward by Shockley” by considering the 
momentum and energy balance of carriers subject to the 


electric field and to scattering with acoustical and 


optical phonons. 

Later theoretical work dealt with the quantitative 
aspects of the current vs voltage characteristics, either 
by considering the energy and momentum balance for 
displaced Maxwellian distributions in more detail and 
for the whole region of electric fields" or by solution 
of the Boltzmann equation in restricted regions of the 
electric field and under certain assumptions on the 
scattering mechanisms.'*-* All the theoretical work 


E. J. Ryder and W. Shockley, Phys. Rev. 81, 139 (1951 
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Maxwellian one for energies of the electrons smaller than the 
energy of an optical phonon are small. (2) If allowance is made fora 
transfer of electrons between different valleys a finite difference in 
the populations is set up even for infinitesimally small intervalley 
scattering rate. In addition to this, for finite intervalley rate, the 
electron distribution deviates from the original Maxwellian one. 
The deviation increases with increasing intervalley rate constant, 
increasing lattice temperature, and increasing difference of the 
average electron energies in the different valleys. Both of these 
effects of intervalley scattering are important for the explanation 
of the field dependence of the Sasaki effect 


hitherto mentioned was based on the simple parabolic 
model for the band structure. 

After the discovery of the transverse and longitudinal 
anisotropy effects of hot electrons in n-Ge,” it became 
obvious that the actual band structure plays a dominant 
role in these effects. Therefore, a theory of hot electron 
effects in n-Ge should be transport theory for a many- 
valley semiconductor at high electric fields. A first step 
in this direction was carried out by Shibuya.*! A more 
complete treatment has been given by Yamashita and 
Inoue® by combination of a Boltzmann-type treatment 
for intravalley scattering, partly based on the actual 
band structure, with a balance-type treatment for 
intervalley processes. In this paper we start from the 
Boltzmann equation for electrons in many-valley semi- 
conductors with intravalley and intervalley scattering. 
This equation, given in Sec. II, is based throughout on 
the modern form of the deformation potential theory.* 
The Boltzmann equation is solved in Secs. III and IV 
for a case where intervalley scattering is assumed to be 
completely negligible. In Sec. Va solution of the 
Boltzmann equation is obtained for a case where inter- 
valley scattering is small compared to intravalley scat- 
tering. The solution can be found by means of a 
perturbation treatment, where the solution for no inter- 
valley scattering at all plays the role of the zeroth order 
approximation. 

*3W. Sasaki and M. Shibuya, J 
(1956 

4W. Sasaki, M. Shibuya, and 
Japan 13, 456 (1958). 

“8 W. Sasaki, M. Shibuya, K. Mizuguchi, and G. M. Hatoyama, 
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The results of this paper, unless stated otherwise, are 
applicable to any substance with a many-valley struc- 
ture of the particular band under consideration, al- 
though special reference is given to n-Ge and all 
numerical estimates refer to this particular substance. 


II. BOLTZMANN EQUATION 


In order to formulate the Boltzmann equation we 
have to discuss the structure of the particular band in 
that part of the Brillouin zone accessible to electrons for 
experimentally realizable electric field strengths and 
lattice temperatures and the scattering mechanisms for 
electrons in the part of the Brillouin zone under con- 
sideration. The band structure will be dealt with first. It 
is assumed to be of the nondegenerate many-valley type, 
eventually including higher, nonequivalent valleys with 
constant effective masses in the accessible range of 
energies. This restricts the k vectors to values lying 
around the minima with distances Ak from the minimum 
smaller than 10° cm~, and obviously defines an upper 
limit for the field strength. The energy of an electron in 
the valley 7 is then given by 


(AR, F [Ak,‘” P (Ak, F 


(1) 


mM mM» mM 


in the system of principal axes of the valley under con- 
sideration. Here Ae‘” is the energy of the jth minimum, 
relative to the band edge, m,‘ and m,™ are the 
transverse and longitudinal masses. 

In the following we restrict ourselves throughout to 
relatively pure samples, so that the influence of im- 
purity scattering can be neglected everywhere. The 
interactions with the lattice vibrations give rise to 
intravalley and intervalley transitions of the electrons. 
To shorten the notation, the term intervalley phonon 
will be introduced for phonons involved in intervalley 
scattering. Under the restriction AkR=10’ cm™ the fre- 
quencies of optical and intervalley phonons are inde- 
pendent of the wave number. The frequencies of the 
longitudinal and transverse acoustical phonons taking 
part in intravalley processes are given by the linear part 
of the dispersion law and are equipartitioned thermally 
for the lattice temperatures of experimental interest 
above 78°K. 

With these assumptions, the formal Boltzmann equa- 
tion for electrons in the valley 7, 


of ] a ] Of i 
al 
Of 
at opt ar 


can be worked out using the transition probabilities 
given by the deformation potential theory.*™ 
It is expedient to transform the surfaces of constant 
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energy to spheres in each particular valley. This is done 
by means of the transformation of Herring and Vogt,** 
by which effective wave vectors Ak*‘” are introduced 
instead of Ak‘” and effective fields F*‘” instead of F. 
The effective wave vectors and effective fields are 
defined by 


Ak*) =[a JAK”, 
F*) =[a }} 
where the tensor @‘” is given by 


mo/m,\? 0 0 
0 Moy/M, 0 
0 0 mMy/ m,? 


in the system of principal axes of the valley under 
consideration. Here mp denotes the free electron mass. 
The transformation (3) is to be carried out simultane- 
ously in the phonon g space for phonons interacting with 
electrons in the valley j. 

A detailed analysis of the Boltzmann equation for the 
case of n-Ge has shown that the solution can be ap- 
proximately expanded in terms of Legendre polynomials 
only : 

f j (Ak* ))= ar fi } (e)P,(cosO “ 

when @ is the angle between the effective field and the 
effective wave vector in the valley under consideration. 
The y dependence of the distribution function drops out 
approximately for this special choice of the coordinate 
system on account of the nearly isotropic effect of the 
combined transverse and longitudinal acoustical scat- 
tering. 

It is obvious that the expansion 3) can be stopped 
after the P, term in the case of infinitesimal electric 
fields. The same appears to apply for high fields as well. 
We therefore tentatively restrict ourselves to the first 
two terms. With this restriction, the insertion of (5) into 
(2) leads after regrouping to the following result: 


Po(cos®)[ ntieta—Nac— Nopt — Nint | 


+ P,(cosO) [ftieta—fac— Fopt- Cine ]=0. (6) 


The n and ¢ are given by the following expressions, where 


the superscripts characterizing the particular valley 
have been dropped where possible : 


1 ) 
3\my 
C field or 
ml 


The nae and a¢ have been obtained by the procedure of 
Herring and Vogt, using the transition probabilities 


% A justification for this is contained in unpublished work of H 
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given in Table V of their paper. They are given by 


1 df /fo dfe 
on! Siege ty . 
Tac 0 de kT de 
1 V22>x® mim RTE 
$$$, (9a) 
Tac 0 ph‘L deta }*e 
=o= mat 1 +4[ (E./Zat 1)? ,/m,— 1 }}, 
Cac ae ‘ed 
1 = -V22*x® ml kTE Pe! 


marcos nil (10a) 
Tacl ph'[ deta |ic? 


(9b) 
(10) 


EP=27(1.314+1.612,/Zat+1.01(E./E4)*]. (10b) 
Here [deta ]'=m'm;"m;}, p is the density, c; the 
longitudinal velocity of sound, Za and =, are the 
deformation potential constants for dilation and uniaxial 
shear. Equations (10), (10a), and (10b), describing 
essentially the momentum scattering, are already con- 
tained in Herring and Vogt’s paper. In the derivation of 
(9), (9a), and (9b), which describe the energy scattering 
due to longitudinal and transverse acoustical phonons, 
the finite energy of the acoustical phonons has been 
taken into account and use has been made of the fact 
that the variation of fo(e) is small over the energy of an 
acoustical phonon. 

The last statement is not true for optical and inter- 
valley phonons. For these scattering mechanisms the 
following expressions for 7 and ¢ are found, which all 
have the general form 


is] 


Tl € 


e— Ace + =} 


XL (ng+1) fo' D(et+ hw) ae na fo (e€) ] 


(— —) 
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1 V22?x’m)!D* 6 
. (13) 
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The superscript j characterizes the initial, the super- 
script / the final valley, w is the frequency of the phonon 
involved in the particular process, n, the number of 
phonons present, D the deformation potential for the 
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process under consideration. Ae‘ is the energy of the 
minimum of the final valley, if the minimum of the 
initial valley is at the band edge. If 1 j and Ae‘#=0 
we speak of equivalent intervalley scattering. In (11) 
and (12), use is to be made of the convention that 
x4=0 for x0. The expressions (7)-(13) are substan- 
tially the same as the corresponding ones in the paper of 
Yamashita and Inoue,” apart from the fact that in 
(9)-(13) the true masses and the true deformation po- 
tential constants appear instead of some sort of averaged 
quantities. This difference is brought about by the fact 
that in their treatment the evaluation of the scattering 
terms is based on the simple parabolic model of the band 
structure and the Sommerfeld-Bethe-Seitz method**:*” 
is used instead of the method of Herring and Vogt. 


III. SOLUTION OF THE BOLTZMANN EQUATION 
FOR INTRAVALLEY PROCESSES ONLY 


The complete “Boltzmann equation” in the approxi- 
mation where only the Py) and P; terms in (5) are im- 
portant consists of a set of 2V equations for fo‘ (e) and 
fi‘? (e€) where N is the number of valleys under con- 
sideration. The two equations for a particular valley 7 
are coupled to the other equations on account of inter- 
valley processes. 

A considerable simplification of the mathematical 
problem can be achieved if intervalley transitions of the 
electrons can be neglected in a first approximation. In 
the case of n-Ge this is possible for transitions to other 
equivalent valleys. The ratio (D;/Do)? where D; is the 
deformation potential constant for equivalent inter- 
valley scattering and Dy the deformation potential con- 
stant for optical intravalley scattering is of the order of 
10-*.38 Little is known about the corresponding ratio for 
nonequivalent intervalley scattering, but these transi- 
tions are certainly not important for average energies of 
the electrons smaller than the energy of the minimum of 
the nonequivalent valleys relative to the band edge. We 
therefore restrict ourselves in this and the following 
section to the solution of the Boltzmann equation for 
intravalley processes only. Under this simplification, the 
Boltzmann equation reads 


d 
— Exo* -(ef) 
de 


d fo dfo 
Ri (Odes. 


+ (e+ho) te (ng +1) fo(et+hwo)—ngfole) | 


+ (e—he) ef, fo(e—hwo) — (ng +1) fole)], (14) 

36 A. Sommerfeld and H. Bethe, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), Vol. 24. 

37 F, Seitz, Phys. Rev. 73, 549 (1948). 

38 G. Weinreich, T. M. Sanders, and H. G. White, Phys. Rev. 
114, 33 (1959) 
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and 
E.r)* (d fo ‘de) = fi. (15) 
Here 
Er*=eF* (ro '3) (2e mMo)} (16) 
is the energy gain of an electron during the time 70/3, 
where ro is an optical relaxation time, defined by (13). 
As rox e~ this quantity is independent of the energy. 
Similarly, E(r)* is also an energy gain: 
E(r)*=eF *(r)(2€/mpo)}. (17) 
Here (7) is a combination of the acoustical time of 
momentum relaxation r,-1 and the optical relaxation 
time 79: 


1 1 1 ethw ) } e— hwy } 
ee a ee 
(T) Tae1 TO € 


It is convenient to write this combined relaxation time 
in the form 
= Tac1l /Tets(€), (18) 
where 
D "he? 
T .t¢(€) = T+———_ 


2kwy= 


e+hwo\} e—hwo\} 
x n(= ) + (net )(- — ) (19) 
€ 


is an effective temperature, characterizing the whole 
acoustical and optical excitation of the lattice, which 
affects the momentum relaxation. The quantity 
Euc= Ta Tae 0 (20) 
characterizes the ratio of the acoustical and the optical 
contribution to the energy relaxation of the electrons. 
E,. is independent of the energy and can be seen to be of 
the order of 10~*/iwo. For this estimate, the numerical 
values for 2-Ge, Z)~30 ev, Dyp~10® ev/cm,—" wo~5 
X10" sec,® are used. 
Integration of (14) and elimination of f; by means of 
(15) gives 
dfo 


— En*Eir)* 
de 


fo adfo ‘ E+hwo\' sé\! 
feeb s CVE 
kT de Rug € 
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XL (mg+1) fol E+hwo) — nq fo(&) \de+—. 
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(21) 
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The lower limit of integration is to be replaced by zero 
for e—7m)<0. The constant of integration C must be 
zero on account of particle conservation. 

The system of Eqs. (21) and (15) is similar to a 
system of equations given by Franz.“ He did not give 
a solution and the method of solution proposed by him 
is quite different from the way in which our solution is 
actually obtained. We shall come back to the method of 
Franz, after our solution is completed. 

It is easy to get an approximate solution of (21) for 
arbitrary values of the electric field strength in two 
particular ranges of energy. The first, not im- 
portant one, is the range of very small energies, which 
is treated in the Appendix. The second range of energies 
is the range 2hwyo<e<e, where €, is the energy above 
which the effective masses cease to be constants. In this 
energy range, we replace e+7iwy and e—fwy by ¢ in the 
definition (19) of the effective temperature T.¢;(€). The 
effective temperature then becomes independent of the 
energy, 


very 


DePhe? 


and so does Er)*. In the same approximation we replace 
the term (&+#w)*t/e in the integrand of (21) by 
unity. Furthermore, we tentatively omit the £,, terms 
in (21) on account of the smallness of E,,. It will be 
shown in more detail in the next section that they are 
unimportant in the range of energy under consideration. 
Then a Maxwellian distribution 


exp e/kT .* 
is a solution of the approximate equation 


dfo 


= En*E r)*— 


provided that kT,* is defined by 


Er9*E(2)*=(kT,*)*[(2n+1)—(n,+1) exp(—tw 


n, exp(+hw kT,*) |. 


For high fields (high electron temperatures) most of the 
electrons populate the energy range under consideration. 
In this case the following expression for the electron 
temperature is obtained from (24)*: 


ki,’ = Er*E *)” hu + hu (9 4 + } - 
where 
, . psi 
Ero*E(r)* = 3 (eF *)?r9( 7) €/mo. 
48 W. Franz, Z. Naturforschung 15a, 366 (1960 
“W. Franz, Proceedings of the International Conference on 


Semiconductors Physics, Prague, 1960 [Czech. J. Phys. (to be 


published) J. 
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Fic. 1. fo(e) as function of the energy for kT,.* =2hwo. I—high 


energy limit function exp(—e/k7.*); Il—corrected function; 
111—corrected function with the same normalization integral as I 
' 


The electron temperature of each particular valley 
varies approximately as the square of the electric field 
strength. On account of the dependence of the effective 
field on the direction of the electric field, the electron 
temperatures are in general different for different 
valleys. 

The function /,(€), describing the nonuniformity of 
the electron distribution, is now easily found by means 
of (15), (23), and (25). This function, 


decreases approximately as the inverse first power of the 
electric field. The smallness of f; at high fields makes it 
plausible that the omission of higher terms in 
expansion (3) is not unjustified (see also reference 

The function fo(e), which for €> 2% is given by (23) 
and (25), can be easily obtained for smaller energies by 
means of a numerical integration of (21), where—as a 
zeroth approximation—the function fo(e) in the inte- 
grand is to be replaced by (23). The result of such a 
numerical integration for the somewhat marginal case 
kT .* =2hwy is given in Fig. 1. Comparison of (23) and 
the corrected function shows that deviations from (23) 
only occur for energies €</iwo. The range of validity of 
(23) seems therefore to be larger than one might expect 
from its derivation. The deviations are due to a sweep- 
out effect of electrons with €<fiw» caused by the electric 
field, as for those electrons the influence of scattering on 
the distribution is gradually dying out with decreasing 
energy. We therefore conclude that for high electric 
fields fo(e) may be replaced by (23), and for the 
calculation of the drift velocity /,(€) may be replaced by 


the 
35). 
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(27) in the entire region of energy, without introducing 
any serious error. 

In concluding this section, let us digress for a moment 
to the case of small electric fields. Here from (27) the 
following expression for the electron temperature, which 
now only describes the very tail of the distribution, is 
obtained : 

kT .*=kT+ Ero* E(r)*/hwo. (28) 
Most of the electrons however are now in the energy 
range 0<e<2two where the solution is difficult to 
obtain. This explains the mathematical complications 
which are met in the theory of warm electrons. 


IV. RELATIVE CONTRIBUTION OF ACOUSTICAL 
AND OPTICAL SCATTERING 


In the preceding section the solution of the Boltzmann 
Eq. (21), (15) has been given for the case of mixed 
optical and acoustical scattering in the sense that in 
(15), which essentially describes the momentum scat- 
tering, the acoustical contributions have been taken into 
account, whereas they have been neglected in the scat- 
tering terms of (21). This means, as was already men- 
tioned, that the contribution of the acoustical phonons 
to the energy loss of the electrons has been neglected. In 
the literature, considerable attention has been given to 
the question of the relative contribution of the acoustical 
phonons to the energy loss of the electrons. We therefore 
want to reconsider this problem in more detail and to 
give a justification for the procedure employed in the 
preceding section for the case of high fields by discussion 
of the solution of (21) when the £,. terms are not 
neglected. 

In the case of high fields, fo(€) is a slowly varying 
function of energy. In the range e>fiwo, fo(e+7mwo) and 
(e+#wo)' in the integrand of (21) can be expanded. One 
then gets instead of (21) the approximate equation 


d fi | F 
(ars 
de hia 


with kT,* given by (24). For (Egc/ftwo) (€/kT.*)<1, a 
condition which is not very restrictive, this equation has 
a Yamashita and Watanabe type of solution 


€ Face 1 1 
Pen Pa E ( ) | 
*L  Mhoo\kT kT A) J) 


t ar. 
According to the estimate Ea. 


(29) 


(30) 


10~htwo, the Ey. term, 
which varies quadratically with the energy, prepon- 
derates over the linear one only for energies €> 30%wo. 
Under the experimental conditions 78°K < T<300°K 
and 10° v/cemSF*S7X10° v/cm, kT,* has values be- 
tween fiw) and 10%mo. Therefore the E,,. terms pre- 
ponderate only in the unimportant tail of a Maxwellian 
distribution and can be omitted. This means physically 
that the energy loss of the electrons by interactions with 
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acoustical phonons can be neglected for those energies 
which actually are accessible to electrons under the 
experimental conditions under consideration. In the 
earlier work of Yamashita and Watanabe" only the 
quadratic term in the energy was retained in (27), and 
the conclusion was drawn*® that even in the case of 
mixed acoustical and optical scattering, a Shockley type 
of behavior should result. This, in fact, corresponds to a 
complete neglect of the contribution of the optical 
phonons to the energy loss of the electrons. It is inter- 
esting in this context to discuss briefly a method of 
solution for Eq. (21) which has been proposed by 
Franz.“ Franz takes as a starting point for an 
iterative numerical solution a zeroth order approxima- 
tion which is obtained from (21) if the optical scattering 
terms are neglected. For e> 27im» he consequently gets a 
Gaussian distribution, which for the case of high fields 
has a large half-width. This zeroth order approximation 
deviates greatly from the nearly correct Maxwellian 
distribution with the same normalization in the entire 
range of energies. It is therefore not a good starting 
point for an iterative solution in the case of high electric 
fields. 

W¥In concluding this discussion, two remarks must be 
added. In the foregoing it has been tacitly assumed that 
thermal equipartition holds for the acoustical phonons 
interacting with the electrons. It has been pointed out 
by Stratton” and by Conwell and Brown” that for high 
average energies of the electrons, a considerable amount 
of interaction consists of the emission of acoustical 
phonons which are not excited thermally. This, of 
course, gives rise to a higher contribution of acoustical 
phonons to the energy loss of the electrons; the more, 
the lower the lattice temperature. In our case, in fact 
even for kT ,.*= 10m», most of the electrons are situated 
in & space with an average distance Ak~ 10’ cm™, and 
therefore equipartition is still valid for the range of 
lattice temperatures indicated above. 

Mor kT.*>10%w, where the emissive acoustical 
processes would become important, the whole theory as 
given in this paper is not applicable, because then the 
distribution of electrons extends appreciably to such 
values of the energy that the basic assumption of con- 
stant effective masses certainly breaks down. 


V. INFLUENCE OF INTERVALLEY SCATTERING 


In the absence of intervalley scattering, the electrons 
are distributed in a Maxwellian fashion around the 
different energy minima under consideration, with elec- 
tron temperatures which, in general, are different for 
different valleys. We consider now the influence of 
scattering to other equivalent valleys on the distribution 
of electrons. 

If equivalent intervalley scattering is taken into ac- 
count, the function fo‘ for a particular valley is a 


46S. H. Koenig, J. Phys. Chem. Solids 8, 227 (1959). 
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solution of the equation 


d fy’? 
= Ero*®™® E(ry*¥O— -_ 


de 


LO 
hwo € € 
XL (mg +1) fo (E+hwo) — nq fo (€) dé 
wo : E+hw; ; g ' 
fey 
Ww; ea € € 


XY C(ms+1) fo (E+hw:)—nifo 


#7 


D(E)] 
ee a is 
€ € 


KD C(ai+1) fo (E—hw;) — nfo (£) 


lA) 


in which the unimportant contribution of the acoustical 
intravalley scattering on the energy relaxation of the 
electrons has already been omitted. Here y= (D,/ Dp), 
where D,; is the deformation potential constant for 
equivalent intervalley scattering, w; denotes the fre- 
quency of an intervalley phonon, and m,; is the number 
of intervalley phonons present. The sums in the inter- 


valley scattering terms of (31) extend over all equivalent 
valleys with the exception of the particular valley 
under consideration. The functions f,‘(e€) and the 
energy gains Er9*‘” and E(r)*‘” are, as in Sec. ITT, given 
by Eqs. (15)—(18) where the effective temperature is 
now defined as 


Deh? e+hwo\} 


= 2kwo € 


: e— ho 4 Wo 
+(n+1)(—) +(N—1)y-- 


€ 


ethw:\} e—hw;\3 
| n(— ) +(net)( ‘) |} (32) 
€ € 


Here N is the number of equivalent valleys in the band 
under consideration. Equation (31) can be solved for 
high electric fields, if intervalley scattering is small as 
compared to intravalley scattering. This is the case for 
n-Ge,** because intervalley transitions of the electrons 
in which transverse acoustical phonons are involved are 
forbidden.** 

In this case of high fields the energy range e> 2hw» is, 
just as in Sec. III, the most important one. In this 
range, the effective temperature and the energy gain 


6R. J. Elliot and R. Loudon, J. Phys. Chem. Solids, 15, 146 
(1960) 


Ww; 
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E+)" become independent of the energy because 
(e+hw) and (e—fw) in (32) can be replaced by e. In the 
same approximation, the expression (£+fw)& in the 
optical scattering term of (31) can be replaced by e. If 
furthermore, in contradistinction to the procedure 
followed in Sec. III, the function fo” (+%iw) is also 
expanded, the equation 
d 
[ fo d exp(8j€) | 
i€ 


wy B; «| fEthwi\' sé} 
ROL cases 
WwW hwy re € € 


Xd L(nit+ 1) fo (E+hw,)— nfo (£) | 


Fj 


/ 


( 


E—hw:\3 sty} 
N) 
€ € 


xX ¥ [n, fol? (E- hw) — (n+ 1) fo (8) i 


C 


where AK, is a modified Hankel function. In the case of 
high fields, the argument of A, and the exponential 
functions is small and the functions can be expanded. 
Then the following result is obtained: 


ih cai] 1 


It follows from the normalization condition for fo‘? (e) 
that the number »; of electrons in the valley 7 is pro- 
portional to C,8;~}. Therefore the population ratio n;/n 
is given by 


hw iD; | 


2(2n;+1) 


n; BA[1—hw 8 ;/2(2n;+1) 


= . ‘ (38) 
n >, 83[1—hw8,/2(2n;+1) 


(37) and (38) small terms 


If furthermore in the 
ha ;/2(2n;+1) are neglected, one gets 


(37a) 


=CB? 


n;/n=B*/> 1B, 


where (38a) is now exactly the ratio of number densities 
for Knudsen gases in .V containers with different tem- 
peratures. This result is plausible because in going from 
(38) to (38a) the energy of the intervalley phonon is 
considered negligible as compared to the average energy 
of the electrons. 

Let us now turn to the case of such values of y that 
intervalley scattering not only results in a particle trans- 
fer between different valleys, but also does affect the 


and 
(38a) 
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is obtained instead of (31). Here 8;=1/kT,* and 
kT,* is given by (25). 

If y is so small that the influence of intervalley scat- 
tering on the energy relaxation can be neglected, while 
it is still large enough to establish a stationary state 
distribution between the valleys, the Maxwellian dis- 
tribution 

C; exp(—Bje) (34) 
is a solution of (33). The constants Cj, however, are no 
longer independent, but are determined by the principle 
of detailed balance: 


zt 


J e(ethw,)! 


KL (1: +1) fo? (e+hw,)+n fo (e) Jde=K, (35) 


which can be easily obtained from (33). Insertion of (34) 
in (35) leads to the following proportionality : 


B; 


[(n;+1) exp(—8 jhw;/2)+-n; exp(B jhw;/2) |K1(8 jhe 2) 


energy relaxation of electrons in a particular valley. The 
function fo’(e) then deviates from the original Max- 
wellian distribution (34). The influence of intervalley 
scattering on fo'?’(€) can be obtained to first order if in 
the intervalley scattering terms of (33) the zeroth 
approximation (34) is inserted. This perturbation pro- 
cedure can only be easily done if in the intervalley terms 
the energy of the intervalley phonon is neglected, which 
implies that in a consequent form of the approximation 
C; from (37a) should be inserted. 

If this is done, we get the first approximation as 
solution of the equation 


d 
— [ fo? (€) exp(B;e) 
de 


cp 


Y exp(Gje) 
€ 


x é> [8° exp(—fié)— 8 exp(—B;s) |dé 


where 


(40) 
shall 


¥y(2n; +1) /hw;. 

Befote explicitly writing down the solution, we 
discuss its general structure, which is of the form 
fo’ (e)=C; exp(—Bje) +7 ar A 1(e€) exp( —Bie), 
where / extends over all valleys, including 7. This solu- 
tion is composed of the original zeroth order solution 
plus a small admixture of the Maxwellian distributions 
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from all valleys including / with energy-dependent 
coefficients, the variation of which with the energy 
however is small as compared to the variation of the 
exponential function. The admixture of “‘foreign’’ Max- 
wellian distributions can be understood from the fact 
that electrons passing from the valley / to the valley 7 
after the interaction still have the average energy of the 
valley /. They need a certain time until they lose the 
memory of their origin by participating in intravalley 
processes. Furthermore, the energy dependence of the 
coefficients Ay and A 
dependent scattering probability for intervalley and 
intravalley processes. That the deviation from the 
original Maxwellian distribution with in- 
creasing intervalley rate constant and increasing excita- 
tion (2n,;+1) of the intervalley phonon is obvious. 


is a consequence of the energy- 
increases 


After this general discussion, the explicit form of the 
solution of (39), 


Kj -F78C| (V—-1)8.+ ¥ 


Xexp(—8,e)4 7B,C > exp(—B@ie), (41) 


i / 


can be given. As is seen from (41), the deviations from 
the original Maxwellian distribution also depend on the 
differences of the electron temperatures. Application of 
the print iple of detailed balance to (41) finally leads to 


the following expression for the constant K 


B hw; 


K C137 '— 


[1/8.—1/8 


-F78; doi In(B 3,)| (42) 


a theory of current and 
anisotropy of hot electrons, based on the distribution 


In a subsequent paper, 


functions of this paper, will be given. It will be shown 
hat a quantitative description of hot electron phe- 


AND 8. 


RISKEN 


nomena can be achieved by using the distribution fun 
tion (41) and (42). This opens the possibility of a new 
determination of the intervalley rate constant by an 
analysis of hot-electron experiments. 
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APPENDIX 


A solution of Eq. (21) without the acoustical term can 
also be obtained for small energies as long as 
(nat1) folethan)—n, fole) 

No t+1) fo hw 

The analytical behavior of the solution in this energy 
range iS determined by the energy dependence of & 
Here two cases have to be distinguished. For energies 
e<.€.= 10 Shiu le EB st 


is approximately given by 


The solution of Eq. (21) in this energy range conse- 
quently reads 


n hw 


For energies €)= 10“ tw 
pendent of the energy: 


Kr / 


The solution for small energies in this energy range (as 
long as (43) still holds) is then 


4(hw 
fo le)= f, (0)— 


E; gf i 


x | (n 1 f hu 
The omission of the acoustical terms in 
sible if fo(#wo) is not too small compared to 


is always the case for hot electrons 
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A generalized expression for the statistical field has been obtained which includes the Thomas-lermi and 
Thomas-Fermi-Dirac fields as special cases. The behavior of the energy, charge density, boundary density, 
and electron groups has been investigated for various fields. Fields with exchange are obtained with behave 
like the Thomas-Fermi field at the boundary. A singularity in the Thomas-Fermi-Dirac density matrix has 
been found which leads to an oscillation in the sign of the charge in high angular momentum states. This 
singularity is related to the necessity for terminating the Thomas-lermi-Dirac distribution at a finite 
boundary. Comparison of the Fourier components and wave functions calculated from statistical density 
matrices for Cu* with the corresponding Hartree-Fock values has revealed that it would not be useful to use 
the statistical density matrix as a starting point for a Hartree-Fock calculation. 


I. INTRODUCTION 


IRAC has shown that a statistical density matrix 

can be defined for an atom in its normal state, 
which is an approximation to the density matrix corre- 
sponding to a Hartree-Fock approximation.' The equa- 
tions for the statistical field are then obtainable as the 
solution to a minimum problem similar to the minimum 
problem yielding the Hartree-Fock equations. From the 
density matrix, the number of electrons in each state 
may be calculated as well as the corresponding wave- 
function, although the latter is not unique for an idem- 
potent density matrix. 

After a review of the theoretical background, a 
generalized statistical field is obtained which includes 
the Thomas-Fermi-Dirac and Thomas-Fermi fields as 
special cases. The behavior of the energy, charge den- 
sity, and boundary density for various fields is then 
investigated. Fields with exchange are found which be- 
have like the Thomas-Fermi field at the boundary. 

Statistical fields for Cut* are analyzed to find the 
number of electrons in each state and the corresponding 
wave function. This calculation reveals an oscillation in 
the sign of the charge in high angular momentum states 
for the Thomas-Fermi-Dirac field and the cause of this 
oscillation is traced to a singularity in the corresponding 
density matrix. 


II. THEORETICAL BACKGROUND 


The quantum density operator o, for an N-electron 
system in the Hartree-Fock approximation to its ground 
state, may be defined by its representative as? 


J 
(rs,|o|r’ss)= > (rs.| j)N (7 2's.’), (2.1) 


7=1 


where (rs,| 7) is the wave function corresponding to the 

* This work based on a thesis submitted by K. M. King in partial 
fulfillment of the requirements for the degree of Doctor of Philoso- 
phy in the Faculty of Pure Science, Columbia University 

1P. A.M. Dirac, Proc. Cambridge Phil. Soc. 26, 376 (1930); 27, 
240 (1930). 

2 E. M. Corson, Perturbation Methods in the Quantum Mechanics 
of n-Electron Systems (Hafner Publishing Company, New York, 
1950), pp 7a, Baas 
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jth state of a set of J states accessible to an electron and 
N; is equal to the number of electrons in the jth state. 
In Eq. (2.1), rand r’ stand for the space coordinates of 
two electrons and s, and s,’ the corresponding spin 
coordinates. The component states defining o are as- 
sumed to be orthonormal so that 


where 6,;; is the Kronecker delta. 
The eigenvalues of the density operator are the .V;’s, 
since 


E few. o|r’s,’)dr’ (r’s,’| j)=Njts.'J), (2.3) 


using Eqs. (2.1) and (2.2). The exclusion principle can 
be stated as the requirement that 


E fis 


that is that 9 be idempotent. Equation (2.4) is equiva- 
lent to the requirement that the eigenvalues of o, the 
N,’s, be equal to 0 or 1. 

The particle density can be expressed in terms of the 
‘diagonal elements of the density matrix. The particle 
density in the neighborhood of r, with z coordinate of 
o|rs,)dr. Hence the trace of the 


” 


0. IN zept , ~~ 
eit s, OF O'S: (01% Sa 


rs. 0 s's,’), (24) 


spin equal to s,, is (rs, 
density matrix, 


E fer 


is equal to .V, the total number of electrons in the atom. 


Density Matrix in the Central 
Field Approximation 


For an electron in a central field a state can be 
specified by the usual elementary commuting constants 
of the motion n, /, m,, and m,. Taking 


j nlmym (2.6) 
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the representative of the density operator becomes, 


using wave function notation, 
(fs, o es, 


*(r’)Y 6.6 


7) 
/ 


XK Vim, (6 6’) Nnimym,bs,mb0;'m,, (2. 
where }'im;(@,¢) is a normalized spherical harmonic and 


¥,2(r) is normalized such that 


r)r'dr=6y»". 


For a spherically symmetric atom 

Vanimim,= N, (2.9) 
and application of the addition theorem for Legendre 
polynomials gives 


rs.'olr’'s 


2/+1 
¥ vail Wart(r’)P 36) ( Vid 
r tor 


The trace of the density matrix defined by Eq. (2.10) is 
equal to >>: 2(2/+-1).V,,; and hence if @ is idempotent, 
V,»2 is equal to 0 or 1 depending upon whether the shell 


containing 2(2/4-1).V,, electrons is empty or full. 


2.10) 


Hartree-Fock Density Matrix 
The total electronic energy W of an .V-electron atom 


can be expressed in the Hartree-Fock approximation as 


W=K+V+/+4+U, (2.11) 


where 


Ef feds 
= ffm 
1z SJ 


o r’s,’)drdr’, (2.14) 


—(r’s,' drdr’. (2.15) 


r—r 


0 rs 
2V. Fock, Z. Physik 61, 126 (1930); 75, 622 (1932); 81, 195 
(1933 
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Equations (2.12) through (2.15) specify the total kinetic, 
potential, interaction, and exchange energy, respec- 
tively. The Hartree-Fock equations may be obtained for 
an V-electron atom by requiring that W be stationary, 
subject to the restrictions that the density matrix as 
specified by Eq. (2.10) be idempotent and the trace of 
the density matrix be equal to V. The solution of the 
Hartree-Fock equations determines y,;(r) and the ele- 
ments of the Hartree-Fock density matrix can then be 
calculated from Eq. (2.10). 


Statistical Approximation to the Hartree-Fock 
Density Matrix 


In the statistical approximation, the representative of 
the density operator may be taken as 


ors 
= 3% fo ps." V(p,s.")(ps.”” v's dp, 


rs 


(2.16) 


where V (p,s,’’) is equal to the number of electrons with 
spin coordinate s,’’ and with momentum in the neigh- 


borhood of p. If we assume 
N(p,s,')=1 for. |p| SP(? 
and 
N(p,s2”’ pi >P(: 
where & is some average vector associated with rand r’, 
Eq. (2.16) becomes 


4 ! , , 
TS,|0|FS; 


P(g) cs 2a 1 
‘ i J all 
0 0 “0 iT 


We have taken 


fms Pp 

X sinOd edd pbs.82'. 
1 
—eli/h)p =" 


3 
i? 


(rs,|ps,’)= 


Integration of Eq. (2.19) gives 
(rs,'o|r's,’ 


1 
= - {sin[ P(E)rie | 
2r*r.° 
— P(E)rio « os[ P(é)r; ) l¥5s,s - 
where 
rio=ir—r’ 


and atomic units have been used. We must choose 
t(r,r’) so that the density matrix is Hermitian and when 
r equals r’, — must equal r so that self-interaction terms 
between U and J cancel. The diagonal elements of this 
density matrix are 


(rs,|o| rs,)= P?(r)/6r° (2.23) 


The off-diagonal elements depend on the form taken 
for E(r,r’). 
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The statistical approximation to the Hartree-Fock 
density matrix is obtained by determining (rs,!p!r’s, 
as given by Eq. (2.21), such that W, as given by Eqs. 
(2.12) through (2.15), is stationary, subject to the 
restriction that the trace of the density matrix is equal 
to NV. The additional condition of idempotency imposed 
on the Hartree-Fock density matrix is not imposed in 
determining the statistical density matrix. This means 
that the statistical density matrix will not necessarily 
have the eigenvalues 0 or 1 as required by the exclusion 
principle. If the integral over p in Eq. (2.19) is permitted 
to go to infinity, the representative of the density opera- 
tor becomes 


(2.24) 


Dirac delta function. With the 
representative of the density operator defined in this 
way, the idempotency condition is satisfied. However, 
if the integral over p is restricted to a finite range as it 
must for a finite number of electrons, Eq. (2.21) is an 
approximation to an idempotent density matrix which 
is better the larger P(r). 

The energy terms in the statistical approximation can 
be evaluated by substituting Eq. (2.21) into Eqs. (2.12) 
through (2.15) and evaluating the integrals. To de- 
termine K and U’, the form of &(r,r’) must be specified. 
If we take 


! ; / c ; 7 
(fS2|0| FS, )=0(r—F )dszs2’, 


where 5(r—r’) is a 


gé=5 r+r 


the component terms of W become? 


K=7 Sx f P* rar, 
V = —4Z, sr f Pir, 
P*(r) 
rf=2 ff 
. 6r 


P(r’) 
——drdr’, 


(2.29) 


U=-1/9r [ Perr. 


The requirement that WV be stationary, subject to the 
restriction that the trace of the statistical density matrix 
equals the number of electrons, leads to the differential 
equation 
30) 


V2o(r) = (4/39) P?(r), (2. 


where g(r) is the electrostatic potential 


vA ‘gS dr’ 
eo 3? ol r—r’ 


P?(r)/2—P(r)/x—y. 


¥ (r) = 


This is the Thomas-Fermi-Dirac equation.' 


41.. H. Thomas, J. Chem. Phys. 22, 1758 (1954). 
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DENSITY. MATRIX 

The Lagrangian multiplier y corresponds to the re- 
quirement that the trace of the density matrix equal NV. 
There is no universal agreement on the boundary con- 
ditions to be satisfied by Eq. (2.30). The Thomas- 
Fermi-Dirac potential distribution used in this paper 
was calculated by Thomas‘ and satisfies the boundary 
conditions: 


[ro(r) |-.0= Z, 


[ro(r) |p-r=Z—N, 
and 
P(R)=5/4r. 


Boundary condition (2.34) is due to Jensen.® 


III. GENERALIZED STATISTICAL MODEL 


The form taken for — in determining the statistical 
density matrix can be generalized in a manner con- 
sistent with the fundamental assumptions of the theory. 
If one takes 

2)r5+ (1—6/2)re, (3.2) 
where 


and 
< 


the density matrix remains Hermitian and =r when 
r=r’. For b=0, & is of the form specified by Eq. (2.25). 
Choosing & as given by Eq. (3.1) does not alter the form 
of the representative of the statistical density matrix as 
given by Eq. (2.21) and the diagonal elements of this 
matrix are again given by Eq. (2.23). The off-diagonal 
elements will depend on the parameter 6. We now obtain 
expressions for the energy terms and the differential 
equation for the field as a function of 6. 


Energy Terms 


Since V and /, as given by Eqs. (2.13) and (2.14), 
depend on the diagonal elements of the density matrix 
only, a change in the form of — does not change them and 
they are again given by Eqs. (2.27) and (2.28). 

The integral for the exchange energy can be written 


1 
U _ [Per drdr’, 
J « T10 


using Eqs. (2.15) and (2.21) where 
1 — 
F (Erie) -{sin| P(E)ris 
2rr 30° 
- P(£)rie cos P(é)riz j}. (3.3) 
If one integrates over the angles specifying the orienta- 


6H. Jensen, Z. Phys. 93, 232 (1935 
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tion of the triangle formed by r, r’, and ry2, one obtains 


U=- ion f f f ror F?(Ery2)driedr<dr>. (3.4) 


This integral can be transformed to 


y= f f fer 


x 


singF?(£,ris)dried dé, (3.5) 
where ¢ is the angle between rj2 and &. The limits on 
the ri. and ¢ integrals are determined by the require- 
ment that 


r,*—r20, (3.6) 
and hence 
— br3°+2éri. cosg2 VU. (3.7) 
Thus for 6=0, 
R r/2 2 cosy) 6 
v=—16r f f ae 
XsingF?(Ery)dryededt, (3.8) 
and for 6<0 
R re x 
U=-— 16? f f i) Sry. singF?(E,ry2)dryod pdé 
R r x 
— 169° f f Eris 
0 r/2¥ 2& cos¢/b 
XsingF?(E,ri2)driededt. (3.9) 


Integrating Eqs. (3.8) and (3.9) over ri. and ¢, gives 


1 R 
U=-— f P4(r)rdr, (3.10) 
wr J, 
for b 0), and 
R bib 
U=—-1/y° f P4(r)r-dr+— 
Jo ar 
Rw (—1)*%(2a+3) 
x f >. : = —_— PP at+4/(y) 
Jo a=0 (2a+1)(2a+4)! 
4dr 2a+2 
x(-) dr, (3.11) 
b 


for b¥0. 

Equation (3.10) is the Dirac expression for the ex- 
change energy. For }>0, the a=0 term in the second 
integral of Eq. (3.11) cancels the first integral, and LU’ 
can be written 

|e 


F R 16 P*r' 
Mie |--— (3.12) 
0 


AND 


L. H. THOMAS 


The kinetic energy integral, Eq. (2.12), can be written 


K=2f f file 2| p)dp (p| r’)dr’ (r’| o| r)dr, 


by summing over spin and introducing a projection 
operator. Integrating over the angles specifying the 
orientation of the triangle formed by r, r’, and rj. and 


+ 


transformation to £, rj, and ¢ gives 


K=sf ff fens sin( pris) F (E,ri2) 


Xsin od pdriod od, 


(3.13) 


(3.14) 


where again the limits of integration are determined by 
condition (3.7). The integral above can be written 


Th ) 
K=— ior f f fe} —t[r126(riz)]} 
dr\3" 


XF(E,ri2) singdriedydt, (3.15) 


where 4(ri2) is a Dirac delta function. Two integrations 


by parts, and use of the properties of the delta function, 
gives for all values of 0; 


K =2/ sx f Ps r)r-dr. 


Thus only the exchange energy is altered by the change 
in the form of & specified by Eq. (3.1). 


(3.16) 


Differential Equation for the Field 


The condition that the total energy be stationary, 
subject to the restriction that the trace of the density 
matrix equal the number of electrons in the atom, leads 
to 


bi 


FP Pp b 2Pr/l6l sin?z 
g(r) =————7+- J —dz, (3. 
2s Derr 2? 


~ 


17) 


where the electrostatic potential g(r) again satisfies the 
differential Eq. (2.30). Equation (3.17) is equal to the 
Thomas-Fermi-Dirac expression for the potential when 
b=0. For 6>0, the potential can be written 


Pp 4PrP*r? & Pr’ 
g(r)=—-y-—| —- 
2 Ort B 25 BF 
16 Pr' 128 P%' 
+ _— Se Pe (3.18 
245 Bb 14175 6§ 
Asb— x 
g(r) — P?/2—-y, 3.19) 
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which is the Thomas-Fermi potential.*7 For b<0, 


P? 2P 4Pi Pr? 8 Pr 
¢(r) =——y—-—+—] —- — —+ (3.20) 
Z wr Orl Bh 25 OF 
and asb—> — 
g(r) — P?/2—2P/nr—-y. (3.21) 


As b—» —~~ the exchange term approaches twice the 
Dirac exchange term. For 6>0 the differential equation 
has solutions at large distances of the form 


P(r) — 9xb?/2(4+6")r*, (3.22) 


and as b— ~ the solutions at large distances behave 
like the solutions to the Thomas-Fermi differential 
equation. Thus the generalized distribution includes the 
Thomas-Fermi and Thomas-Fermi-Dirac distributions 
as special cases. 


Boundary Conditions 


Two boundary conditions to be satisfied by the 
generalized potential are given by Eqs. (2.32) and 
(2.33). If one imposes as a third condition the Jensen 
requirement? that the total energy be stationary with 
respect to a variation of the boundary R of the dis- 
tribution, subject to the restriction that the total 
number of electrons is constant, one obtains 


5 10b,2sin?(«/2) sinx 1 


P(R)=—— — 


4dr wil dll x 


where 


x=4RP(R)/\5}. (3.24) 


For 6<0, Eq. (3.23) has only one root such that the 
boundary value of P varies from 10/4 to 5/4m as 6 
varies from — © to 0. For 6=0, the boundary value of 
P is 5/42 independent of R. For 6>0 and R/b<4.0716, 
there is only one root, P(R)=0. For R/b=4.0716, there 
is a root corresponding to P(R)=0 and P(R)=0.2902. 
For R/b>4.0717 there are three roots, the largest of 
which approaches 5/4r as R/b— «. The energy is a 
minimum for the root which approaches 5/47 as 
R/b— «. There are consequently no solutions for 
neutral atoms satisfying the Jensen condition which go 
to infinity, except for b= «. 

It is in fact impossible to impose the Jensen condition 
for neutral atoms on any solution other than those 
corresponding to b= «, b=0, and b=—~. For these 
three values of b, the Jensen condition leads todP/dr=0 
at the boundary for neutral atoms. For values of 6 other 
than these three, dP/dr is greater than zero at the 
boundary and solutions started there will connect to a 
solution satisfying the Jensen condition for a positive 


ion with a smaller radius. However there are non- 


61.. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1927 
7E. Fermi, Z. Phys. 48, 73 (1928); 49, 550 (1928). 
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TABLE I. Energy and boundary parameters corresponding to 
various distributions for Cut for a range of values of 6. Atomic 
units have been used. 


b R P(R) a -V K aU /ab 
10 178.8 5.59805 0 0.82 X10-& 4629.6 1986.3 0.16 X107% 
2.09840 4.61649 0 14.7 4659.6 2000.8 10.02 
1.01691 3.71174 0 31.9 1686.3 2017.6 21.53 
0.913365 3.61709 0 34.2 4689.6 2019.9 22.92 
0.864048 3.51803 0.290218 35.4 4691.2 2021.1 23.64 

0 3.3052 0.397887 62.6 4726.4 2047.7 40.74 

— « 2.42645 0.795775 120.0 4824.9 2112.2 0 

minimum neutral atom solutions to the differential 


equation (2.30) for g(r) given by Eq. (3.17) which go to 
infinity for b>0. 


IV. STATISTICAL DISTRIBUTIONS FOR Cut FOR 
VARIOUS VALUES OF b 


The differential equation for the statistical field with 
g(r) given by Eq. (3.17) has been integrated nu- 
merically for Cu* for various values of b. In Table I the 
values of R and P(R), corresponding to solutions for 
various values of 6, are tabulated with the energy terms 
K, V, and U’ of the corresponding distributions and the 
dU’, db. The Jensen boundary condition was imposed on 
these solutions. For b>0.8640, the boundary value of P 
is zero. For 60.8640, P?(R) varies from 0.2902 to 10/47. 
The external radius of the distribution decreases as 6 
decreases and the total energy increases. The minimum 
energy solution corresponds to b= — ~~. 

In Fig. 1 the total radial charge density in atomic 
units has been plotted for Cut as a function of r, for 
b=—x, b=0, and b=«. The Hartree-Fock radial 
charge density has been included for comparison. In the 
region covered by Fig. 1, the radial charge density 
corresponding to b= — ~ is everywhere higher than the 
charge density for b=0, which is everywhere higher 
than the charge density for b= «. It can be seen that 
the effect of decreasing 6 on the radial charge density is 
to raise the charge density rather uniformly and to con- 
tract the radius of the distribution. No improvement in 
the agreement of the Hartree-Fock and statistical charge 
densities is effected by altering 6. 
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Fic. 1. The total radial charge densities D for Cut forb=—&, 
0, and « are compared to the Hartree-Fock radial charge density. 
Density curves for b>0 lie between the Thomas-Fermi-Dirac 
curve and the Thomas-Fermi curve 
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V. EIGENVALUES AND FOURIER COMPONENTS 
OF THE DENSITY MATRIX 


The elements of the density matrix in the central-field 
approximation can be written 
(rs,|o|r's./)=>- Ci(r,r’)Pi(cos@)bsz,s2’, (5.1) 
t 


where the Fourier component of the density matrix is 


+1 
Culrr)=E vaulbnit(r)(——) Wu, (5.2) 


dor 


using Eq. (2.10). We would like to compare the Wni(r)’s, 
as determined from the various statistical density 
matrices, with the corresponding Hartree-Fock wave 
functions, but this is not useful since an idempotent 
density matrix does not determine a unique set of wave 
functions. This is a consequence of the fact that C;(r,r’) 
is invariant if one transforms to a new set of wave func- 
tions by means of a unitary transformation.’ A density 
matrix does determine a unique C;(r,r’) matrix however, 
and therefore it is possible to compare the eigenvalues 
and Fourier components of the statistical and Hartree- 
Fock density matrices. 


Fourier Analysis of the Density Matrix 


For numerical calculation of the eigenvalues and 
Fourier components of a density matrix corresponding 
to a central field, it is convenient to define a matrix 


dar rj 
G;,;(O)= wer? PF(r57;,0), (5.3) 
where 
F(r.7r' 2) = z, rs, 0 vs,’ , (5.4) 
82,82" 


\ is an arbitrary scale factor, and z 
coefficient such that 


is an integration 


L 1 
: . Wii? P 
i e" f(r)dr= >> —fi(r,). (3.5) 
J 5 =-1 
Using Eqs. (5.3) and (5.5), we obtain 
T z 
> G;,;(0) te f r°F (rr O)dr. (5.6) 
i=] 0 


Thus, using Eqs. (2.5) and (5.4), the trace of G,;;(@) is 
approximately equal to the total number of electrons in 
the atom. 

The Fourier coefficients of G;;(Q) form a discrete 
symmetric matrix 


+1 ¢’ 
Ail(rir;)= -f G, ;(@)Pi(cosO)d cosO, (5.7) 
? 


1 


® See reference 2, p. 124. 


AND 
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such that 


I 
dX Ai(rirs) =D 2(21+1) Nar. (5.8) 


i=l 


Thus the trace of the symmetric discrete matrix A ;(r;,r;) 
is approximately equal to the total number of electrons 
with angular momentum /. The eigenvalues of A,(r,,7;) 
are equal to 2(2/+1)N 1, with corresponding eigen- 


vectors 
we\? 
erril?r WV ia(r;). 
2 


This follows from the fact that A;(r,7;) can be written 


(5.9) 





Sar ir; 


Ajl(ri,rj)= 
21+1 
Xd vulray, “ira ( yx. 
n dor 


using Eqs. (2.10), (5.4), and (5.7). 
From the theory of Gauss-Laguerre integration,’ if 


(5.10) 


one sets 


yr; X and aa, (5.11) 
where X,‘” is the ith root of the 7th order Laguerre 
polynomial and a,” is the corresponding weight factor, 
the numerical integration specified by Eq. (5.5) will be 
exact if f(r) is a polynomial of order 2/—1 or less. If 
f(r) is not a polynomial, Eq. (5.5) is an approximation 
corresponding to integrating Eq. (5.5) with f(r) re- 
placed by the polynomial of order (27—1), which agrees 
with f(r) and its first derivative at the J roots of the /th 
order Laguerre polynomial. For a judicious choice of / 
and A, Eq. (5.5) has been found to be a good approxima- 
tion for Hartree-Fock wave functions. 

The integral specified by Eq. (5.7) can be evaluated 
numerically as 


4dr - 


Aj(rir;) = —r # [a Dg (Ne all 


é/ 


K 
Xd wi K F (43,7 j,2 K)) P (2,64 ), (5.12) 
k=1 


where z,‘*) is the &th root of the Ath order Legendre 
polynomial and w,‘* is the corresponding weight factor 
for Gauss-Legendre integration.” Equation (5.12) will 
be exact if the integrand of Eq. (5.7) is a polynomial in 
cos(®) of degree 2K—1 or less. For a sufficiently large 
value of K Eq. (5.12) will be exact for Hartree-Fock 
functions, since the integral in that case involves the 
product of two Legendre polynomials only. 


9F. B. Hildebrand, Jntroduction to Vumerical Analysis 
(McGraw-Hill, Book Company, Inc., New York, 1956), p 32 
See reference 9, p. 323. 


a” 








ANALYS#S OF 


The Eigenvalues of the Statistical 
Density Matrix 


The A,(rj;,7;) matrix can be calculated from the 
statistical density matrix using Eq. (5.12) with 


1 
F(r.r' 0) = see {sinl P()rie | 
Tr y.° 

— P(é)ri2 cosLP(é)rizg |}. (5.13) 
Using Eqs. (2.22) and (3.1), one can express ry, and — as 
a function of r, r’, and ©, and P?(£) can be calculated as 
the root of Eq. (3.17). 

In Table II the trace of the A;,(r,,r;) matrices calcu- 
lated from the statistical density matrices for Cut for 
various values of b, is compared with the corresponding 
Hartree-Fock values. The A;(r;,7;) matrices were calcu- 
lated with J=J=K=20 and A=0.0596. For these 
values the Hartree-Fock wave functions" for Cu* 
satisfy Eq. (5.5) to the accuracy of the functions and 
Eq. (5.12) is exact. For large values of 6 the number of 
electrons with angular momentum / falls off gradually 
for large values of /. As 6 decreases, the number of elec- 
trons in shells with low / increases, and a sharp break 
occurs at /=3. As b-+0, the number of electrons in 
shells for which /= 3 begins to oscillate and the number 
of electrons in states with large / increases. The oscilla- 
tions in the higher angular momentum states as 6— 0 
is present in heavier atoms as well. Values calculated for 
Hg for a Thomas-Fermi-Dirac field are presented at the 
bottom of Table IT to illustrate this. 

The oscillatory character of 3), 2(2/+-1).\ ,i, for large 
values of 1 as 6-0, is a consequence of the form taken 
for —. This can be seen from the equation 


n 


a 1 
3 221+ 1)Nai= 22+ Ade f f rF(rr,O) 
0 1 


xX Pi(cos@)d(cos@)dr, (5.14) 


obtained from Eqs. (2.8), (2.10), (2.21), and (5.13). For 
b=0, as O— radians, §-> 0 and P(t) > ~. F(r,r,0) 
is consequently large and rapidly oscillating in the 
neighborhood of @=7. This singularity leads to non- 


vanishing and in some cases negative values for the 


Oo 
1g 


TABLE IT. S,, 2(2/+1)N,, for Cut for various values of 6, and 
for Hg for b=0. The Hartree-Fock values (H. F.) are included for 
comparison. 


H. F., Cu* 0 0 0 
6b =0, Cut 4 —0.39 —6.00 —0.51 0.51 
b =0.864, Cu* 0.14 0.09 0.006 0.0009 
6 =0.913, Cut = 0.50 0.03 0.002 0.0004 
6 =1.017, Cut y. 3. R 1.08 0.13 0.12 9.0008 
b =2.098, Cu* f 3.61 1.96 1.000 0.49 
H. F., Hg d 14 0 0 0 
b=0, Hg aa 3 28.58 19.60 —9.07 —2.39 3.61 


PD. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A157, 490 (1936). 
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TABLE ILI. The eigenvalues of the Ai(ri,r;) matrices for Cut 
for b=0 and 0.864, are compared with the corresponding Hartree 
Fock values. These eigenvalues are equal to 2(2/+-1)Na. 


l1=0 [=1 [=3 
LF. 2 60 
b=0 1.99 6.05 
b=0.864 4.86 


I=2 


10.0 0 
6.94 1.81 
1.63 0.09 


—l=1 


H. F. 6.0 0 0 
b=0 4.30 2.96 — 1.00 
b=0.864 2.92 1.03 0.06 


fe. EB. 0 0 
b=0 7 0.93 —().52 
b=0.804 0.70 0.06 


H. F. 0 0 0 
b=0 0.86 0.58 0.50 
6=0.864 0.61 0.51 0.04 


H. F. 0 0 0 
b=0 0.45 —().48 0.45 
b=0.864 0.38 0.04 


integral on the right hand side of Eq. (5.14) for large 
values of /. For )<1, the minimum value of & for r=r’ 
as a function of @ is br and one would expect the oscilla- 
tions in the higher angular momentum states to become 
more pronounced as 6— 0. For 621 and r=r’, the 
minimum value of israndasb— ©,— ~ except for 
O=0. Thus as b > ~,F(r,r',0) — 0 forr¥r’. Ash &, 
the integral of Eq. (5.14) will always be positive and 
consequently the Thomas-Fermi density matrix does 
not give a negative number of electrons in any angular 
momentum states. Golden has investigated the number 
of electrons in various angular momentum states for the 
Thomas-Fermi density matrix.” 

The density matrix method of determining the angu- 
lar momentum distribution is a quantum mechanical 
approach and leads to electrons in states with integral / 
only. Various other authors have calculated the angular 
momentum distribution for statistical atoms in a semi- 
classical manner by regarding the angular momentum as 
continuously distributed and assigning electrons within 
a certain interval to a definite angular momentum 
> All of these approaches, as well as the density 
matrix approach, lead to only moderate agreement with 
the experimental values. Fermi’s calculations, for ex- 
ample, place about 7, 15, and 6 electrons in the s, p, and 
d states of Cu, respectively. 

In Table III the eigenvalues of the A;(r,7;) matrices 
for Cut are tabulated for b6=0 (the Thomas-Fermi- 
Dirac case), 6=0.864, and the Hartree-Fock values. It 
can be seen that for low values of / and n, the eigenvalues 
corresponding to the Thomas-Fermi-Dirac density ma- 
trix agree quite well with the values corresponding tothe 
Hartree-Fock density matrix. For large values of / and n 


state.! 


12S. Golden, Phys. Rev. 110, 1349 (1958). 

13 FE, Fermi, Z. Physik 48, 73 (1928). 

‘J. H. Jensen and J. M. Luttinger, Phys. Rev. 86, 907 (1952). 
16 T, A. Oliphant, Jr., Phys. Rev. 104, 954 (1956) 
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we again observe oscillations. The character of the 
eigenvalues of A;(r;,r;) matrices for large values of 6 is 
indicated by the values corresponding to 6=0.864 in 
Table III. Even for low values of / and n these are a 
poor approximation to the Hartree-Fock eigenvalues. 
An interesting feature is the value of approximately 3 
for the number of electrons in the A shell. It has been 
pointed out'®!”? that the discrepancy between the 
Thomas-Fermi potential and a Coulomb potential near 
the origin introduces a correction in the Thomas-Fermi 
energy of }Z*. This is approximately the energy of an 
extra electron in the A shell and the distributions for 
large positive values of 6, for which the eigenvalues have 
been calculated (up to 6=2.098), have approximately 
one extra electron in the A shell. No attempt has been 
made to determine the eigenvalues of the Thomas- 
Fermi density matrix by a limiting process. 

The boundary condition difficulties of the Thomas- 
Fermi-Dirac equation are probably related to the oscilla- 
tion in the sign of the charge in high angular momentum 
states. Since the sign of the charge in shells with high / 
oscillates, one would expect the sign of the charge 
density to oscillate at large distances. This is in fact 
what happens and the Thomas-Fermi-Dirac distribution 
must be cut off to prevent this oscillation. The only 
distribution for which the right hand side of Eq. (5.14) 
is definitely always positive is the Thomas-Fermi dis- 
tribution, and this is the only distribution for which the 


minimum energy solution goes to infinity for neutral 
atoms. 


6 J. M. C. Scott, Phil. Mag. 43, 859 (1952). 
17N. H. March and J. J. Plaskett, Proc. Roy. Soc. 
A235, 419 (1959 


London) 


AND 


EL. H. FHROMAS 

A comparison of the Fourier components of the sta- 
tistical density matrix for various values of 6 with the 
Fourier components of the Hartree-Fock density matrix, 
reveals rather poor agreement. The diagonal elements of 
the statistical and Hartree-Fock A ;(r;,r;) matrices agree 
about as well as the corresponding radial charge den- 
sities. Since the statistical density matrix is not idempo- 
tent, the wave functions calculated from the . 
matrices are unique but prove to be a poor approxima- 
tion to Hartree-Fock wave functions. It is evidently not 
worthwhile to compute the Fourier components of the 
statistical density matrix for use as a starting point for 
a Hartree-Fock calculation. 


UW" G,%j 


CONCLUSION 


A generalized expression for the statistical field has 
been obtained which includes the Thomas-Fermi and 
Thomas-Fermi-Dirac fields as special cases. The be- 
havior of the energy, charge density, boundary density, 
and electron groups has been investigated for various 
fields. Fields with exchange are obtained which behave 
like the Thomas-Fermi field at the boundary. A singu- 
larity in the Thomas-Fermi-Dirac density matrix has 
been found which leads to an oscillation in the sign of 
the charge in high angular momentum states. This 
singularity is related to the necessity for terminating the 
Thomas-Fermi-Dirac distribution at a finite boundary. 

A comparison of the Fourier components and wave 
functions calculated from statistical density matrices for 
Cu* with the corresponding Hartree-Fock values has 
revealed that it would not be worthwhile to compute 
these components for use as a starting point for a 
Hartree-Fock calculation. 
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KLL Auger transition rates have been computed for a variety of atoms Z=1 to Z=80 for all transitions in- 
volved. Screened nonrelativistic hydrogenic wave functions were used, with screening constants derived 
from the limiting screening numbers for self consistent-field functions given by Froese. Auger electron 
energies were derived from tabulated energy level values. Transition probabilities in the Russell-Saunders 
coupling forms given by Asaad and Burhop were obtained. They show smooth changes with Z, tending to 
saturate at high Z. The 'Dz and 'P; probabilities show much greater increases with Z than do those of So 
and *P . These Auger probabilities for the sp and p? cases are opposite in strength to those found by Asaad 
using relativistic theory. Variations in the transition rates for several atoms were found when effective atomic 
charge and ejected electron energy were changed slightly. Additionally, some K-shell fluorescence yields 
were computed and they are compared with other values. 


INTRODUCTION 


N atom ionized in a deep (A or L) shell may re- 
arrange itself either through 
radiationless Auger transitions.! 


radiative or 
The relative proba- 
bility of radiative and Auger-type transitions is called 
N R/ | \ retwNa), 
Nj are the numbers of radiative and 
Auger transitions, respectively, for an initial K-shell 
vacancy. The present paper is concerned with the 
determination of the Auger transition rates and total 
Auger probability for the AZ transitions for various 
atoms. 


the fluorescence yield, defined by wx 
where Ve and 


Recently the theory of the A-shell Auger effect has 
been significantly improved by Asaad and Burhop,? 
who have shown intermediate 
coupling in arriving at satellite line energies and in- 
tensities. Transition amplitudes obtained from Russell- 
Saunders (L—S) coupling of the individual transitions 
are used for the computations. It is noted in their work 
that such transition amplitudes are known for only a 
few values of atomic number, and are based on several 
different methods of computation. Therefore, in order 
to obtain a set of transition amplitudes for a variety 
of atomic numbers Z, which also were computed by 
the same methods, throughout, the present work was 
undertaken. 


the importance of 


The basis for the calculations is the use of non- 
relativistic screened hydrogenic wave functions for 
computing the electrostatic interaction integrals in- 
volved in the Auger process. The theory is presented in 
the next section and the methods for obtaining screening 
constants follow thereafter. The ejected electron 
energies were computed from tables of energy levels 
as described later. The computations of transition rates 
were made for values between Z=12 and Z=4/7, 
together with some additional values to Z=80 for 
which extrapolated screening constants were used. Also, 


1 E. Burhop, The Auger Effect and Other Radiationless Transitions 
(Cambridge University Press, New York, 1952). 

2 W. Asaad and E. Burhop, Proc. Phys. Soc. (London) 71, 369 
(1958). 


transition rates for Z=1, the unscreened hydrogenic 
case, calculated. This been used in 
earlier work.’ In order to determine the limits of error 
for changes in effective charge Z* 


were case has 
or ejec ted electron 
energy & for a given transition, additional calculations 
were performed for several Z with such changes in- 
cluded. These later sections. No 
relativistic corrections have been applied. Relativistic 
calculations for the Auger effect have been performed 
by Massey and Burhop® and Asaad° for Au” and Hg™. 
The individual transition rates, and the L—S transition 
amplitudes derived from them, are tabulated. However, 


are described in 


no computation of intensities in intermediate coupling 
has been performed. From the total A-shell Auger 
transition probability, the fluorescent yield wx has 
been computed for several Z and compared with other 
values. The differences are discussed. 


THEORY 


The Auger transition arises from the electrostatic 
interaction between two electrons in an initially singly 
ionized atom. Following Condon and Shortley,’ the 
interaction integrals are of the form 


a 
(ab! q' cd) J fever (b) 
vr} 


where the y are electron eigenfunctions. These eigen- 


ViloWo(d)dridto, (1) 


functions are given by Bethe and Salpeter® for the 
hydrogenic case. The wave function for the ejected 
electron of angular momentum / has been taken in the 


3. Pincherle, Nuovo cimento 12, 81 (1935). 

4C,. Geffrion and G. Nadeau, Air Force Office of 
Research, Report TR 59-145, 1959 (unpublished). 

5H. Massey and E. Burhop, Proc. Roy. Soc 
661 (1936 

6 W. Asaad, Proc. Roy. Soc. (London 

7 E. Condon and G. Shortley, Theory « 
bridge University Press, New York, 1953 

SH. Bethe and E 
S. Fliigge (Springer-Verlag, Berlin, 1957 


Scientific 
London) A153, 


A249, 555 (1959). 
a Atomic Spec tra 
, p. 174. 

Salpeter, Handbuch der Physik edited by 


, Vol. XXXV, p. 379 
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form given by Gordon’: 


; m.\4 2!+1 
Vx (~) - en Z*/2kRit+h | T(J+14+7Z*/k) | 
h (2/+1)! 


Xr'e~**" Fy (1+1+iZ2*/k; 2142; 2ikr) 


XVim(O,), (2) 


where ,/\(@;6;c) is the confluent hypergeometric 
function and VY, is a spherical harmonic. It is normal- 
ized to yield one ejected electron per unit time per unit 
energy range. With this normalization the Auger 
transition rate becomes 


W?= (4n°/h?)(ab| | cd)?. (3) 


On expanding the interaction potential in a series of 
Legendre polynomials, the matrix element can be 
separated into a product of an angular factor V and a 
radial factor R, so that Eq. (3) can be written 


W?= Y2R?. (4) 


There are twelve ALL transitions, which are listed for 
identification in Table I. The W? identify the transition 
rates for particular transitions, values for which are 
given later. The angular factors Y? are given here for 
convenience. There are only five distinct forms for the 
KLL radial integrals, but since the Auger energies are 
different for the particular subshells involved in a given 
transition, there are actually ten distinct values of 
these radial integrals for a given atom. 

For the hydrogenic types of radial functions, we may 
write R in the general form 


rs 1 
def Gam 
3 r"tl 
/ > J (ro”\r%e-% ‘dry i (5) 


where a, 8, y, m, and the q’s are constants for a given 
transition. The inner integrals are of the forms 


r2 p! p+1 (qr) ?t!-% 
f pewdr=—(1 -eu } —— ~) 
0 gq? imi (p+1-—1)! 


and 
D p! p+l gr) Pti-s 
re ge m1 (p+1—1)! 


The outer integrals are of the form 


L p! 
f r?e-@ Fi (a; b; cr)dr=——F (a; p+1; b; c/q), (6c) 


gg 


* W. Gordon, Z. Physik 48, 180 (1928). 


EDWIN J. 


CALLAN 


TABLE [. Identification of transitions.* 


Ww Transition i. 

W, 

Ws 

W 34 

Ws ole be 

W, Te » 45 
Ws aL : 9 
Ws aL 38 9 
We LL; 4b 15 
W a6 L3Le ; 15 
W; ; b /9 
Ws 434.32 i ‘45 
W's L3Lae, ™ 15 


* W? =transition rate = ¥?R?; KLilj =(Li ~ K; Lj ~ @); le =angular 
momentum of ejected electron; m:=projection of le; R =radial integral 
of transition (Ris =Ris if ka =k», i.e., integrals have same form, and differ 
only in ejected electron energy); and Y¥ =angular factor. 


where F(a; p+1; 6; c/q) is the general hypergeometric 
function. From these forms and the tabulated constants, 
the radial integrals are computed. For the case of the 
KL, transition, as an example, the integral becomes: 


Ri 2 32Z1\fT(2) Z,1(3) 
3 2 ) 23 


where 
p=1+iZ1/k, 8B=3Z1+1k, 
v=Zx+}3Z1, n=2ik/8, 
C= 2er2h/2| 1 (1+i1Z,/k)| EX ZZ}. 


These integrals are of the same nature as those of 
Burhop.” In the present computations atomic units 
with m,=e=h=1 are used throughout. The transition 
rates W? are then obtained using Eq. (4). 


Screening Constants and Auger Energies 


To improve on results obtained from use of un- 
screened hydrogenic functions, or those with essentially 
constant screening," it was decided to use hydrogenic 
type functions, but with screening constants derived 
from results of the Hartree-Fock self-consistent-field 
(SCF) functions. This procedure permits easy variation 


© E. Burhop, Proc. Roy. Soc. (London) A148, 262 (1935). 
J. Slater, Phys. Rev. 36, 57 (1930). 
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of Z in the calculations, yet retains some of the improve- 
ments of the SCF functions and also permits use of a 
single consistent method of computing the transition 
rates for all variations in constants. It is felt that use of 
more complex analytic wave functions does not offer 
such a clear improvement over these screened hydrogenic 
functions as to be worth the additional calculational 
complexities for computing these Auger transition 
rates. 

The ultimate screening constants o, for an atom of 
number Z as the mean radius, 7,” goes to zero have been 
obtained by Froese™ for a series of Z up to 46, which 
includes the 4d functions. In addition, she has obtained 
do/d? for a number of configurations, also to Z=46. 
All these values are based on SCF functions with 
exchange. From these values and their variation with 
r, a good screening constant can be derived for any 
particular subshell of a given atom, using the relation 


o =fda/diF+-ap». (8) 


This requires a knowledge of the values of 7 for each Z. 
Unfortunately 7 is known only for a few atoms. In order 
to find a set of values for 7, the following relations were 
determined by least squares. Tabulated values of 7 
for neutral atoms were used, together with values for 7 
interpolated from those for alkali and halogen ions. 


Zz: 2 
2p: Z=3.6911+5.3005/7. 


-2.4528-4+-6.3405/F, (0a) 
(9b) 


The goodness of fit of these equations is shown on Fig. 1, 





T T T 


28 2+2.4528+6.3405/7 
2p Z* 3.6911+5.3008/" 


7 (ATOMIC UNITS) 


MEAN RADIUS, 











ATOMIC NUMBER 2 


Fic. 1. Variation of mean radius (7) of 2s and 2p wave functions 
with atomic number (Z). Points represent actual # values derived 
from Hartree-Fock sclutions, and are identified as follows: © and 

@ are 2s and 2) values of # for neutral atoms; [1] and gare 2s and 
2p values of # for ions; and A and 4 are 2s and 2) values of 7 
interpolated from # values for adjacent halogen and alkali ions. 


2 PD. Hartree, The Calculation of Atomic Structures (John Wiley 
& Sons, Inc., New York, 1957). 

8 C, Froese, Proc. Roy. Soc. (London) A239, 311 (1957); also 
244, 390 (1958) and 251, 534 (1959). 


rION 


PROBABILITIES 








SCREENING CONSTANT o 








| 
| 
- 
40 
ATOMIC NUMBER 2 


Fic. 2. Values of 2s and 2 screening constants (c) 
for various atomic numbers (Z). 


where the known 7 values are from Hartree.” Beyond 
Z=46 no values for op and do/d? are available, so 
values for o have been extrapolated for higher 7. The 
validity of the extrapolation lies both in the regularity 
to Z=46, and the lessened sensitivity of the added outer 
electrons on the screening of the 2s and 2 functions for 
higher Z. It is considered that values of o are good to 
within 0.1 units for Z7<47, and to within 0.2 units at 
high Z. Values of these screening constants are shown 
on Fig. 2, and may be compared to the constant value 
of 4.15 found by Slater’s rules" for both 2s and 2p 
functions for Z>10. These values are used to obtain 
effective charges Z* for the computations. Since o¢ for 
the K electron shows little variation with Z, Z* for 
this shell was taken constant as Z—0.3 throughout. 

For the KLL Auger transitions, the energies of the 
ejected electrons are given by 


k=[(K—Lzi— 1 (z41))/13.605 }}, 


(10) 


where & is the Auger energy in atomic units, A is the 
K-shell energy level (in ev) for atomic number Z, Lz; 
is the L,-subshell energy level (in ev) for atomic 
number Z, and L,z41); is the Lj-subshell energy level 
(in ev) for atomic number Z+1. It is to be noted that 
the energy level for the second electron is taken as that 
for an atom of next higher Z. This is because the atom 
can then be considered as singly ionized, and thus 
approximately equivalent to an un-ionized atom of 
Z+1. Other workers‘ consider that the Auger electron 
energy is better given by 
k=((K—-Lz,-! Z4 


13.605 }}, 


where 0<n<1, and with » varying among Z and 
subshells for any Z. According to reference 14 for 
Hg™, n=0.55 for the 1; and Lz subshells, and n=0.76 
for the 13 subshell. The difference in taking n=1, as 
done here, or less than 1 results in insignificant differ- 
ences in the Auger transition amplitudes, as will be 
shown later from study of the variations in transition 
rates with changes in k, the Auger energy. 


47. Bergstrom and R. Hill, Arkiv Fysik 8, 2 (1954). 
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ABLE II. Auger transition rates for various values of Z.* 


W? 


62 808 
04 130 
05 544 
06 952 
08 310 
09 506 
10 838 
12 302 
13 468 
14 581 
15 581 
16 481 
17 304 
18 128 
18 934 
19 624 
20 276 
20 893 
21 547 
22 271 
22 691 
23 280 
23 817 
24 314 
24 803 
25 294 
25 726 
26 078 
26 391 


W? W332 35° "36 
451 898 194 337 949 
033359 081140 20960 679 
044283 091635 24 414 142 
055 051 100 232 27 529 701 
065 377 107 819 30 197 770 
074 421 112 929 296 
084 449 120 170 671 
095 403 701 
104 114 152 
112 394 293 
119 846 019 
126 532 363 
132 647 419 
138 763 572 
144 729 554 
149 843 109 
154 674 522 
159 242 895 
164 072 308 
169 377 047 
172 531 707 
176 864 868 
180 822 841 
184 466 743 
188 070 622 
191 677 501 
194 843 992 
197 433 359 
199 751 586 
202 276 838 
204 391 961 
210 075 059 
211 865 938 
213 445 R53 
215 101 734 

119 


114 587 
115 871 
119 624 
119 808 
120 O88 





W? 
75 316 
05 560 
07 381 
09 175 
10 896 
12 404 
14075 
15 900 
17 352 
18 732 
19 974 
21 089 
22 108 
23 127 
24 122 
24974 
25779 
26 540 
27 345 
28 229 
28 755 
29 477 
30 137 
30 744 
31 345 
31 946 
32 474 
32 905 
33 292 
33 713 
34 065 
35 013 
35 311 
35 574 
35 850 
36 574 
37 597 
37 961 
38 739 
38 717 
38 437 


N 


W? 


194 337 
081 376 
091 870 
100 232 
108 041 
114 200 
120 375 
125 672 
129 543 
133 450 
136 117 
139 056 
141 379 
143 663 
145 440 
147 151 
148 574 
149617 21050 
150 883 21 729 
5 22 479 
22 921 
23 533 
24 093 
24 610 
25 170 
25 657 
26 108 
26 478 
26 855 
27 194 
27 518 
28 414 
28 689 
28 954 
29 209 
29 939 
30 997 
31 400 
32 812 


32 936 


W; 
62 808 
04 144 
05 561 
06 971 
O8 332 
09 642 
10 982 
12 327 
13 520 
14 634 
15 635 
16 535 
17 385 
18 236 
19 042 
19 758 
20 408 


We? 


301 265 
022 314 
029 611 
036 801 
043 693 
050 297 
057 014 
063 723 
069 663 
075 185 
080 155 
084 612 
O88 815 
093 018 
096 992 
100 521 
103 734 
106 894 
110 228 
113 877 
116 082 
119 074 
121 813 
124 339 
127 061 
129 444 
131 640 
133 446 
135 279 
136 931 
138 512 
142 881 
144 223 
145 514 


WwW? We 


67204 225949 
20972 016679 
24425 022 142 
27529 027 601 
30204 032770 
32590 037296 
34763 042671 
36796 047 701 
38554 052 152 
40086 056 293 
41 548 060 019 
42750 063 363 
43850 066419 
44927 069572 
45925 072554 
46784 075109 
47582 077 522 
48330 079895 
49060 082308 
49731 085 047 
50355 086707 
50950 O88 868 
51534 090841 
092 743 
094 622 
096 501 
097 993 
099 359 
100 586 
101838 26736 
102 961 27 022 
106059 27789 
106 938 28 031 
107853 28242 
108 734 28 466 
111119 29050 
114587 29870 
115 871 30 159 
119 624 30 691 
119 808 30 653 
120 O88 30 339 





67204 225 
016 
022 
026 
032 
037 
042 
047 
052 
056 
060 
063 
066 
069 
072 
075 
077 
079 
O82 
O85 
O86 
O88 
090 
092 
094 
096 
097 
099 
100 
101 
102 
106 
106 
107 
108 
111 


"248 752 
244 165 
249 051 


oie ee en) 


259 962 
260 940 
261 363 
261 851 
261 940 
262 S00 
263 073 
262 864 
262 803 
262 
262 
261 
261 
260 
259 
260 
259 
259 


40 084 
41 547 
42 750 
43 852 
44 931 
45 929 
46 789 
47 589 
48 337 
49 071 
49 747 


50 369 


os) 
S = 
mw Ow 


148 174 
149 233 
150 390 
151 801 


151 682 
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yn 
7 
w 
o 
7] 


_ 

ome 

Jt es ¢ 
— 
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rman 
i] Ui bo bo 
ee ee 


AMmaAnAunau 


PCO MIO Ui be Ww 


160 049 
160 621 
161 846 
162 376 
162 740 
163 O86 
163 488 
165 059 
166 729 
167 026 
167 619 
167 654 
167 146 


159 658 
160 734 
161 192 
161 430 
161 731 
162 090 
163 540 
164 657 
164 854 
164 065 
163 745 
162 269 


DU ee ee GD 


AMAMNMAUMNInAanannno 


* Ee | 


60 302 
60 534 
61 362 


60 O86 
60 298 
61 O85 


2 
2 
2 
2 
2 
? 
2: 
2 
? 
2: 
> 
2 
2 
) 
? 
? 
2 


33 331 


determined with greater precision than the energy level 
values. Particularly for Z values near the limits for the 
Coster-Kronig processes,'* of the experimental 
energy values could be important for valid comparisons 
with the sharp cutoff of satellite intensities at 


limits. 


Energy level values of Sandstrom" were used, with a 
few level values from Siegbahn"* for low Z values. These 
energy level values agree usually to within 10 ev (or 
about one part in 10*) with the values of Wapstra 
et al.” Experimental values for Auger energies were not 
in the computations, primarily because it was 
desired to maintain consistency in the values for 
different Z. This could best be done through use of the 


use 


these 


used 


CALCULATIONS AND RESULTS 


energy tables of Sandstrom and Siegbahn. The differ- 
ences between computed and experimental 
would in most cases not exceed 0.1 units, so that the 
choice of which energies to use is not critical for K-shell 
computations. In the case of L-shell Auger transitions, 
on the other hand, it would be very desirable to use 
experimental values since in many cases these can be 


energies 


8A. Sandstrom, Handbuch der Physik edited by S. Fliigge 
Springer-Verlag, Berlin, 1959), Vol. XXX, p. 224. 

6K. Siegbahn, Beta- and Gamma-Ray Spectroscopy 
Holland Publishing Company, Amsterdam, 1955). 

17 A. Wapstra, G. Nijgh, and R. Van Lieshout, Nuclear S pectros 
copy Tables (North-Holland Publishing Company, Amsterdam, 
1959 


North 


Based on the integrals using the Z* and & values 
derived as described in the preceding section, the 
transition rates were calculated for a variety of atomic 
numbers, ranging from Z=12 to 80, together with 
values for the unscreened hydrogenic case Z=1 for 
which k=v2/2. The program used included generation 
of the hypergeometric functions, followed by computa- 
tion of the radial integral values. Then the W? values 
were obtained by multiplying the radial values by the 
angular constants. The hypergeometric functions were 
generated using a matrix routine based on standard 
13 (1935 


18 J). Coster and R. Kronis hysica 2, 
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recursion relations.'® This method obviates summing of 
series and is good to seven or more places, as found 
through comparison of test values with those found 
using an independent double precision routine pro- 
grammed for another problem. The computations were 
conducted using the WADD Univac 1103 A, and the 
results are good to at least six significant figures, for 
the Z* and & values chosen. The results for the in- 
dividual transitions are given in Table II. 
provide for further calculations of the transition 
amplitudes in any coupling scheme. 

Several of the coupling schemes have been utilized 
in the theory of complex spectra, and have been applied 
to the Auger transitions. The most successful to date 
has been the intermediate coupling scheme as used by 
Asaad and Burhop.? This starts from the Russell- 
Saunders (1—S) transition probabilities. These are 
given in terms of functions A{  } of reference 2, which 
are related to the W? transition rates as follows: 


These 


s* ‘So: K{ (2s)? 1S} = R? 
sp'Px: K{(2s)(2p) "Pay = 4 (Rit Ry/3) 
=3(W2+W,+2W.Ws), 


Wy’, 


2J+1 
K{ (2s) (2p) *Ps}= 


> K{(2p)* 'So} 
: 0 


o: K{(2p)?'D.} =2R2/3=10W¢. 

These transition probabilities are shown on Fig. 3. 
These curves demonstrate the saturation effects at 
high Z, which are also noticeable in the transition rates 
W?, and which are discussed later. From the L—S 
amplitudes and separately computed spin-orbit inter- 
actions, the intermediate coupling can be performed. 
Because of the form of these L—S amplitudes, which 
are based on the use of a single Z, value for each atom, 


it is necessary to make the following approximations in 


the W?: 
Ws 3 "4 2Ws, 


W4= (2/3)!Wo, W,=Ws: 

This says that Ria=Ric= Rie (= 1°° 
Z, and k value, this equivalence of radial integrals 
holds, while for distinct Zz, and Z,’ and different k 
values, the integrals are not identical. The differences 
are slight as seen from Table II, and the approximations 
are quite reasonable. A corrected coupling scheme 


(3/4) 4s. 


5). For a single 


’ C, Snow, Nat. Bur. Standards (U.S.), Applied Math. Series 19 
(U. S. Government Printing Office, Washington, D. C., 1952). 


TION PROB 





L-S TRANSITION PROBABILITY, IN 10° ATOMIC UNITS 
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3. Variation of KLL Auger transition probabilities in Russell 
Saunders (L—S) coupling, with atomic number (Z 


could be obtained, but the smallness of the differences 
indicate that these transition probabilities would be 
relatively unaffected. 

The progression with increasing Z of the transition 
probabilities is seen to be quite smooth, as shown on 
Fig. 3. The increase with Z of the 'D, and 'P; amplitudes 
is much greater than for the others. The 1S» amplitudes 
stay fairly constant with Z. There is also seen a levelling- 
off of all amplitudes for high Z, rather than a con- 
tinuous increase toward the values for the unscreened 
hydrogenic case. The values for the pure hydrogenic 
case Z=1 represent an ultimate limit as Z — ©, since 
F=0 for this case, and higher Z atoms tend toward 

> in the limit. However, in the present compu- 
tations the loss of this tendency toward Z=1 values is 
seen around Z= 50. The reason appears to be due to the 
fact that the Auger energies are derived from the 
energy levels. These energy levels are lowered due to 
relativistic effects. Thus, there is an indication of the 
effect on the Auger transition rate due to relativistic 
effects, although the computations are not relativistic. 
For Z=80, the lowering from Z=1 values is of the order 
of 40% for the p? terms, about 15% for the sp terms, 
and does not appear for the s? term. In absolute value, 
however, only in the case of Z=80 is there any actual 
decline in any of the transition rates other than KL,/. 
This decline is quite small, being of the order of 2 107° 
atomic units, or about 1% of the transition rate for this 
case. 

The case of KL,L, is somewhat different ; the transi- 
tion rate going through a broad and shallow maximum 
at about Z=23. This maximum is only about 10% 
higher than either the low- or high-Z limit values for 
the transition. It is a true maximum however, since the 
variations are considerably greater than would be due 
to computation errors, or expected errors in Z* or k 
values. A variation of 0.1 unit in Z* or k would only 
result in a difference of 1%, rather than the 10% found. 
The reason for this maximum occurring at Z=23 is 
not understood. This point deserves further study. 

In addition to the transition amplitudes, the total 
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Fic. 4. Total XLL Auger Transition probability as a 
function of atomic number (Z). 


KLL Auger probability 


relation 


Paug=W?+6(W2+W2—W.W;5)+-3W 32+ 10W . 


was computed using the 


It is shown in Fig. 4 where the saturation effect with 
increasing Z is seen clearly. The total probabilities are 
independent of the coupling model and are used later 
in the computation of fluorescence yields. 

Although the K-shell transition rates are not grossly 
sensitive to variations in Z, there is sufficient change to 
warrant a study of the effects due to differences in Z* 
and & from their true values. The anticipated errors in 
Z* or k are only of the order of 0.1, or at most 0.2 unit. 
Since the variations in transition rates are not great, it 
was decided to examine them for changes in Z* and k 
of 0.5 unit so as to magnify the variations and to set 
outside limits on the computed transition rates for a 
given Z. Z* and k were varied independently by 0.5 unit 
and also the value of Zx was increased independently by 
0.1 unit. The transition rates were then computed for 
the cases Z=20, 40, 47, and 80, for each of these 
changes. The radial integrals R,, (i=1---5) for these 
cases are given in Table III. The variations for R,, and 
R;, are essentially the same as for Rj,. The results show 
the variations to be far greater than the normal changes 
which occur in successive Z values, although still of 
small absolute magnitude. It is also seen that some 
transitions like KL, (R2) are more sensitive to changes 
in k than Z*, while others such as KL33 (R4) are more 
sensitive to changes in Z* than changes in &. 


COMPARISON WITH OTHER RESULTS 


It has been shown that the K-shell Auger transition 
probabilities increase with increasing Z for all transi- 
tions except K/,/,. This differs from the results for 
the unscreened hydrogenic case, where the Auger 
probabilities would be independent of Z. As a check on 
the computations, the rates for Z=1 were computed 
and found to agree closely with those of Geffrion and 
Nadeau.* The total KZL Auger probability for this 
case was identical with theirs to the sixth significant 
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figure. For other values of Z there are few reported 
values of the transition probabilities. Therefore, the 
earlier values of Burhop” were checked for the case of 
silver (Z=47), both for the values chosen for Z* and k, 
and for the present values for these constants. Addition- 
ally, the results for the same Z from the self-consistent- 
field values of Rubinstein and Snyder as quoted by 
Asaad® are compared. They are in terms of the radial 
integrals, as follows: 

Bo B, 


R, 0.0504 0.05043 
R: 0.0433 0.04254 
R; 0.0832 0.07548 
Ry 0.1551 0.14892 
Rs — 0.0564 — 0.05984 


R-S c 

0.0438 0.05066 
0.0389 0.04043 
0.0669 0.07121 
0.1602 0.12771 
0.0645 0.05127 


Here Bo and B, are the Burhop original and recomputed 
values, R-S is the Rubinstein-Snyder value, and C is the 
value obtained in the present work; all in atomic units. 
The comparison is interesting in showing the divergence 
between these values for cases of different total angular 
momentum. For L=1 (KL£2Ll2 and KIL,L3), the present 
values are higher than the R-S values and closer to the 
Burhop results, while for L=2 (KLel2, KLol3, and 
KL3L;) the present values are lower than the R-S ones. 
For the case of Hg™, the pattern holds for the Asaad® 
(A) and present values, but is more marked. The 
transition rates differ by about 50% for the L=2 case, 
and about 10% for the L=1 case, for this atom. 


TABLE III. Variations in radial integral values with changes 
in Z* and & for KLL Auger transitions.*® 


R? R? RZ R; 


844 395 
774720 
918 960 
991 980 
712 155 


834 195 


131 706 
120 186 
144 189 
155 601 
110 394 
130 113 


133 450 
124 705 
142 733 
138 401 
127 613 
134 096 


360 774 
359 325 
360 459 
391 257 
330 624 


356 247 


261 851 
249 701 
274 453 
261 132 
261 039 
263 760 


527 570 
469 940 
586 865 
630 995 
428 255 
519 080 


490 275 
491 823 
488 124 
505 701 
474 786 
487 314 


160 621 
156 277 
165 050 
161 788 
159 194 
161 102 


259 050 
254 142 
264 010 
256 871 
260 900 
260 173 


631 010 
579 215 253 638 
684 050 272 412 
722 150 277 947 
542 840 248 310 
623 390 261 720 


507 150 262 881 
508 779 
505 071 
520 236 
$94 OO1 
504 549 


163 488 
159 827 
167 206 
164 331 
162 456 
163 915 


wn 
ma 


A 
B 
C 
D 
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NM NNHN tr 
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Z=80 

Basic 249 322 
A 247 162 
B 251 490 
C 248 065 
D 250 506 166 728 
E 249 888 167 409 


299 979 
293 859 
306 207 
309 384 
290 736 
299 250 


801 320 
768 170 
834 935 
856 955 
746 690 


796 595 


167 146 
165 068 
169 239 
167 500 


549 765 
550 935 
548 442 
557 541 
541 962 
548 145 


* All values are in units of 10~* atomic unit. values are for Zz and 
k as chosen for atomic number Z. 

b A—values for k+4; B—values for k—4$; C 
values for Z, —4; E—values for Z« +0.1 


values for ZL. +4; D 





KLL AUGER TRANSI 
Further comparison with the results of Ramberg and 
Richtmyer” (R-R) for Au” shows the following, in 
10% atomic units: 

A R-R Cc 


2.034 2.021 2.493 
4.992 7.093 7.965 
1.492 1.433 1.000 
16.328 17.824 12.009 


The R-R results are for a Thomas-Fermi field; the A 
for a self-consistent field, and the present for screened 
hydrogenic functions. It is not clear why the large 
discrepancy in the /,=2 would be 
necessary to increase Z, by about two units to raise the 
R, value close to that for the R-R and R-S cases, but 
this seems an unlikely correction. The lower values 
now found for the Alo 3/..3 transitions are closer to 
the observed relative intensities, although still high 
by a factor of about 2. The intensity values are also in 


case arises; it 


general agreement as to order, but not as to numerical 
values, with the experimental results of Sokolowski and 
Nordling” for Cu and Ge, both for the present results 
and those of reference 2. Use of the present transition 
probabilities in intermediate coupling has not been 
accomplished, but could result in closer agreement with 
these experimental values. 

Comparison of these probabilities in L—S coupling 
with those done relativistically is of interest. In the 
nonrelativistic case, the transitions of total anguiar 
momentum L=0, or the s*'so cases are close to their 
Z=1 value throughout, while the sp'!P, and *P cases 
reach about 85% of their Z=1 values at Z=50, and the 
L=2 transitions p” D2 and ‘So have reached only about 
50% of the Z=1 value at Z=50. The L=2 transitions 
level off considerably more than do the L=1 transi- 
tions, but they are higher in actual value than the = 
transitions for all Z above about 18. In the relativistic 
case, the reverse is true,® the /=1 lines being stronger 
than the L=2 lines for Hg®. Asaad discusses this 
reversal which appears to be due to lowering of the 
Coulomb integrals when treated in relativistic fashion. 
The relativistic increase in the KZ,Z, transition rate 
markedly lowers the ratios of intensities of other lines, 
in agreement with experiment. 

The unscreened hydrogenic Z=1 case represents a 
limiting case for high Z when there are no relativistic 
corrections. For the lighter atoms particularly, the 
differences between the transition rates found here 
and those for Z=1 are rather large. The rates are much 
lower for lighter atoms and tend to zero for all but 
KL,L,, as would be expected. As a measure of com- 
parison, the A-shell fluorescent yields were computed for 
some atoms using the present Auger transition rates. 
The scheme of computation was to take the present 
rate, assume a value for the ALX/KLL ratio, and thus 
obtain the total K Auger probability. This ratio varies 
considerably with Z, being about 0.4 for Z near 40 and 

20 —. Ramberg and F. Richtmyer, Phys. Rev. 51, 913 (1937). 

*1 E. Sokolowski and C. Nordling, Arkiv Fysik 14, 557 (1959). 
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ATOMIC NUMBER 2 


Fic. 5. Comparison of K-shell fluorescent yields (wx) with 
atomic number (Z). A represent values from Burhop (reference 
23); (J represent values from Geffrion and Nadeau (reference 4) ; 
X represent values from experimental curves given by Broyles 
el al. (reference 22); and © represent present values. 


about 0.8 for Z near 60.” The KXY values were not 
computed, and would add to the total K rate. Geffrion 
and Nadeau also computed the K-shell fluorescent 
vields,t based on the hydrogenic transition rates. 
Their total transition rates would correspond to a 
(KALY+KXY)/KLLU ratio value about 1.0. For 
comparison it was decided to use their ratio, and also 
their values for the radiative transition probabilities. 
The results are plotted on Fig. 5, together with those 
of Geffrion and Nadeau, and the values given by 
Burhop.” The experimental value curve given by 
Broyles et al.” is also shown. It is seen that the present 
results are higher than the other curves. Since the Z=1 
case represents an upper limit for the nonrelativistic 
transition probabilities, the A-shell fluorescent yields 
computed from it represent lower limits to the actual 
values. As the Auger rates obtained here are lower 
than for Z=1 at the same time that the wx values are 
too high, the indication is that the radiative transition 
probabilities computed on the hydrogenic basis are also 
too high. Although values for the 1s—2p oscillator 
strengths are rather scarce in the literature for medium- 
and high-Z atoms, generally they are found to be 
considerably lower than those for hydrogen. In Bethe 
and Salpeter® the actual oscillator strengths for alkali 
doublets are quoted as between 10 and 100 times lower 
than the comparable hydrogenic ones. Such a lowering 
of the radiative probabilities would lead to lowering of 
the wr values. 
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Precision measurements of the hyperfine splitting of Cs'3 or Rb‘’, in a cell with buffer gases and using 
optical pumping, show a frequency shift when the intensity of the exciting resonance light is varied. Use of 
high buffer gas pressures will reduce considerably the light intensity shift. Also, in some cases, the magnitude 
and sign of the light intensity shift can be changed appreciably by varying slightly the frequency of the 


hyperfine components of the exciting light. Tentative explanations of the light shift are discussed 


Frequency 


shift variations with light intensity, buffer gas pressure, and temperature of the cell, show the existence of an 
invariant point whose frequency, when reduced to zero pressure and zero field, is very close to the value 


obtained by the atomic beam resonance method. This invariant point is the basis for a definitior 


of the 


pressure shift and temperature shift coefficients. Experimental determination of these coefficients is giver 


for Cs'* and Rb 


INTRODUCTION 


HE atomic beam technique has been used to 

measure accurately the hyperfine splitting of 
numerous paramagnetic atoms. In some cases, the 
accuracy of the measurements is sufficiently large to 
form the basis for the definition of a frequency standard. 
For example, by definition, in the A-1 time scale the 
Cs frequency is Avy=9 192631770 Mc/sec. More 
recently, the accurate measurement of the hyperfine 
splitting in a simple gas cell containing the alkali metal 
vapor has also been made possible by the development 
of several techniques such as the use of nonmagnetic 
buffer gases to reduce the Doppler width of the line, 
and the use of optical pumping and optical detection to 
increase considerably the signal-to-noise ratio of the 
detection of the microwave transition. However, these 
techniques, under certain conditions, can produce large 
frequency shifts and this paper reports precision 
measurements of such effects under varying conditions 
of buffer gas pressure, resonance light intensity, and 
temperature of the cell. Most detailed measurements 
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Fic. 1. Experimental arrangement. 


have been made with Cs, but a few results are given 


also for Rb®*’. 


EXPERIMENTAL ARRANGEMENTS 


The principles of the double resonance method used 
for the detection of the microwave transition AF=1, 
m;=0 to m;=0, in the ground state of alkali metal 
vapors, using optical pumping and optical detection 
have been previously described.' The apparatus used is 
illustrated in Fig. 1. A sealed-off gas cell contains the 
alkali vapor metal mixed with buffer gas to reduce 
Doppler broadening of the microwave transition.? A 
beam of resonance radiation from a resonance lamp is 
passed through the gas cell and is focused on a photocell. 
A homogeneous magnetic field of a few tenths of an 
oersted is produc ed in the region of the cell. The gas 
cell is placed in a microwave cavity which is excited by 
microwave at a frequency corresponding to the energy 
separation of the hyperfine levels of the ground state. 
This produces a saturation of these levels and the 
amount of resonance radiation transmitted through the 
gas cell is changed. By modulating, at low rate, the 
frequency of the microwave radiation, the output 
current of the photocell is modulated at the same rate 
and, by using this signal in a synchronous phase 
detector, a null is obtained when the frequency of the 
microwave radiation is exactly the frequency of the 
hyperfine resonance. If the output of the phase detector 
is fed back, in proper phase, to an element controlling 
the frequency of the microwave radiation, one can 
obtain a microwave frequency which is locked to the 


1A. Kastler, J Opt. Soc Am. 47, 460 (1957); J Brossel and A 
Kastler, Compt. rend. 229, 1213 (1949); H. G. Dehmelt, Phys 
Rev. 105, 1487 (1957); W. E. Bell and A. L. Bloom, ibid. 109, 219 
(1958); M. Arditi and T. R. Carver, ibid. 109, 1012 (1958), 112, 
449 (1958); P. L. Bender, E. C. Beaty and A. R. Chi, ibid. 112, 
450 (1958), Phys. Rev. Letters 1, 311 (1958). 

? R. H. Dicke, Phys. Rev. 89, 472 (1953). 
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stable atomic 
so-called ‘ 


resonance. This principle is used in 
gas cell atomic frequency standards.” 

The gas cell is made of low-loss 707 glass, and filled 
with pure alkali metal and spectroscopically pure buffer 
gases. The microwave cavity, excited in the 7/91; mode, 
is carefully thermostated to produce a uniform tem- 
perature in the cell and the temperature is monitored 
with a thermocouple. 

The light source of resonance radiation is an electrod- 
less discharge produced in a small hemispherical bulb 
about 1 inch in diameter containing argon at a pressure 
of a few millimeters Hg and pure alkali metal. It is 
excited at 60 Mc sec inside an rf coil and well-thermo- 
stated to avoid changes in light intensity due to the 
alkali metal migrating in the lamp* (Fig. 2). With this 
design the intensity of the light was very stable over a 
period of more than 3000 hr of continuous operation 
and because of this stability great accuracy and good 
reproducibility of the observations were possible. 

The microwave frequency is obtained by multipli- 
cation from a stable crystal oscillator at 1.0214---Mc 
sec which is the 9000th subharmonic of the cesium 
frequency. However, it is known that spurious side- 
bands in the microwave spectrum can produce system 
atic errors in the determination of the hyperfine 
frequency.’ Since most of these spurious side-bands are 
produced in the low stages of frequency multiplication, 
they can be greatly minimized in the 
spectrum by using, as a driver, a simple crystal oscil- 
lator at 51.0701 Mc/sec loosely phase-locked to the 
more stable oscillator at 1.0214---Mc/sec. 

In determining the frequency corresponding to the 
maximum of the absorption curve, in most cases, the 
signal-to-noise ratio of the optical detection is good 
enough to observe the signal output of the narrow-band 
photocell amplifier directly on an oscilloscope, and to 
measure the frequency corresponding to a null with an 
accuracy of a few parts in 10". The use of the synchro 
nous phase detector and servo is most convenient, 
however, in these cases where the signal-to-noise ratio 
of the detection does not permit such a direct measure- 


microwave 


* This design is a modification of a model originally developed 
by P. L. Bender and E. C. Beaty of the National Bureau of 
Standards. 

‘J. A. Barnes and R. C. 
tation 9, 149 (1960). 
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ment; however, when using the synchronous phase 
detector, special care must be taken in adjusting the 
servo because some relaxation effects taking place in 
the gas cell can give an out-of-phase component which 
can produce systematic errors in the position of the 
servo. Details of the adjustment procedure of the servo 
to minimize such errors can be found in reference 5. 
The frequency was measured with the setup shown in 
Fig. 3. Essentially the frequency of the oscillator driving 
the gas cell was compared against the frequency of an 
ultra-stable James Knight crystal oscillator type 
JKFS-1000 after a multiplication in frequency by a 
factor of 2500. The ultra-stable oscillator frequency 
was compared, for calibration, either directly with an 
Atomichron frequency, or with broadcast frequencies 
at 133.33 kc/sec from Station A5KA, Fort Monmouth, 
New Jersey, or at 18 kc/sec from Station NBA, Summit, 
Canal Zone, both being monitored by 
Atomichrons. An absolute accuracy of a few parts 
in 10 could thus be obtained in the frequency 
measurements. 

For the AF=1, m;=0 to m;= 
transition, the Breit-Rabi formula shows that the 
dependence of the frequency with the magnetic field 
is given by a quadratic term. The magnetic field at the 
gas cell could be varied by adjusting the current in a 
pair of Helmholtz coils at right angles around the gas 
cell. The magnetic field at the cell, inside the resonant 
cavity, was measured accurately by inducing simul- 
taneously the low frequency Zeeman transitions AF=0 
Am;=1 with a small auxiliary coil placed near the cell 
inside the cavity. At resonance the intensity of the 
detected hyperfine signal is reduced because of a change 
in the population distribution of the m,;=0 levels. An 
accuracy of +5 millioersteds can be obtained easily by 
this method. In the earth’s magnetic field this corre- 
sponds to a maximum frequency error of +2 parts in 
10” for Cs and +3.5 parts in 10" for Rb*? 

Since many factors can affect the optical pumping, 
it is necessary to define carefully the conditions under 
which the subsequent experimental results were 
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ric. 4. Signal strength of optically detected 0-0 transition in 
cesium: I with resonance light filtered through a D» filter. II with 
no outside filtering, or D, filtering 


observed. When using unpolarized resonance radiation, 
it has been found that the optical detection of the 0-0 
microwave transition is not only a function of the 
selective absorption of the hyperfine components of the 
exciting resonance radiation but also depends on the 
percentage of the D,-D, components, in a certain range 
of temperature. This is illustrated in Fig. 4, which 
shows the detected signal in the case of Cs™ in a 
spherical bulb about 1} inches in diameter filled with 
a mixture of nitrogen (60%) and krypton (40%) at a 
filling pressure of 8 mm Hg. (This mixture has a 
minimum of pressure shift.) Curve I refers to the signal 
obtained when using an interferometer filter which lets 
pass only the Dz radiation (8521 A). For purpose of 
comparison in these curves, it should be noted that the 
D. filter absorbed about 80°% of the total incident 
radiation. Curve II refers to the case where no outside 
filter is used; here, self-filtering of the resonance 
radiation takes place inside the cell since the D» 
radiation is strongly absorbed above a temperature of 
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Fic. 5. Signal strength of optically detected 0-0 transition in Cs'™ 


as a function of light intensity and cell temperature. 
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45°C, and only the D, radiation is active above that 
temperature. In this latter case, operation is possible 
at much higher temperature than when using a D, 
filter. Since a high temperature of ambient operation is 
required in some applications, this mode of optical 
pumping has been more particularly studied here. 
Figure 5 shows the effect of varying the light intensity : 
It can be seen that in the temperature range between 
30° and 45°C, the curves are overlapping due to the 
conflicting pumping effects of D, and D» radiations. 
The position of the maximum of the curves agrees 
qualitatively with previously published analysis.® Also, 
a shorter length of the cell in the path of the light shifts 
the maximum of the detected signal toward the higher 
temperatures. 

Somewhat similar effects have been observed in the 
optical detection of the 0-0 transition of Rb* in a 
two-inch bulb filled with the natural isotopic mixture 
of Rb® and Rb*’ (Fig. 6). The exciting lamp in this 
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lic. 6. Signal strength of optically detected 0-0 transition in Rb*’. 


case was filled with the same mixture as in the resonance 
cell. The Dz» filter passing the 7800-A radiation has an 
absorption coefficient of about 629% 

In all the following experiments, the results will be 
given for Cs for the condition where no outside 
filtering of the resonance radiation was used, except 
otherwise specified. Filtering with a D, filter has been 
used in the experiments with Rb*’. Otherwise the 
experimental arrangement is essentially the same for 
cesium and rubidium. 

The factors producing a frequency shift in the 
hyperfine resonance frequency will now be studied 
under these conditions of optical pumping. In actual 
operation, since these factors are interacting, it is not 
always possible to separate them clearly, but since most 
of the effects are proportional to the density of alkali 


6 W. E. Bell, A. Bloom and R. Williams, IRE Trans. on Micro 
wave Theory and Techniques 7, 95 (1959); T. M. Andres, D. J. 
Farmer and G. T. Inouye, IRE Trans. on Military Electronics 3 
178 (1959). 
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atoms in the gas cell, it has been found convenient in 
this study to take the temperature as the variable 
parameter. 


EXPERIMENTAL RESULTS 
A. Effect of Buffer Gases 


Buffer gases are used in the gas cell, both to obtain 
a reduction of the Doppler width and to increase the 
efficiency of optical pumping. However, it has been 
found previously that the presence of buffer gases 
produces an appreciable pressure shift. Pressure shifts 
have been measured in the particular cases of atomic 
hydrogen,’:* deuterium,® tritium,® sodium 23,’ potas- 
sium 39," rubidium 87,"" and cesium 133." The 
proportional shifts Av/» for the various alkalies and 
for a given buffer gas have the same sign and increase 
slowly in magnitude with increasing alkali atomi 
number. The pressure shift depends on the buffer gas. 
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Fic. 7. Pressure-shift of zero-field hyperfine splitting of Cs! 


Shifts to higher frequencies occur for light atoms such 
as hydrogen, helium, nitrogen or neon and shifts to 
lower frequencies occur for heavy atoms such as argon, 
krypton, or xenon (Fig. 7). Mixtures of gases giving 
low-pressure shifts can be obtained by the proper 
combination of buffer gases giving pressure shifts in 
opposite directions. However, there usually is a re 
sidual temperature-dependent shift which is a function 
of the nature of the buffer gases in the mixture. Details 


7 J. P. Wittke and R. H. Dicke, Phys. Rev. 96, 530 (1954). 

8 L. W. Anderson, F. M. Pipkin, and J. C. Baird, Phys. Rev. 
Letters 4, 69 (1960). Phys. Rev. 120, 1279 (1960). 

®M. Arditi and T. R. Carver, Phys. Rev. 109, 1012 (1958); 
M. Arditi, J. phys. radium 19, 873 (1958). 

1” A, Bloom and J. B. Carr, Phys. Rev. 119, 1946 (1960). 

1 R, H. Dicke, T. R. Carver, C. O. Alley, and N.S. VanderVen, 
Final report, U. S. Army Signal Corps Engineering Laboratories, 
1957 (unpublished). 

2 E. C. Beaty, P. L. Bender, and A. R. Chi, Phys. Rev. Letters 
1, 311 (1958). 

18M. Arditi and T. R. Carver, Phys. Rev. 112, 449 (1958); 
E. C. Beaty, P. L. Bender, and A. R. Chi, ibid. 112, 450 (1958). 
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on this temperature-shift will be given in the next 
sections. 


B. Frequency Shifts with Light 
Intensity Variations 


It has been found that, for low buffer gas pressure, 
varying the intensity of the light source shifts the 
resonant frequency by a substantial amount. The data 
may best be expressed in terms of the following plot 
in Fig. 8, which refers to a sealed-off cesium cell, 13 
inches in diameter and filled with a mixture of nitrogen 
(60%) and krypton (40%). (This buffer gas mixture 
was prepared to obtain a minimum of pressure shift, 
taking into consideration the pressure shifts shown in 
Fig. 7.) The relative frequency variations have been 
plotted as a function of the temperature of the cell 
and for various values of the incident light intensity 
Io. The light intensity was varied by means of the 
interposition of neutral density filters. The following 
remarks can be made: First, the frequency variations 
are linear, within the temperature range of the experi- 
mentation. (The measurements were stopped when the 
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Fic. 9. Light-intensity frequency shifts as a function of light inten- 
sity and cell temperature, with increasing density of buffer gas. 
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Fic. 10. Light-intensity frequency shifts and corresponding 
light absorption in a cesium cell. 


signal-to-noise ratio of the detection did not permit a 
determination of the frequency with an accuracy better 
than +1 part in 10°); second, the frequency shifts are 
directly proportional to the incident light intensity 
(the broken line in the curves corresponds to the extra- 
polated limiting value at /»=0); third, the straight 
lines converge toward a definite point, usually in- 
accessible to direct observation because of poor signal- 
to-noise ratio of the detection at this temperature; 
fourth, in this case, the frequency shifts are positive, 
i.e., the frequency of the hyperfine splitting is increased 
when the intensity of the exciting resonant light is 
increased. 

It has been found also that the dispersion of the 
frequency shifts with light intensity variations is a 
function of the buffer gas density. As the filling pressure 
of the buffer gas is increased, the fantail array of the 
curves becomes narrower and for sufficiently high 
pressure, the curves merge into one curve, within 
experimental errors (Fig. 9). A corresponding increase 
in the light absorption in the gas cell is observed as the 
buffer gas density is increased. (See Fig. 10. At suffi- 
ciently high temperatures the absorption of light is no 
longer linear, with a corresponding tapering-off of the 
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Fic. 11. Light-intensity frequency shifts in Rb*’ and pure argon. 
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frequency shifts in this temperature range.) When the 
buffer gas density is increased, it should be noted that 
the temperature of the converging point of the linear 
extrapolations is shifted toward the lower values. This 
is related to the increased absorption of the resonant 
light. Also the slope of the extrapolated line corre- 
sponding to 7)>=0 changes when the buffer gas density 
is changed. In describing the pressure shifts and 
temperature shifts in the following section the shifts 
are based on such an extrapolation to zero light 
intensity. 

Somewhat similar results have been obtained in the 
case of Rb*’ under the conditions of optical pumping 
previously defined (see Figs. 11 and 12). 


C. Pressure-Shift and Temperature-Shift 
Coefficients , 


In Fig. 7, which represents the pressure shift of 
Cs, the hyperfine frequency was plotted against the 


roe’ No*52.5% 
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Fic. 12. Light-intensity frequency shifts as a function of light 
intensity and cell temperature, with Rb* mixture of 
Rb*? and Rb*) with increasing density of buffer gas. 
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filling pressure of the buffer gas, at room temperature, 
with the cell also at room temperature. Actually the 
term “pressure shift” is not very well chosen to define 
the effect. Since, in first approximation, the shift 
observed depends on the number of collisions between 
the alkali atoms and the buffer gas molecules, the term 
“density shift” would be more appropriate. The 
collision frequency is proportional to no(2kT/m)! and 
consequently the pressure shift or density shift should 
be proportional to 7. In addition to the density shift 
there is an independent temperature shift. These 
temperature-shift coefficients as previously defined" 
were the observed shifts in frequency for a given change 


4 E. C. Beaty, P. L. Bender, and A. R. Chi, Phys. Rev. 112, 
450 (1958); Phys. Rev. Letters 1, 311 (1958). 
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in temperature of the whole cell, and this was not 
measured at constant pressure. However, these simple 
approximations do not seem to check the experimental 
data over a large range of temperature. In the light of 
the experiments previously described, all the data of 
frequency shifts may be better expressed in terms of a 
semiempirical formula, as follows: 


1. With buffer-gas mixtures having a minimum of 
pressure or density shift, and at low density for the 
buffer gas, the frequency of the converging point is 
very close to the frequency /o, of the cesium or rubidium 
atoms as measured by the atomic beam method. 

2. With buffer gases at high density, the frequency, 
ftp, of the converging point is stil} related to the 
frequency, fo, by the relation: 


fo= ftep—apT.,/303, (1) 


where a is the pressure or density shift in cps per mm 
Hg, ? is the filling pressure in mm Hg at 303°K, and 
T.» is the temperature of the converging point. 

3. The extrapolated line corresponding to J>=0 can 
be considered as the resultant of two linear variations, 
one due to the density coefficient a, and equal to 
ap(T.)>—T)/303, and the other due to the temperature 
coefficient 6, and equal to 6p(7.,—T). (See Fig. 13.) 
The slope of this line is equal to py in cps per degree, 
where y=a/303+6, and can be positive or negative 
depending on the relative signs of a and 6 (Fig. 14). 
The frequency, fr, of a point on the extrapolated line 
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Fic. 13. Linear extrapolation of light intensity shifts versus cell 
temperature. The converging point 7, is used for the definition 
of the temperature-shift coefficient, as well as reference point for 
the pressure-shift. 
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Fic. 14. Light-inten- 
sity frequency shifts in 
Cs mixed with pure 
nitrogen or pure argon, 
showing effect of using 
a positive pressure-shift 
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shift buffer gas. 
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ZJo=0, at a temperature 7, can then be expressed by 
the formula: 


fr= fot (ap/303)(2T.p—T)+6p(Tep—T), (2) 


where fo=9192631770+10 cps (A; time) with 
313°K <T <333°K for Cs'®, and fo=6 834 682 600415 
cps (A; time) with 313°K<7<343°K for Rb*’, and 
where @ and 6 are given in Table I for Cs and in 
Table II for Rb*’. 

The values of a and 6 can be obtained by making 
measurements with pure buffer gases or with mixtures 
of gases. The accuracy is limited by the extrapolations 
and the uncertainties in the pressure and temperature 
of the cell, but the values indicated are in good agree- 
ment with the measurements of the hyperfine splitting 
made by atomic beam methods.'® The values of 6, 
shown for purpose of comparison, correspond to previ- 
ously published data for a somewhat different defini- 
tion of the temperature coefficient. In the derivation 
of the values of a and 6 shown in Tables I and II, it 
has been implicitly assumed that the pressure-shift or 
temperature-shift coefficients of a gas mixture are the 
algebraic sum of the pressure or temperature-shift 
coefficients of the component gases of the mixture. The 
experimental evidence seems to bear this point of view. 

Formula (2) gives a better agreement with the 
experimental data than formula (3) which is based on 
the assumption that the density shift varies as (7)!, 
since the collision frequency is proportional to (7)}. 


fr=fotap[2(Tep/303)!— (7/303)*]+6p(T..—T). (3) 


Using formula (3) as a definition for a and 6 gives 
the values shown in Table III. Although formulas (2) 


SL. Essen, J. V. L. Parry, W. Markowitz, and R. G. Hall, 
Nature 18], 1054 (1958). L. Essen, E. G. Hope, and D. Sutcliffe, 
ibid. 189, 298 (1961). 
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Taste I. Pressure and temperature shifts with buffer gases in Cs" [formula (2) ]. 





a a/303 65 
(cps/mm) (cps/mm deg) 


+1200 Sh 
+840 ~21 


Gas 


"He 
Ne 


Remarks 


43.96 
+2.77 


—0.70 
—4.33 
—7.59 
+-0.34 
+0.148 
—0.26 
—0.001 


Measured in {He 15%, Ar 85%} 

Measured directly and in {Nz 30%, Ar 70%}, 
{Nz 60%, Kr 40%}, {Nz 70%, Xe 30%} 
Measured directly and in {Nz 30%, Ar 70%} 
Measured in {Nz 61%, Kr 39%} 
Measured in {N2 70%, Xe 30%} 


Ar —212 

Kr — 1360 

Xe — 2350 
{N2 30%, Ar 70%} +104 
{He 18%, Ar 82%} +45 
{Nz 70.8%, Xe 29.2%} —78 
{N: 62%, Kr 38%} —0.33 


—0.10 
+2.38 
+6.2+0.3 


—0.64 
—0.72 
+0.5+0.1 
—0.39+0.1 


Taste IT. 


Pressure and temperature shifts with buffer gases in Rb*’ [formula (2) ]. 


a /303 6 5* 


a 
(cps/mm) 


(cps/mm deg) Remarks 


Ar 5 —0.171 
(Nz 52.4%, Kr 47.6%) 8.3 ~0.027 


and (3) give values of a which are very close to each 
other, the values of 6 differ significantly. When cells 
filled with mixtures of various buffer gases are tested, 
the experimental results are more accurately repre- 
sented by formula (2) than by formula (3) (see Table 
IV). This may be due to the fact that not only the 
number of collisions between alkali atoms and buffer 
gas molecules but the energy of the collisions is to be 


—0.017 
—0.03+0.01 


0.30 Measured directly 


shift.'* The temperature 7,, of the converging point is 
related to the absorption of the resonance radiation in 
the cell, and consequently is a function of the geometry 
of the cell and of the density of the buffer gas filling the 
cell (Fig. 15). Similarly the temperature coefficients 
indicated in the Tables ought to be restricted to the 
particular size of the cells and the geometry of the light 
beam used in these experiments. 


considered in a more detailed theory of the pressure 
DISCUSSION OF EXPERIMENTAL RESULTS 


The frequency shifts produced by variations of the 
exciting resonance light intensity are not due to an 
asymmetrical broadening of the microwave resonance. 
In the experiments the linewidth of the field insensitive 
0-0 microwave transition is rather large, of the order of 
600 to 800 cps, and much larger than an expected 
linewidth of 20 to 30 cps. However, the line shape is 
quite symmetrical as shown in Fig. 16, which represents 
the amplitude of the signal at the output of the photo- 
cell amplifier versus the microwave frequency. 

If the exchange cross section for Cs-Cs or Rb-Rb 
collisions" is indeed about 3.5 to 7X10- cm? at high 








TABLE III. Pressure and temperature shifts with buffer gases 
in Cs! [formula (3) ]. 


Ne = 53% - si 
mre { s a 6 


Ky, *47% , 
(cps/mm) (cps/mm deg) 


+1200 
+820 
—212 
— 1320 
~ 2350 


1.44 

0.74 

0.435 
+0.29 








16H, Margenau, P. Fontana, and L. Klein, Phys. Rev. 115, 87 
(1959); L. B. Robinson, ibid. 117, 1275 (1960), E. M. Purcell 
(private communication) R. Bersohn (private communication). 
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Fic. 15. Dependence of the converging point T., on the density 
of the buffer gas used in the resonance cell. 
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TABLE IV. Pressure and temperature shifts with buffer gases in Cs'*, 





(cps/mm) 


Computed 

(3) 
+7 
—21 
— 20.4 - 


Gas 


temperature like 60°C, the exchange collisions lead to 
a linewidth of this magnitude. However, reduction in 
rubidium pressure by an order of magnitude does not 
lead to narrower lines. Also the linewidth is not reduced 
more than about 20% when the intensity of the 
incident light is reduced within a ratio of 4 to 1, for 
example. (The maximum intensity J» of the exciting 
light falling directly on a 927 type photocell screened 
by a 6-mm Corning filter No. 5850 gives a photocell 
current of about 2.5 wamp.) This would indicate a very 
large amount of self-reversal in the emitted light in the 
lamp. Collisions of the alkali atoms with the walls of 
the cell contribute very little to the linewidth since 
cells coated with GE. SC-77 Dri-film, which is known 
to reduce disorienting effects,’ give the same linewidth 
as noncoated cells as soon as a few mm of buffer gas 
are introduced in the cell. The broadening of the 
microwave transition may be due to the fact that here 
there is a great deal of light trapping and filtering in 
the cell itself while the atoms are simultaneously sub- 
jected to the microwave field. Since the filtering and 
trapping is not homogeneous in the cell along the beam 
path, it is possible that the resonance is apparently 
broadened by these inhomogeneities. Somewhat smaller 
linewidths have been obtained with larger cells when 
the microwave field was localized to the back of the 
cell with a microwave horn. Much narrower linewidths 
have obtained, under different experimental 
conditions," when the light filtering was produced 
essentially in a filter cell separate from the sample cell 
subjected to the microwave field. 

The magnitude of the light-intensity shift observed 
is somewhat of a “volume effect” involving the whole 
of the cell, and will vary with the geometry or tem- 
perature of the cell and with the density of the buffer 
gas. As pointed out above, the light trapping and 
filtering is not homogeneous along the path of the light 
beam; raising the temperature of the cell will localize 
the trapping near the input window, where the exciting 
light beam enters and the effect of light intensity shift 
in the whole cell will be reduced. This will be true also 
if the buffer gas density is increased because collisions 


been 
1 


17 Non-disorienting wall coatings were originally proposed by 
R. H. Dicke (see reference 7). Also H. G. Robinson, E..S. Ensberg, 
and H. G. Dehmelt, Bull. Am. Phys. Soc. 3, 9 (1958). The GE. 
SC-77 Dri-film coating, a mixture of dimethyldichlorosilicane and 
methyltrichlorosilicane, was suggested by R. A. Naumann and 
with it C. Alley obtained strong signals in the detection of the 
low-frequency Zeeman transitions in Rb*’, 


(2) 


— 
-14 


6 


(cps/mm deg) 


Qa 


Computed 
(2) 
—0.40 


—0.202 
—0.17 


(3) 
—0.35 
—0.045 
+0.040 


Measured 


0.3 
—20 
—10 


Measured 


~0.39 
~0.206 


—4 


between alkali atoms and buffer gas molecules, without 
loss of orientation, will also permit a more efficient 
utilization of the incident photons and again will 
restrict the maximum absorption of light close to the 
input window. That such a geometrical effect exists 
can be demonstrated by the following experiment: a 
second source of resonance light is used at right angle 
to the main beam of light (Fig. 17). When this source 
lies in the plane XX’ an additional frequency shift is 
produced; when the source lies in the plane YY’ 
practically no additional effect is observed because in 
this region the light trapping is so intense that a 
saturation is produced. 

The geometrical aspect of the light intensity shift is 
also in agreement with the almost linear variation of 
the frequency shift with incident light intensity and 
is closely related to the absorption of resonance radi- 
ation (Fig. 19). 

Although the previous remarks tentatively explain 
the variations of the light intensity shifts with tem- 
perature of the cell or the density of the buffer gas, 
they do not provide an explanation for the origin of the 
shift itself. Several models appear to present themselves 
and will be briefly discussed here. 

At first, one is tempted to ascribe the frequency 
shifts observed with the light intensity variations to a 
wall effect: collisions of the alkali atoms with the glass 
walls of the cell could produce a frequency shift from 
the true resonant frequency of the free alkali atoms. 
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I'1G, 16, Line shape of optically detected 0-0 transition in Cs, 
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Fic. 17. Double light beam experimental arrangement for 
investigation of light intensity frequency shifts in a large resonance 


cell (XX’ and YY’ represent planes along which auxiliary reso 
nance radiation from lamp 2 is focused). 


By increasing the light intensity, atoms farther away 
from the walls are oriented and contribute more to the 
detected microwave signal. Since the number of wall 
collisions per second is reduced as the alkali atoms are 
farther away from the walls, a frequency shift could 
thus occur. Also as the density of the buffer gas is 
increased, the number of wall collisions per second is 
decreased and the effect of the light intensity should be 
less pronounced, as found experimentally. However, 
with this model, the sign of the frequency shift pre- 
dicted is not in agreement with experimental results; 
also tests with Dri-film coated cells, filled with buffer 
gases, show that a light-intensity frequency shift of 
the same magnitude is obtained than when using un- 
coated cells filled with the same buffer gas. With a 
filling of a few mm of buffer gas in the cell, the wall 
coating effect is almost completely masked by the buffer 
gas action. Thus it is unlikely that wall collisions con- 
tribute significantly to the light intensity shift. 

In another model, one could think of a coupling 
between the ground-state and the excited-state energy 
levels, through optical pumping, with the retention of 
a certain amount of coherence in the resonance fluo- 
rescent light.'* The fact that the alkali atoms are 
submitted to the simultaneous processes of optical 
pumping and microwave transition could place them 
in superposition states with both hyperfine levels of 
the ground state slightly displaced upward, but with 
the upper level displaced a little more than the lower 
level, thus producing a positive frequency shift. The 
reduction of the light intensity shift at high densities 
of buffer gas could be due to the fact that at these 
densities the collisions of the alkali atoms in the excited 
states with buffer gas atoms tend to mix the hyperfine 
levels, leading to complete intensity pumping rather 
than to stochastic pumping. 

Recently a more satisfactory model, leading to a 
semiquantitative explanation, has been suggested by 

8 J. N. Dodd, W. N. Fox, G. W. Series, and M. J. Taylor, Proc. 
Phys. Soc. 74, 789 (1959). 
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7. Re SSRVER 

C. Cohen-Tannoudji, with regard to his theoretical 
work, with J. P. Barrat, on the light shift of the Zeeman 
sublevels of the mercury isotopes.'® Frequency shifts of 
magnetic resonances associated with virtual transitions 
produced by optical excitation has been observed 
experimentally.” The following explanation*! has been 
proposed for the light intensity shift of the hyperfine 
transition : 


“Let 1 and 2 represent the two hyperfine levels of 
the ground state and e one of the sublevels of the 
excited states (Fig. 18). The two hyperfine components 
of one of the doublet lines are represented by the wave 
numbers &; and ks. Thus k; acting on the alkali atoms 
located in level 1 produces real transitions while pro- 
ducing virtual transitions when acting on atoms located 
in level 2, since the distance 1-2 is much larger than the 
Doppler breadth. According to the theory’ &; gives a 
self-energy AE’ to level 2 and the sign of AF” is the 
sign of 1/(ki—f:), which in 
Similarly k2 gives a self-energy to level 1 with the sign 
of 1/(ke—k,), and this is positive. The energy gap 
between 1 and 2 is thus increased. With this inter- 
pretation the exciting resonant light produces siniul- 
taneously real and virtual transitions depending on 
the energy level considered, and a positive frequency 
shift is obtained when the light 
Every time an atom in level 1 absorbs a &; photon it 
decreases the number of photons available to produce 
virtual transitions for atoms located in level 2, and it 
is conceivable that the factors affecting the optical 
pumping could greatly influence the magnitude of the 
light intensity shift observed.”’ 

It may be that parts of the proposed models concord 
in the true explanation of the effect, but the ideas of 
Cohen-Tannoudji suggest several experiments to test 
his theory. In particular, a the light- 
intensity frequency shift could be produced by shifting 
slightly the hyperfine components of the exciting light 
compared to the hyperfine components of the resonance 
cell itself. In one experiment this was verified by placing 
the light source in a magnetic field; by varying the 
magnetic field intensity the light shift could be reduced, 
annulled, or even slightly reversed (Fig. 19). In another 
experiment, a filter cell was used between the light 


this case is negative. 


intensity increases. 


variation of 
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19 J. P. Barrat and C. Cohen-Tannoudji, Compt. rend. 252, 93 
(1961); 252, 255 (1961). 

*” C. Cohen-Tannoudji, Compt. rend. 252, 394 (1961). 

21 C, Cohen-Tannoudji (quoted from private communication). 








DETECTION OF 0-0 hf 
source and the resonance cell. In this case a positive 
frequency shift of +7.5X10~-*, corresponding to a 2 to 1 
change in light intensity, was changed to a negative 
shift of —6.5X10-® when a magnetic field of about 500 
gauss was applied to the filter cell. (The isotopic 
mixture of Rb*? and Rb**+2 mm argon was used in the 
light source. The same mixture +5 mm argon was used 
in the filter cell, while the resonance cell was filled with 
the rubidium isotopic mixture +4 mm of nitrogen 
53%+krypton 47%.) It is interesting to note that the 
frequency displacement of the hyperfine components 
produced by a magnetic field of a few hundred gauss is 
of the order of magnitude of the Doppler breadth of the 
optical lines. 

Other experiments, using various filtering schemes 
affecting the relative intensity of the hyperfine optical 
lines used for optical pumping, could be devised with 
more flexibility if one uses separate filter and sample 
cells as in the optical pumping of a rubidium 87 sample 
through a rubidium 85 filter cell."* Experiments in this 
direction have already been performed.” 

These experiments, although in qualitative agree- 
ment with the theory of virtual transitions, are not 
easily subjected to quantitative treatment since the 
number of hyperfine components to be considered is 
rather large and their mutual interaction extremely 
complex. The authors have therefore felt it useful to 
publish, at this time, as much of the experimental 


2 P. Bender (private communication). 
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lic. 19. Light-intensity frequency shifts as a function of 
magnetic field intensity at the light seurce: The magnetic field 
in displacing slightly the hyperfine components of the light source, 
as compared to the hyperfine components in the resonance cell, 
can change the magnitude or the sign of the light-intensity 
frequency shift. 


results and tentative conclusions as possible, even 
though in somewhat empirical form. 
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Excitation Processes in Helium Induced by Impact of Deuterons and Protons 
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Che excitation of helium atoms by impact of protons and deuterons is examined in the energy range 
from 40-200 kev. The cross sections of some 'S, 'D and the 3 'P state are determined. The excitation of the 
2'P—4'S line attains a broad maximum at 65 kev for protons, and at 115 kev for deuteron excitation. 
The 34D state appears to be weakly populated by direct D* excitation; at 130 kev D* energy, 
Q(38D) << 2X10 cm’. Inelastic collisions between excited helium and foreign atoms bringing about the 


transition from singlet to triplet states are discussed. 


I. INTRODUCTION 


ie the past years considerable work has been done 
on the excitation of helium by electron impact. At 
the same time comparatively little information has been 
obtained on the excitation of helium by protons or 
deuterons. Such data are of interest for a better under- 
standing of excitation processes and for plasma physics. 

The early experimental approach to the problem of 
excitation by protons and hydrogen atoms was under- 
taken under not sufficiently defined conditions.'? Re- 
cently the techniques used in excitation experiments by 
ions have considerably been improved. It has been found 
that an appreciable excitation of helium does not appear 
until the proton beam energy reaches 2 kev,'* whereas 
the excitation of the 4'S and 5'S states appears to be 
strong at 200-kev proton energy.‘ 

The purpose of the present experiment is to extend 
the energy range of helium excitation measurements 
using a well-defined ion beam, and also to examine the 
excitation transfer reactions. 


Il. EXPERIMENTAL 


The Institute “Ruder BoSkovi¢” accelerator giving a 
magnetically analyzed beam of protons or deuterons in 
the energy range from 40-200 kev was used in the 
present experiment*; good focusing properties were ob- 
tained at higher energies. Some details of the collision 
chamber are shown in Fig. 1. The ion beam cross- 
sectional area is defined by the inlet hole drilled in an 
1-mm thick steel plate. The Faraday cup and the colli- 
sion chamber are insulated. Secondary electrons from 
the Faraday cage are reflected by the grid 2, maintained 
120 v negative to the cage. Secondaries are also removed 
from the ion beam by the repeller plate. The electrons 
ejected from the brass wall by helium metastables, soft 
x rays, and resonant photons are reflected by the grid 1. 
In that way the chance of collisions with electrons is 
considerably reduced in the collision space. The ion 
beam was imaged by a spherical glass lens on the slit 
of a Hilger glass spectrograph. Large slit widths were 

R. Déppel, Ann. Physik 16, 1 (1931). 

2 R. Junkelmann, Z. Physik 107, 561 (1937). 

1 E. J. Dietrich, Phys. Rev. 103, 632 (1956). 

*R. H. Hughes and R. C. Waring, Phys. Rev. 122, 525 (1961 


5M. Paié, K. Prelec, P. Tomas, M. Variéak, and B. VoSicki 
Glasnik mat.-fiz.i Astron. Ser. II 12, 269 (1957 


used throughout the experiment. The spectral sensitivity 
of the photographic emulsion was determined by use of a 
five-step rotating disk and a helium glow discharge 
lamp, calibrated by a Philips standard tungsten lamp of 
known light emission. The fast Kodak Panchro-Royal 
film was used, nevertheless very long exposures were 
necessary. 

The absolute intensity of the 5875-A helium line was 
measured by an EMI 6256 B photomultiplier. The signal 
from the multiplier tube was measured by a sensitive 
galvanometer; the dark current was ~10~° amp. The 
line was isolated using a narrow band interference filter. 
The quantum efficiency & of the photomultiplier in 
connection with the interference filter and the glass 
lenses was checked by the calibrated helium lamp: 
k=ihv/esw, where i is the photomultiplier current out- 
put; € is the light emissivity of the helium lamp; s is the 
radiation area, and w is the solid angle. 

From the relative intensities obtained from photo- 
metric data and the 5875-A line absolute intensity, the 
absolute intensities of other helium lines were derived. 

Spectroscopically pure helium was admitted into the 
chamber via a needle valve, and the chamber was con- 
tinuously pumped through the inlet hole. With the 
needle valve closed and 20-yva proton beam current, the 
residual pressure in the chamber increased to about 
3X10-5 mm Hg. The total pressure including vapors 
was probably higher owing to the sputtering of metal 
surfaces under ion bombardment. The pressure was 
measured absolutely by means of a McLeod gauge and 
monitored by a calibrated Pirani gauge. 
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TABLE I. Excitation cross sections in 10-*° cm? units 
for 130-kev deuteron impact. 





Transition Qh. Level Q; 


3'P 860 
44s 57 

51S 
41D 
5'D 


1S—3'P 37 
IP—41§ 34 
ip—§'§ 11 
1ip—41D 16 
iP—5'D 7.6 


wmyNnn| 


5 
ys 
2 
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A considerable noise was detected in the 5000-A region 
using an interference filter and the multiplier tube as 
detector; in the 5875-A region the noise was found to be 
smaller. It is supposed that the noise originates mainly 
from D,-bands. Thus, in separating spectral lines by 
interference filters it was necessary to measure the 
spectral emission before and after the admission of the 
gas into the chamber, and subtract the noise zp from each 
emission reading iy. The photon flux per unit time and 
unit length of the ion beam, /,, corresponding to the 
transition 7 — k is then given by Fj,=42(ip—io)/wk. 

The partial pressure of deuterium and thus probably 
the spectral background depend on the pressure drop at 
the inlet hole. The actual pumping speed ensures a 
practically constant flow of deuterium from the collision 
space, up to 10-4 Hg pressure in the chamber, and ip may 
be considered constant in the observed pressure range. 

Considerable uncertainty is due to the variation of the 
ion beam intensity, the error in the pressure measure- 
ment, and the photometric evaluation of the data. The 
relative values of the cross sections are estimated to be 
accurate within + 20%. The absolute values depend also 
on the stability of the helium lamp and its calibration, 
and are accurate within +30%. The relative variation 
of /, with ion energy and with pressure is more accurate 
and is correct to better than +8%. 


III. TREATMENT OF DATA 


At low pressure, neglecting the cascade population of 
the 7 state and transfer reactions, the collision cross 
section for the excitation of the jth level is given by 


O;= Ejx(vg+A;)/nA ji/e, (1) 


where 7 is the radiative transition probability from the 
state 7 to the ground state; A; is the sum of all other 
radiative transition probabilities from the state 7; A jx is 
the radiative transition probability from the state 7 to 
the state k; g is the coefficient of imprisonment of the 
resonance radiation; m is the target gas density. In the 
present analysis the calculated values of transition 
probabilities®’ were used. 

The 2'S—n'P lines are enhanced owing to the im- 
prisonment of resonance quanta. The coefficient of im- 
prisonment has been calculated for cylindrical ge- 

6 E. A. Hylleraas, Z. Physik 106, 395 (1937). 

7 A. H. Gabriel and D. W. O. Heddle, Proc. Roy. Soc. (London) 
A258, 124 (1960). 
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ometry®; for the present case it is assumed that the 
effective imprisonment radius is approximately equal 
to the radius of the chamber. 

y is zero for all except 'P states and Eq. (1) is thus 
reduced to 


j= EA; NA jy é. (2) 


Q; as given by Eqs. (1) and (2) is sometimes defined 
as the apparent cross section (),’. 


IV. RESULTS 


The values of the excitation cross sections (;, and Q; 
for 130-kev deuterons at 6-y helium pressure are given 
in Table I. 

An interesting feature in the above results, as com- 
pared with electron cross sections,’"’ is the compara- 
tively strong excitation of the 7 'S states and the small 
cross section of the 3'P state as observed also for 
200-kev proton excitation.‘ 

The excitation function of the 5015-A’ and 5047-A 
lines was measured by the photomultiplier and an inter- 
ference filter; the two lines were not resolved by the 
filter. Figure 2 shows the variation of light intensity as 
a function of proton and deuteron energies. For the D* 
excitation two maxima are visible, at 80 kev and 115 kev, 
respectively. At higher pressures the 80-kev peak was 
not detected. From the cross sections given in Table I, 
and taking into account the imprisonment coefficient g 
for the 5015-A line as well as the observed approximately 
linear variation of the 5047-A line intensity with pres- 
sure, the line intensity ratio /5047 a/ £5015 a is found to 
be about 6. Consequently the maxima in Fig. 2 corre- 
spond predominantly to the 5047-A line excitation. With 
increasing pressure the 65-kev and 115-kev peaks are 





PHOTOMULTIPLIER CURRENT 
COLLISION CHAMBER CURRENT 











r | 1 
So 100 150 200 
E (kev) 





“1G. 2. Excitation of the 2 'P—4'S line by deuterons and protons 
with 10 wa ion beam current and 0.5 uw helium pressure. 


8A. V. Phelps, Phys. Rev. 110, 1362 (1958). 

9H. S. W. Massey, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. 36, p. 332. 

10 ED, T. Stewart and E. Gabathuler, Proc. Phys. Soc. (London) 
A74, 473 (1959). 
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Fic. 3. 5875A line intensity as a function of He pressure with a 


beam current of 20 wa and 130 kev deuteron energy. 


slightly displaced toward higher energies, due probably 
to the steep increase of the 5015-A intensity. 

Considering that the excitation function of any state 
of the same series can be expressed by the product of a 
characteristic shape function with a constant," the 
maximum of the proton excitation curve at 65 kev is in 
a fairly good agreement with the maximum of the 
ionization curve calculated by Mapleton” and measured 
by Fedorenko, et al.” 

The values of Q; for the 3 °D and 4 °D states are found 
to be 4X10” cm? and 1.610” cm’, respectively ; it 
shows that the 130-kev deuterons are very ineffective 
in exciting triplet states. In fact, since the spin-orbit 
coupling in helium is very weak, the change of the total 
electron spin by impact of D* seems to be very 
improbable. 

With constant energy of incident ions and constant 
target gas pressure the 2*?—3*D line intensity is pro- 
portional to the ion beam current. Further, it is found 
that with constant beam current and ion energy the 
intensity of the 2*P—3*D line increases quadratically 
with pressure. Figure 3 shows the 5875-A line intensity 
plotted against the pressure at 130 kev and 20 wa D* 
beam current. At low pressure there exists an approxi- 
mately linear relationship between line intensity and 
helium pressure. From the departure from linearity at 
higher pressures the true value of ((3*D) can be esti- 
mated. The intensity in the observed pressure range 
can be represented by 

E= (1/e)(On+Cn?). (3) 

The first term represents the direct excitation of the 
2?P—3*D line. Hence the true excitation cross section 
for the 3 *D state is found to be ~2X10-” cm’. Assum- 


LS. Frost and A. V. Phelps, Westinghouse Research Labora 
tory Report 6-94439-6-R3 (unpublished). 

2 R. A. Mapleton, Phys. Rev. 109, 1166 (1958). 

3N. V. Fedorenko, V. V. Afrosimov, R. N. Il’in, and E. S. 
Solov’ev, Proceedings of the Fourth International Conference on 
Ionization Phenomena in Gases, Uppsala, 1959 (North Holland 
Publishing Company, Amsterdam, 1960), p. 47. 
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ing that the quadratic component can be attributed 
only to excitation transfer according to 
He(3 'P)+He(1 |S) — He(1 'S)+He(3 3D), 

the constant C [Eq. (3) ] is given by C=Q’ovr, where 
Q’ is the cross section for the excitation of the 3'P 
state, o the cross section of the transfer reaction, 7 the 
mean life time of the 3'P state, and v is the mean 
velocity of helium atoms. With the value of Q’ (Table I) 
and the mean lifetime“ corrected for the imprisonment 
of resonance radiation, and assuming that 2 is equal to 
the mean thermal velocity, one finds c=8X10-™ cm’. 

Figure 4 shows the excitation function for the 5875-A 
line. As seen, the line intensity decreases with increasing 
ion energy but also two overlapping small maxima are 
visible. The hump at about 115 kev coincides with the 
excitation maximum in Fig. 2, and it is consequently 
attributed to the transfer processes. With increasing 
beam current the 115-kev peak is more pronounced. 
The small peak at 180 kev is tentatively related to the 
excitation resulting from sputtered atoms. The trend of 
the excitation curve indicates that the direct excitation 
processes reach their maximum in the region of 70 kev 
or lower. The uncertainty of the present measurements 
below 70 kev is considerable. 

Owing to the small value of ((3*D) the relative im- 
portance of some processes other than deuteron excita- 
tion, which might also cause the direct excitation of 
triplet states, will be considered. The increase of the 
5875-A line intensity at lower deuteron energies suggests 
that such processes might be effective. 

The concentration of neutrals in the beam originating 
from charge exchange processes'>'" 
than 2% under the actual experimental conditions. 
Assuming that the cross section for the excitation of the 
3D level by fast hydrogen atoms is approximately 
equal to the excitation by impact of electrons of the same 


is certainly lower 


relative velocity, the hydrogen atoms from charge ex- 
change can account for at most 0.4 10~*° cm*. However, 
not well known is the content of D atoms in the beam 
resulting from neutralization at the inlet hole. According 
to some authors it may not be negligible,'® but the 
available data do not allow a quantitative estimation of 
the above effect. 
Furthermore, the 
sputtered by the ion beam at the inlet orifice and in the 
Faraday cage could also contribute to the 3*D level 
population. Recently Moe and Petsch" have observed 
the excitation of neon by slow potassium ions. A similar 
process cannot be completely excluded in the described 
experimental arrangement. The true value of V(3 *D) 


excitation by metallic atoms 


4S. Heron, R. W. P. McWhirter, and FE. H 
Roy. Soc. (London) A234, 565 (1956) 

18 J. P. Keene, Phil. Mag. 40, 369 (1949 

16 J. B. H. Stedeford and J. B. Hasted, Proc 
A227, 466 (1955). 

17 DPD. E. Moe and O. H. Petsch, Phys. Rev. 110, 1358 (1958). 


Rhoderick, Proc. 


Roy Soc London) 
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Fic. 4. Excitation function of the 2?P—3 8D line with 
20 wa beam current and at 6.7 w helium pressure. 


for deuteron excitation derived from Eq. (3) is thus 
probably too high, and 0(3 *D)<2X10-* cm. 


V. DISCUSSION 


The ion velocities at which the excitation maxima 
occur (Fig. 2) are about (3 to 3.5)10® cm sec™!, as 
expected by the near adiabatic condition a/v1~h/(AF)."§ 

As seen, the excitation by 130-kev deuterons is about 


18H. S. W. Massey and E. H. S. Burhop, Electronic and Tonic 
Impact Phenomena (Clarendon Press, Oxford, England, 1952). 
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1.7 times more intense than that by 200-kev protons. 
Accordingly we would expect for Q(44S) and Q(5 1S) 
larger values than those recently reported for 200-kev 
proton excitation.* 

Contrary to the large apparent transfer cross section 
(3'P—3%D) obtained from the ion excitation experi- 
ments, the conclusions of the recent electron excitation 
experiments are unanimous in finding that the Wigner 
spin conservation rule is partially obeyed,’ and that 
the 3D levels are populated to only a small degree, by 
collisional transfer from the 3 'P state. 

The concentrations of foreign gases were obviously 
higher in the ion-excitation experiments, and propor- 
tional to the ion beam current. The possibility of a 
perturbing influence of foreign atoms was recently dis- 
cussed by Hughes, e/ al.* However the observed propor- 
tionality of the 5875-A line intensity to the deuteron 
beam current seems to exclude an appreciable popula- 
tion of the 3*D level by collisions of He (3'P) with 
foreign atoms or molecules. 

The analysis of the population of triplet levels requires 
further experimental data. We would like to point out 
that the target gas in the ion excitation experiments is 
heated by scattered deuterium atoms and the assump- 
tion that the velocity of helium atoms in the collision 
space is thermal may also contribute to an overestima- 
tion of the transfer cross sections. 
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Partial Widths of the 16.11-Mev State in C” 


R. E. SEGEL AND M. J. Bina 
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The alpha-particle spectrum, gamma-ray spectrum, and the ratio of gamma-ray to alpha-particle yield 
have been measured for the 163-kev B“+ resonance which forms the 16.11-Mev state in C. The results 
are combined with the previously known total width and gamma-ray yield to give new values for the 
gamma-ray widths, the partial alpha width for decay to the Be® ground state, and the proton width. The 
new values for the partial widths, which differ from those previously listed by as much as an order of magni 
tude, are shown to be in agreement with the independent-particle model predictions. 


INTRODUCTION 


HE 16.11-Mev state in C® has been investigated 

by several workers' and many of its properties 
are well established. However, a previous investigation? 
indicated that some of the partial widths heretofore 
accepted might be in error and therefore the present 
investigation was undertaken in order to re-examine the 
relative rates for the various decay modes. The motiva- 
tion for this investigation increased when a literature 
search revealed that some of the values listed! for the 
partial widths were based upon old data,’ which were 
really only rough estimates. 

An energy level diagram showing the various decay 
modes of the 16.11-Mev state is given in Fig. 1. The 
16.11-Mev state has a well-established! spin of 2 and 
positive parity, and a total width of about 6 kev (c.m.). 


+ 


5.96 p61) _ _ 2! 


B+, \ 


10.28 (BROAD) T=0 


Fic. 1. Principal modes of decay of the 16.11-Mev state in C” 
The partial widths for these decays are given in Table I. 

F. Ajzenberg-Selove and T. Lauritsen, Nyclear Phys. 11, 1 
1959). 

2S. S. Hanna and R. E. Segel, Proc. Roy. Soc. (London) 
A259, 267 (1960). G. L. Miller, R. E. Pixley, and R. E. Segel, 
ibid. A259, 275 (1960). 

+ J. D. Cockroft and W. B. Lewis, Proc. Roy. Soc. (London) 
A1S4, 261 (1936). J. H. Williams, W. H. Wells, J. T. Tate, and 
E. L. Hill, Phys. Rev. 51, 434 (1937); R. B. Bowersox, ibid. 55, 
323 (1939). 


The narrowness of the state implies that it isa T=1 
state and it is taken to be the analog of the first excited 
state in B®. 

Designating the alpha-particle transition to the 
ground state of Be® as ap and that to the Be’ first excited 
state as a, and, similarly, the gamma-ray transitions 
to the ground and first excited states of C” as yo and 
‘1, respectively, the present work was undertaken in 
order to re-evaluate Igo, I'y0, and I',;. Furthermore, 
accepting a gamma-ray yield measurement of other 
workers,‘ a new value of I’, was determined. 
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Fic. 2. Yield of gamma rays of energy >3 Mev when a thick 
metallic natural boron target is bombarded with protons. The 
intensity units are arbitrary and the proton energy scale is 
nominal. The arrow indicates the bombarding energy at which 
most of the data were taken. 


EXPERIMENTAL RESULTS 


A thin, metallic, powdered boron target was bom- 
barded with protons accelerated by a Cockcroft-Walton 
generator. The target was viewed by a silicon p-m junc- 
tion detector and a 5-in.-diam 5-in.-thick NaI(TI) 
crystal. The silicon (a) spectrometer was movable about 
the target while the NaI(T1) (y) spectrometer was fixed 
at 90° to the incident beam. A gamma-ray yield curve 
is shown in Fig. 2 with the arrow indicating the bom- 
barding energy at which most of the data were taken. 
No contribution (<1%) was seen for ap or y; below 


*T. Huus and R. B. Day, Phys. Rev. 91, 599 (1953 
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resonance while a; showed a contribution below reso- 
nance equal to ~5% of the intensity just above the 
resonance. This nonresonant contribution to a; was sub- 
tracted off in determining the relative partial widths 
for the state. 

A typical alpha-particle spectrum is shown in Fig. 3. 
The silicon detector was covered with a thin nickel foil 
and also had a dead layer; hence the nonlinear energy 
scale in Fig. 3. The spectrum in Fig. 3 shows a clearly 
resolved sharp group, ao, as well as a continuum. 

The alpha spectrum is complicated by the fact that 
Be® itself is unstable to alpha emission and therefore 
each alpha decay of a state of C” ultimately yields three 
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Fic. 3. Alpha-particle spectrum from the disintegration of the 
16.11-Mevy state in C” viewed at 90° (lab) to the incident proton 
beam. The energy scale is nonlinear as the alpha particles had to 
traverse some absorbing material before reaching the depletion 
region of the silicon detector. 


alpha particles. A disintegration proceeding through a 
sharp state in Be® (ao) yields a monoenergetic group 
plus a continuum, with the spectrum of the continuum 
depending on the decay energies of the two steps and 
the angular correlation between successive radiations. 
A decay proceeding through a broad state in Be* (a;) 
results in two continua, which in the present case over- 
lap. We have estimated that for each a; decay an average 
of about 1.8 alpha particles would have been recorded 
in our spectra. 

Alpha spectra were taken at various angles between 
60° and 165° with respect to the incident proton 
beam. Summing the spectra over a sphere and correcting 
for the alpha (a) particles which failed to reach the 
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_Fic. 4. Pulse-height spectrum from S-in.-diam. 5-in.-thick 
NalI(TI) crystal placed at 90° to a proton beam bombarding a 
thick boron target. The face of the crystal was 6 in. from the target. 


silicon spectrometer depletion region, we find for the 
relative intensity of the two modes of alpha decay 
Poi/Tao= 2243. 

A gamma-ray spectrum is shown in Fig. 4. The two 
gamma rays from the 11.68-4.43-Mev cascade are 
clearly discernible. The spectrum also includes a 2.50- 
Mev calibration line (sum peak from Co) as well as a 
weak peak ascribable to yo. After allowing for summing 
of the y; cascade we find that I'y;/P'yo~ 25. 

The intensity of the y; cascade was determined by 
measuring the area under the 4.43-Mev peak and divid- 
ing by the computed® NaI(T1) crystal peak efficiency, 
making a small correction (4%) for the absorption in the 
target chamber walls. Allowing for the gamma-ray 
angular distribution,® it was found that 


Dy1/Pa= (1.0240.15)10 


DISCUSSION 


The total width (c.m.) of the 16.11—Mev state in C” 
is known’ to be 6.70.5 kev. The single-particle proton 
width® is about 100 ev and therefore the total width 
must be due mainly to the alpha width, i.e., Tea=Tao 
+Tai1=6.7X10® ev. Combining TaotTa1, Tao/Ta1, 
P'4:/Ma, and I'y0/I'y1: we can solve for these partial 
widths individually and the results, together with the 
previously’ listed values, are given in Table I. We 
have used other workers’® determination of I'yo/I'y1 
= (3.3+1)% which appears to be more accurate than, 
though consistent with, our estimate of 4% for this ratio. 
The value of I’, listed in Table I was determined by com- 
bining the gamma-ray yield measurement of Huus and 
Day‘ with the ',; measured here. 


5W. F. Miller, J. Reynolds, and W. J. 
Lab. Rept. No. 5902 (unpublished). 

6 Pp. J. Grant, F. C. Flack, J. G. Rutherglen, and W. M. Deu- 
chars, Proc. Phys. Soc. (London) A67, 751 (1954). 

7S. E. Hunt and W. M. Jones, Phys. Rev. 89, 1283 (1953). We 
note that the result of this determination of the width of the state, 
while the most recent and apparently the most accurate, is higher 


Snow, Argonne Natl. 


than previous measurements—see reference 1. We use the total 
width given by Hunt and Jones throughout, but point out that 
using the lower values of ° of other workers would not materially 
change any of the conclusions of this paper. 

8 We define the single particle width as 3(k/A,*)h/ya, where 
k=wave number of the proton (alpha) in the center-of-mass 
system, A;?=1-wave barrier penetrability, ~=proton (alpha) re 
duced mass, a=nuclear radius, here taken as 1.45X1078A! cm. 

9D. A. Craig, W. G. Cross, and R. G. Jarvis, Phys. Rev. 103, 
1414 (1956) 
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I. Parameters of the 16.11-Mev state in C". 
All widths are in ev. 


TABLE 


Reference 1 Present work 


7000 7300+ 500* 
5 69+15> 
100 290+45 
5000 6300+ 500 
2° 0.22+0.09¢ 
70 6.8+1.1 


Keszthelyi and Fodor report observing the reso- 
nance absorption of the 16.11-Mev line (yo) and find 
[,0=7.6+1.9 ev which is a factor of some 30 greater 
than our result. No direct evidence appears to be present 
in the literature that would resolve this discrepancy. 
However, accepting the gamma-ray yield measurement 
of Huus and Day, the large ', of Keszthelyi and Fodor 

there is general agreement as to the value of I'yo/T’y:) 

would imply [',=2 ev (6,°=0.02). The alpha-particle 
yield is directly proportional to T, (if ',«<I.) and 
therefore the result of Keszthelyi and Fodor would 
imply that the previous* estimates of the alpha-particle 
yield were too high. However, Beckman, Huus, and 
Zupantic! quote communications which state that the 
older estimates of the alpha-particle yield were too low, 
which would agree with the results of the present experi- 
ment but not with the gamma-ray absorption data. 
Though we cannot explain the results of Keszthelyi and 
Fodor, we consider the gamma widths found in the 
present work to be correct.":!" 

The partial widths expressed in single-particle units® 
for the various modes of decay are given in Table II. 
For gamma-ray emission, the single-particle widths are 
calculated using the formulas given by Wilkinson." No 
statistical factors have been included in calculating the 
dimensionless reduced widths given in Table IT. 

The 16.11-Mev state in C” can be taken to be the 
analog of the first excited states in B” and N”. Using 
the language of pure j-j coupling, the ground and first 
excited state of the mass-12 T7=1 triad are due to the 
coupling of the odd p,; nucleon to a (p;)~' core. These 
states should be good single-particle states and should 
therefore be expected to have large nucleon reduced 


10 L. Keszthelyi and J. Fodor, Nuclear Phys. 10, 564 (1959). 


11Q, Beckman, T. Phys. Rev. 91, 
606 (1953). 

'2In the present experiment the absolute gamma-ray yield 
could only be roughly estimated, but it did agree within a factor 
of two with the yield quoted by Beckman et al. 

128 Note added in proof. The present authors have repeated the 
experiment of Keszthelyi and Fodor but do not observe any reso 
nance absorption which is in agreement with the present work but 
in contradiction to reference 10 (R. E. Segel and M. J. Bina, 
Conference on Electromagnetic Lifetimes and Properties of 
Nuclear States, Gatlinburg, Tennessee, 1961). 

13D. H. Wilkinson, in Nuclear Spectroscopy, edited by F. Ajzen- 
berg-Selove (Academic Press, Inc., New York, 1960), Chap. VF. 


Huus, and X. Zupanéic, 
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TABLE IT. Reduced widths in single-particle units for various 
radiations from the 16.11-Mev state in C'. The basis for the 
single-particle units is given in the text. 

Radiation 


widths, hence the large proton reduced width for the 
16.11-Mev state. 

The alpha decay is, of course, isotopic-spin forbidden 
and therefore the small reduced: widths for the alpha- 
particle emission are expected. From our data we can 
extract estimates for the Coulomb matrix element for 
which we find Hrr’*=0.02, 0.33 Mev for the ao, ay 
transitions, respectively. The Coulomb matrix element 
strength obtained from Ig; appears reasonable in view 
of the large nucleon reduced width," while the value 
derived from [go appears to be somewhat small. Stated 
more realistically, 4; is about what is to be expected 
for the 16.11-Mev while [ao is smaller than 
expected. 


State 


Other things being equal, one would expect T'ai/T. 
2J At+1)/(2J +1)=5, to be compared with the 

experimental results I'qi/lao=22. This discrepancy is 
not really great enough to support the conjecture that 
the first excited state in a large T=1 
admixture. 

The gamma ray transition to the 4.43-Mev state, 71, 
is an isotopic-spin allowed magnetic dipole and its re- 
duced!® width falls right into the range expected for such 
a transition." 

The ground state gamma-ray transition, yo, is a pure 
E2 transition and its strength again fits well with the 
prediction of the single-particle model.'* However, most 
E2 transitions in the light nuclei are of greater than 
single-particle speed with the enhancement generally 
ascribed to collective motion. Collective motion should 
not involve a change in isotopic spin and therefore a 
AT=1 £2 should not show this enhancement,!® thus 
accounting for the 16.11-Mev transition being of single- 
particle speed. 

A transition from the 16.11-Mev state to the 9.63-Mev 
state has recently been observed" with a branching ratio 
equal to 1% of 7:1. The 9.63-Mev state is assigned odd 
parity’ and spin of 1 or 3 (the latter is currently" 
favored) and therefore the 6.48-Mev transition to this 


Be® contains 


4R. F. Holland, D. R. Inglis, R. E. Malm, and F. P. Mooring, 
Phys. Rev. 99, 92 (1955). 

‘6 We define “reduced width” for gamma radiation as the ratio 
of the actual width to that predicted by the Weisskopf estimate 
as calculated in reference 13; i.e., reduced width=! /? in the 
usual notation. 

16 E. K. Warburton, Phys. Rev. Letters 1, 68 (1958). 

™R. R. Carlson and E. B. Nelson, Bull. Am. Phys. Soc. 6 
341 (1961). 
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state would be £1. Combining the branching ratio with 
the present determination of I’, we find for the 6.48-Mev 
transition, Yo, 'a2=0.06 ev and reduced width |M/? 
=6X10~. This reduced width represents an unusually 
low value for an isotopic-spin allowed £1. 

It is interesting to compare the reduced widths for the 
decays of the 16.11-Mev level with the analogous decays 
from its “partner” level, the first 7=1 state at 15.11- 
Mev. Two analogous transitions exist, y; and a;. Recent 
work,? which also summarizes work to date, lists for the 
15.11-Mev state 


Pa 15 Cv, 


l41:= 1.56 ev, 


6.7<6X 10-5; 
M ?=0.061. 


hence 


hen e 


Thus, the gamma-ray widths for the analogous transi- 
tions from the lowest 7=1 states are fairly similar, 


agreeing to within about a factor of 3, while the alpha 
width of the 15.11-Mev state is the smaller by a factor 
of at least several hundred. The gamma-ray transition 
is allowed and of single-particle speed and therefore 


appears to be due to a large portion of the wave function 
and thus we expect similar M1 transition rates from the 
two states. In contrast the alpha transition is forbidden 


HS O} 16. 


11-MEV STATE IN C!? 817 
and only takes place through a small impurity in the 
wave function which need not be similar for the two 
States. 

A more quantitative comparison of the gamma-ray 
transition from the lowest two T=1 states in C® is 
predicted by the intermediate-coupling model of 
Kurath.'® Using Kurath’s theoretical curves (Fig. 3 of 
reference 18) but the more recent? experimental values, 
we find that for the 15.11-Mev state, I'yo is fitted by 
a/K=5.7+0.5 and Ta: by a/K=5.340.5. Combining 
these to say that the 15.11-Mev state requires 
a/K=5.5+0.4, the model then predicts that for the 
16.11-Mev state, !'y:=9.6+0.8 ev, to be compared with 
our experimental value of 6.8+1.1 ev. The agreement is 
satisfactory, and thus an experimental discrepancy with 
the intermediate-coupling model has been removed. 
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Angular Distributions of Protons from the 19-Mev Alpha-Particle 
Bombardment of Na”, Al’’, and Si?*t 
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(Received June 29, 1961) 


Using ~19-Mev alpha particles, angular distributions have been obtained for the three highest-energy 
proton groups from (a@,p) reactions with Na*, Al’, and Si**. The differential cross sections are interpreted 
with the aid of an expression similar to that given by Butler for the “knock-out” process, and normalizing 
factors G, approximately proportional to the product of two reduced widths, are extracted. Reasonable 
looking fits are obtained for most of the angular distributions with the / values allowed by the theory. Both 
the reduced total cross sections, o/(2J;+1), and the G factors increase for the ground-state transitions in 
the series F'*— Na*— Al’, but decrease for the excited-state transitions. These trends are shown to be in 
agreement with arguments based on the shell model and the knock-out mechanism. The cross sections for 
Si*® are unexpectedly large, indicating either a strong sj? component for the last two protons in Si?8 o1 


alpha-particle stripping 


I. INTRODUCTION 


HE measurement of the angular distributions of 

protons from (a,p) reactions induced by ~ 19-Mev 
alpha particles on targets of Na*, Al’, and Si** to be 
presented here is a followup to the work of Priest, 
Tendam, and Bleuler' on targets of C® and F¥. An 
endeavor is made to establish some systematics over a 
range of target nuclei, to analyze the angular distribu- 
tions in the light of direct-interaction theories, and to 
correlate the data with the shell-model configurations 
of the nuclei involved. 

The interpretation of a direct (a,p) reaction depends 
on whether the alpha particle is treated as an unalter- 
able unit or not. In alpha-particle stripping, the target 
nucleus captures one proton and two neutrons (or pos- 
sibly a triton as a unit) from the alpha particle, with 
the second proton flying on. In this case, the informa- 
tion to be gained deals with the structure of the final 
nucleus as being composed of the initial nucleus as a 
core and a triton or three nucleons. In the knock-out or 
the heavy-particle stripping processes, on the other 
hand, the initial nucleus is regarded as consisting of a 
core and a last proton. The proton is released in the 
reaction and the residual nucleus is formed as a system 
of core plus captured alpha particle. The cross section, 
then, will depend on the structure of both the initial 
and the final nucleus, with a common core. This makes 
the interpretation of the results more difficult, especially 
since little is known about the (core+alpha) structure 
of the final nucleus. For the ground states, the assump- 
tion of zero orbital angular momentum is reasonable. 
The excited states, however, could either be formed as 
1=0 systems, with excited cores (which would have to 
be present in the initial nucleus), or the system could 


t Work supported in part by the U. S. Atomic Energy Commis- 
sion. This article is based on part of a doctoral thesis submitted 
by W. D. Ploughe to the faculty of Purdue University. A prelimi- 
nary report has been given in Bull. Am. Phys. Soc. 5, 247 (1960). 

* Now at Ohio State University, Columbus, Ohio. 

1J. R. Priest, D. J. Tendam, and E. Bleuler, Phys. Rev 
1301 (1960 
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be in a /=2 or /=4 rotational state (in the cases con- 
sidered here, all parities are even). The energy for /= 2 
is of the order of 1.5 Mev, as are the energ’.. of the first 
excited states. Because of this complication one would 
prefer to interpret (a,p) reactions as alpha-stripping 
processes, but the large energy needed to strip a proton 
from an alpha particle, 19.8 Mev, makes this process 
appear less probable. In the following, only the knock- 
out mechanism and heavy-particle 
considered. 

The targets chosen for 
members of the d; shell. In interpreting the cross sec- 
tions for the series I, Na*’, and Al’’, we shall assume 
that the structures of the residual even-even nuclei ar¢ 
similar and that the variations are due to differences 
in the shell-model structure of the 


St ripping will be 


this investigation are all 


target nuclei. In 
the case of F"’, the small cross section for the ground- 
state transition was interpreted as being due to a lack 
of a common O'* core for F (=O'%+ p) and Ne® 
(=O'8+<a).'! The explanation was advanced that the 
last two neutrons in the O'* core of F may be in a 
(dy?)2 or a (s;*)o configuration (coupled to a total 4+ 
state with a d; or a sy proton, respectively), whereas in 
Ne” they would form a (d;’)o system. This interpreta- 
tion would be in agreement with the larger cross sec- 
tions observed for the excited-state transitions, since 
2+ states could be formed either by /=0 alpha particles 
captured to the 2+ core or by /=2 alpha particles cap- 
tured to the 0+ core. The present investigation of the 
AP" (a,p)Si® reaction was expected to test this inter- 
pretation by contrast; since the 3+ ground state of Al?” 
may be interpreted as being chiefly a 0+ core with a d; 
last proton, the ground-state transition should be strong 
whereas the excited states of Si® should be formed with 
reduced probability because the alpha particle would 
have to be captured with nonzero angular momentum. 
For Na”, the cross-section trend should be similar to 
that for the F target. Since the last three protons of 
Na* are probably predominantly in a (d,*); system, 
the Ne” core would involve a (d;*). configuration for 
the last two protons which would be found in the ex- 
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cited states of the final nucleus Mg*® rather than in 
the ground state. 

The Si?* target was chosen for a comparison between 
odd-Z and even-Z targets. It was anticipated that the 
(a,p) cross section would be smaller than for Al?’ 
because of the closure of the d; shell at Si**. 

The only previous work pertaining to these considera- 
tions is that of Hunting and Wall? on the reactions 
Na™(a,po.1)Mg**and Al’ (a, f0,1)Si*at an incident energy 
of 30.4 Mev (fo and fp, indicate the proton groups leav- 
ing the residual nucleus in the ground state and the 
first-excited state, respectively). Their results agree 
with expectation insofar as the ground-state cross 
section for Al*’ is larger than that for Na” by a factor 
5, within a stated uncertainty of close to a factor 2. 
Also, in the case of Na”, the cross section for the first- 
excited-state transition is larger than the ground-state 
cross section by about a factor 10, whereas for Al’, 
the ratio is only about 2. No data are available for F'’ 
or Si** at this energy. 

The results to be presented for Ea~19 Mev confirm 
the arguments given for the series F'*— Na*— Al’’, but 
show unexpectedly large cross sections for Si?*. 


Il. EXPERIMENTAL PROCEDURE 


The measurements were carried out using the 19-Mev 
external cyclotron beam. The focussing and energy 
analyzing systems are adequately described elsewhere.’ 
The final collimation was achieved by focussing the 
beam on a collimator containing two }-in. circular 


apertures 7 in. apart. With a j-in. object aperture for 
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Fic. 1. Ground-state angular distributions of protons from ~19 
Mev alpha-particle bombardment of F, Na, AP’, and Si**. The 
F” and Na*® data have been displaced downward by one decade. 
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Fic. 2. First-excited-state angular distributions of protons from 
~19-Mev alpha-particle bombardment of F¥, Na*, AP’, and 
Si?8, The F'® and Na®’data have been displaced downward by one 
decade. 


the analyzing magnet, the analyzed beam had an rms 
spread of 50 kev.! 

The protons were detected in a §-in. thick CsI(TI) 
crystal in front of which was placed sufficient alumi- 
num or tantalum to stop the scattered alpha particles. 
This was used in conjunction with a DuMont-6291 
photomultiplier tube whose signal was fed to a White 
cathode follower and subsequently to a twenty-channel 
pulse-height analyzer. Other reaction products did not 
contribute to the high-energy proton spectra because 
of the large negative Q values and selective absorption. 
The crystal, phototube, and mounting could be rotated 
continuously about the target from 11.3° to 169.7° in 
the laboratory system. The solid angle subtended by 
the detector was a cone of (1.71+0.03)10~ steradian. 
The energy resolution obtained with this system was 
approximately 5% (full width at one-half maximum) 
for 12-Mev protons. 

The targets were about 1 mg/cm? in total thickness 
and were mounted at the center of the reaction chamber. 
The sodium target was in the form of sodium hydroxide 
which had been vacuum evaporated on a }-mil Mylar 
backing. The Na content of the target, whose composi- 
tion was uncertain, was determined by comparing the 
yield of the ground-state proton group from the 
Na™(a,p)Mg** reaction with that for a known NaCl 
target (with the latter, only the ground-state proton 
group can be resolved easily). This was also checked 
by bombarding the two targets with deuterons and 
comparing the Na™% gamma activities induced. The 
sodium content was found to be 0.522 mg/cm? with a 
standard error of 5%. Assuming no water content in 
the target, the NaOH thickness was 0.91 mg/cm? 
which is equivalent to 250-kev energy loss for normally 
incident 19-Mev alpha particles. The commerical alumi- 
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num foil target was 0.927 mg/cm* thick with a standard 
error of 3%, resulting in an energy loss of 230 kev. The 
silicon target was in the form of fused quartz of 1.16 
mg/cm? (310 kev energy loss), of which only 0.500 
mg/cm? is the isotope Si**. During the actual bombard- 
ment, the targets were inclined at an angle of 45° to 
the incident beam. Thus the thickness traversed by the 
beam is V2 times the values given here. 


Ill. EXPERIMENTAL RESULTS 


The observed angular distributions for the (a,p) 
transitions induced by ~19-Mev alpha particles on 
F'’, Na*, Al’?, and Si?* and corresponding to discrete 
states in the residual nuclei Ne”, Mg?®, Si®, and P*, 
respectively, are shown in Figs. 1-3. The fluorine data 
have been taken from Priest et a/.! and are included here 
in order to compare the magnitudes of the cross sections 
and the forms of the angular distributions for all odd-Z 
members of the d; shell. The counting statistics are given 
approximately by the size of the triangles shown on the 
figures. The estimated standard error of the differential 
cross section, excluding counting statistics, is 5% for 
the aluminum and silicon targets, 6% for the sodium 
target. The differential cross sections for the reactions 
with Na*, Al??, and Si** have been tabulated by 
Ploughe.* 

Figure: 1 shows the angular distributions of the pro- 
tons from the (a,fo) reactions. As a matter of con- 
venience, the data for the F and Na* targets have been 
displaced downward by a factor of 10. The apparently 
large cross section observed! for large angles in the case 
of fluorine is seen to be just comparable to that ob- 
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Fic. 3. Second excited-state angular distributions of protons 
from ~19-Mev alpha-particle bombardment of F%, Na, AF’, 
and Si**, The cross section plotted for Al is the average for the two 
unresolved transitions to the second and the third excited state. 


4W. D. Ploughe, Ph.D. thesis, 
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Fic. 4. Comparison of the differential cross section for the 
AF" (a,po)Si® reaction at 18.7 with Eq. (2) for /=2, R 5.6)10 
cm, and G=7.0 


tained for sodium. With the exception of the curious 
little dip in the F angular distribution near 135°, the 
cross sections for the odd-A target nuclei are comparable 
in the angular range 120° to 150°. 

In Figs. 2 and 3 are shown the measured angular 
distributions of protons which leave the residual nucleus 
in an excited state. Again, the data for F"(a,p,;)Ne” 
and Na**(a,p,)Mg** shown in Fig. 2 have been displaced 
by a factor of 10. The differential cross sections for the 
fp: group from the odd-A targets are comparable at 
~70°. No region of comparable cross sections exists in 
the second-excited-state angular distributions shown in 
Fig. 3. The experimental technique used was not cap- 
able of resolving the proton groups from the second and 
third excited states of Si®. Thus one half the combined 
cross section for the reaction Al?’(a,p»,3)Si® is plotted 
in Fig. 3. 

Most of the angular distributions show, at least in 
the forward angles, the oscillatory pattern characteristic 
of direct interactions. A few of the distributions also 
show substantial cross sections at large angles 


IV. DISCUSSION 
Comparison with Earlier Work 


The differential cross sections for Na and Al given 
in Figs. 1 and 2 may be compared to those measured 
at 30.4 Mev by Hunting and Wall.* The distributions 
show the same general trend, but at 30.4 Mev the cross 
sections drop much more rapidly with increasing angle, 
show no backward rise, and the oscillatory patterns 
present at 19 Mev are smeared out at the higher energy 
to the extent that they are barely recognizable. As 
expected, the cross sections at 30.4 Mev are lower than 
ut 19 Mev. In the region of the forward peaks (~ 20°), 
the ratio is about 3 for o(p1) and o(o) with Al and for 
a(p;) with Na, but about 8 for o(po) with Na. 








ANGULAR 
TABLE I. Total cross sections for (a,p) reactions. 


Na* 


Target F 


Ji 4+ ; 
Qo (Mev 1.70 1.84 
FE, (Mev 18.9 18.7 18.35 
0.10 mb 0.13 mb 0.31 mb 1.0 mb 
0* 07 ot }+ 
2S 5 0.16 mb 0.21 0.15 mb 0.98 mb 
Mev), J; 1.28, 2° 1.83, 2 2.24, 2* 1.26, }* 
(27 0.34 mb* 0.15 ml 0.07 mb> 0.47 mb 
Mev), . 3.35, - 2.97, 2 2.23, $+ 


+ 


’ 


* The final-state spin is assumed to be 2. 
b One-half the total cross section for the reactions leading to the unre 
solved 3.51-Mev and 3.79-Mev states, with Jy taken to be 2. 


Totai Cross Sections 


The angular distributions were integrated to yield 
the total cross sections for the transitions to the dif- 
ferent levels of the final nuclei involved. Since a com- 
parison of cross sections is more meaningful if the final- 
state statistical weights are removed, Table I lists the 
values of the total cross sections, divided by (2/;+1), 
where J; is the spin of the residual nucleus. The table 
also shows the spins of the target nuclei, the energy 
release in the ground-state reactions, the laboratory 
energy of the incident alpha beam in the center of the 
targets, and excitation energy and spin of the final 
states. 


In order to discuss these cross sections on the basis 
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Fic. 5. Comparison of the differential cross section for the 

“7 (ey, py) Si*® reaction at 18.7 Mev with Eq. (2) for R= (7.0)10~ 

. The solid curve is for 1=0 and G=1.9, the dashed curve for 
l=2. The value /=4 is also allowed, but no reasonable fit could be 
obtained for any radius. 
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Fic. 6. Comparison of the differential cross section for the 
Na™(a,p) Mg®® reaction at 18.7 Mev with Eq. (2) for l=2, 
R= (6.0)10-" cm, and G=1.8 


of a direct-interaction mechanism, one should subtract a 
compound-nucleus contribution (and possibly inter- 
ference terms). An estimate for the F"*(a,po)Ne™ cross 
section, based on the formalism of Blatt and Weisskopf*® 
and using the level-density formula given by Lang and 
LeCouteur,® with a characteristic-level shift as given 
by el Nadi and Wafik,’ yields a cross section which 
exceeds the measured cross section by a factor of about 
ten.4 Most probably, the cross section for the formation 
of the compound nucleus was grossly overestimated. 
Since no reliable calculations for the compound-nucleus 
contribution can be performed, it can only be stated 
that for F'§, g¢n/(2/;+1) must be less than the smallest 
value observed, i.e., 0.10 mb. From the trend of the 
level densities and Q values for (a,n) and (a,p) reactions, 
it can be concluded that the compound-nucleus con- 
tributions for the other targets should be smaller. In 
the discussion to follow, they will be neglected ; the main 
effect of their subtraction would be to enhance the vari- 
ations of the direct-interaction cross sections. 

For the odd-Z targets, the trends of the cross sections 
shown in Table I are in agreement with the arguments 
given in the introduction. The cross sections for the 
Si?8(a,p)P* are unexpectedly large; similarly large cross 
sections have been observed recently by Martin et al.* 
for the reaction Ca(a,p)Sc* at 21.9 Mev. 


Comparison with Direct-Interaction Theory 


In Figs. 4-11 the experimental cross sections are 
compared to the angular distributions predicted by the 
simplest direct-interaction theories for the knock-out 
process and heavy-particle stripping. 


5]. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
John Wiley & Sons, Inc., New York, 1952). 

6 J. M. B. Lang and K. J. LeCouteur, Proc. Phys. Soc (London) 
A67, 586 (1954). 

7M. el Nadi and M. Wafik, Nuclear Phys. 9, 22 (1959). 

8H. J. Martin, M. B. Sampson, and D. W. Miller, Phys. Rev 
121, 877 (1961). 
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Knock-out process 


The formula given by Eq. (40) of Butler* was modified 
somewhat, following the general procedure of Banerjee." 
The initial (final) nucleus, with total angular momen- 
tum J; (J;), is assumed to be a system consisting of a 
core and a proton (alpha particle), with orbital angular 
momentum Ih (1h), reduced mass y’ (u’"), and separa- 
tion energy ¢’=(hK’)?/2u’ [e’=(hK’)?/2u"’]. The 
angular-momentum transfer is then given by I=I’—I’. 
With the customary assumption that the spin of the 
core remains unchanged in the reaction, the possible 
/ values are given by 

Ji +S 4-4 min << Is4+J +4, (1) 
and the parity condition that / is odd (even) if initial 
and final state have different (same) parity. If a single 


/ value is allowed the resulting formula may be written 
24 


as 
: [Rp M pba 
o(8)=G) (2S + 1)(R'R" Ry) 
a pe 
xl xe@RKR). (2 
ma ” 


Here, k, and k, are the wave vectors of the incident 
alpha particle and the outgoing proton in the center-of- 
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Fic. 7. Fit to the differential cross section for the Na*(a,p;) Mg”* 
reaction at 18.7 Mev using o(#) « (¢+ K*)*(X¥?+X7+0.2X 2) 
with R= (6.0)10-% cm. The curve should be considered only as 
indicative of the type of fit possible with the least number of 
parameters. 





°S. T. Butler, Phys. Rev. 106, 272 (1957). 


M. L. Banerjee, in Nuclear Spectroscopy, edited by F. 
Ajzenberg-Selove (Academic Press, Inc., New York, 1960), 
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Fic. 8. Fit to the differential cross section for the Na™(a,p2) Mg”® 
reaction at 18.7 Mev using o() « (g?+K*)?(X°+X) with 
R= (6.0)10-" cm. The curve should be considered only as indica 
tive of the type of fit possible with the léast number of parameters. 


mass system; wa and yw, the reduced masses [e.g., 
a= MA 7/(Ar+4), where m, is the mass of the alpha 
particle, Ay the mass number of the target nucleus; 
hka=(2maEa)*Ar/(Ar+4), where Eq is the alpha- 
particle energy in the laboratory ]. The quantity y; is 
given by 

yi(KR)=(iKR)/iKhi(tKR), (3) 


where /; is the spherical Hankel function of order /, 
R is the cutoff or interaction radius, and K= K’+ K”. 
The first two factors in expression (2) are independent 
of the scattering angle. It enters only through the 
magnitude of the momentum transfer, fig, given by 


q=[(Ar—1)/Ar ][ka— (Ar/Art+3)k, |. (4) 


The third term in (2) is a slowly varying form factor, 
whereas the oscillatory pattern of the cross section is 
contained in X;: 


Xi(gR,KR) = jr(QR)— gri( KR) jrsi (GR) 


1 
= ——————-W(ji(gR),a(iKR)), (5) 
tKhi,1(tK R) 
where W is the Wronskian as used by Butler.’ 
The dimensionless quantity G contains the unknown 
nuclear information. It is given by the expression‘ 
V °-A?B?| hk, (iK R) |? 
onan ’ (6) 
(2rh*)?/p"R! 








where Vo is the space integral of the assumed zero-range 
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interaction potential between the proton and the alpha 
particle. The factor |4,(iKR) |? is retained in G to make 
it contain, approximately, the product of two reduced 
widths. The latter would involve the amplitudes of the 
initial and final nuclear systems near R: ~ Ahy (iK’R) 
and Bh, (iK"’R) whose product is roughly proportional 
to 4(iKR), with K=K’+K”. 

If more than one value of / is allowed by the selection 
rules (1), the contributions of different / values may 
interfere with each other.’ However, in this paper such 
interference terms will be neglected and Eq. (2) will 
simply be summed over the allowed values. 


Heavy-particle stripping 


For the reactions with Si, an attempt was made to 
add a heavy-particle stripping term in order to reproduce 
the rise of the cross section at large angles. The ex- 
pression for the cross section, again obtained from the 
general procedure of Banerjee,’ using the square-well 
approximation of Owen and Madansky" for the initial 
nucleus, is* 


1 |" 


it cantare 
Ing, K?+9,? 


{Xv (qp0,K'p)Xv(gaR,K"R)}2, (7) 
qp> k,+k./A T) 


with Ga= —k.—4k,/(Ar+3), and 
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Fic. 9. Theoretical fits to the differential cross section of the 
Si?*(a,po)P* reaction at 18.35 Mev. With R=(7.0)10-" cm, the 
solid curve is Eq. (2) for !=0 and G=13.5. The dashed curve shows 
the type of fit obtainable by the addition of an incoherent heavy- 
particle stripping term, according to Eq. (7) with p= (4.5)10-" 
cm, R=(7.0)10-" cm, A= (1.07)10" cm (V=35 Mev), /’=2, 
and /’’=0. 


1G, E. Owen and L, Madansky, Phys. Rev. 105, 1766 (1957). 
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Fic. 10. Theoretical fits to the differential cross section of the 
Si*8(a,p:)P* reaction at 18.35 Mev. With R= (6.5)10-" cm, the 
solid curve is Eq. (2) for !=2 and G=8.3. The dashed curve shows 
the type of fit obtainable by the addition of an incoherent heavy- 
particle stripping term. 


N+ K"=2y'V/h?, where V is the depth of the square- 
well potential. Its radius was taken to be p= (1.22A! 
+0.70)10-" cm. The solution of the square-well prob- 
lem, with given e’, was chosen such that V~40 Mev 
The interaction radius R was taken to be the same as 
for the knock-out process. No interference terms were 
included. 


Discussion of fits 


In calculating the curves of Figs. 4 to 11, the core 
masses were assumed to be those of the corresponding 
free nuclides in the ground state. The interaction radii, 
l values, and nuclear factors, G, used for the knock-out 
processes are listed in Table II which includes the F® 
data of Priest et al.! The interaction radii were chosen 
independently for best fit, except those shown in paren- 
theses. It is obvious from Table II that the trends ob- 
served in the total cross sections (Table I) are much 
enhanced in the variations of the factor G. 


Al?’ (a,p)Si°” 


The experimental angular distribution for the ground- 
state transition (Fig. 4) shows nice agreement with the 
calculated curve, as might be expected if Al’? has a 
strong single-particle dy} component. It appears that 
in this case the contribution from heavy-particle strip- 
ping or other exchange effects is very small. For the 
transitions to the first excited state of Si®, the allowed 
1 values are 0, 2, or 4. In Fig. 5, a fit with either /=0 or 
1=2 is shown to be acceptable and the figure also il- 
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Tasie Il. Nuclear factors G, | values, and interaction radii 


RK used to fit the (a,p) differential cross sections with the knock-out 
formula (2 


larget 


po: G 
} 
i 


R 
G 
l 

R 
G 


R 


* Not fitted with unique / value 
> Not evaluated since this proton group is an 


unresolved doublet. 
lustrates the fact that (@,p) reactions distinguish less 
well between different / values than deuteron stripping 
because the momentum transfer (or gR) is quite large 
in the forward direction. No fit has been attempted to 
the angular distribution for the third proton group (pe,3) 
which is an unresolved doublet. The interaction radius 
for the fo group, 5.6 f, is in fair agreement with the one 
found by Hunting and Wall? at 30.4 Mev, 5.0 f. 


Na**(a,p)Mg*® 


As stated in the introduction, the predominant 
(d,*), configuration of the last three protons in Na® is 
not expected to connect directly with the ground state 
of Mg®® by an (a,p) knock-out process. The reaction 
could go either via a spin flip of one of the core protons 
or via a d; admixture, e.g. (d;*)od; or (d;*)ody. The fit 
for the ground-state transition (Fig. 6) is much less 
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Fic. 11. Theoretical fit to the differential cross section of the 
Si**(a,p2)P* reaction at 18.35 Mev. With R= (6.6)10~" cm, the 
solid curve is Eq. (2) for /=2 and G=1.8. The dashed curve shows 
the type of fit obtainable by the addition of an incoherent heavy- 
particle stripping term. 
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satisfactory than in the case of Al*’ (Fig. 4). It is not 
known whether this is due to the inhibition of the reac- 
tion or whether the difference is accidental and would 
disappear if a proper distorted-wave calculation were 
performed. Figures 7 and 8 are only given as examples 
for the kind of agreement obtainable with mixtures of 
different / values. No implication that the coefficients 
of the X? functions have any particular significance is 
intended. 


Si**(a,p P 


According to Eq. (1) only /=0 is allowed for the 
ground-state transition (Fig. 9); with the reasonable 
assumption that the alpha particle is captured into an 
s orbit (/’’=0), the ejected proton should also come from 
an s state (/'=0). The surprisingly large cross section— 
if the knock-out interpretation retained—then 
necessitates the assumption of a sizeable admixture of 
a s; configuration in the ground state of Si** which is, 
on the basis of the shell model, usually considered to be 
d; closed subshell. The present result is consistent with 
the studies of Rubin” on the Al’’(d,n)Si** reaction. He 
found a relatively small cross section for the transition 
to the ground state which would proceed by capture of 
a ds proton. It would appear that the closed d; shell is 
not the predominant configuration of Si**. Additional 
evidence for the s; admixture as well as for a strong d; 
admixture to the ground-state configuration of Si** 
is given by MacFarlane and French.” 

The theoretical knock-out angular distributions for 
the po and p2 groups (Figs. 9, 11) agree reasonably well 
with the experimental data at forward angles, whereas 
for the p: group (Fig. 10) a deviation is observed very 
similar to the one found by Priest ef al.' for the 
C®(a,po)N' reaction. The broken curves show the de- 
gree of improvement possible by adding an incoherent 
heavy-particle stripping term. 

This attempt to improve the fit may not really be 
justified. Too many things have been neglected. First, 
Coulomb effects have been ignored in the development 
of the theory, and for alpha particles they should be 
more important than for an incident particle of unit 
charge. Second, the nuclear distortion of the incoming 
and outgoing waves have been neglected, although the 
distortion of the incoming wave for (alpha, nucleon) 
processes has recently been taken into account by 
Henley." Third, any contribution by compound-nucleus 
formation has been ignored. This question has received 
some recent attention by Weidenmuller.’® Fourth, no 
account has been taken here of possible interference 
between the knock-out and heavy-particle-stripping 


is 


2 A. G. Rubin, Phys. Rev. 108, 62 (1957). 

13M. H. MacFarlane and J. B. French, Revs. 
32, 567 (1960). 

4 EF. M. Henley, Nuclear Phys. 13, 317 (1960). 

16H, A. Weidenmuller, Sitzber heidelberg. Akad, Wiss. Math.- 
naturw. KI. Abhandl. p. 136 (1959) [translation: Atomic Energy 
Commission Report AEC-tr-3720 (unpublished) J. 
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processes. Finally, there is no experimental evidence 
whether the dominant part of the process, giving rise 
to the forward peak, is correctly described as a knock- 
out or as an ordinary stripping reaction, since both 
mechanisms give rise to the same angular distribution. 
Despite the fact that the binding energy of a proton in 
the alpha particle is 19.8 Mev, and in Si? only 11.6 Mev, 
it is possible that for Si?* the alpha stripping process is 
important. Though Si** is probably not simply a closed 
ds shell, it is an exceptionally stable nucleus and the 
final product of the (a,p) reaction, P*', may well have a 
strong component of Si?8+- p+ -2n (or Si?*+H*). Henley" 
has suggested that measurements of the polarization 
of the outgoing protons might resolve this question 
since it should be different for the two processes. Due 
to the small cross sections, such experiments will not 
be easy. 


Vv. SUMMARY 


The trends of the cross sections for the (a,p) reactions 
with F'¥, Na, and AP’, both as far as the variations 
between the target nuclei and as far as the variations 
between the different states of the residual nuclei are 
concerned, have been found to be in agreement with 
arguments based on the shell model and on the in- 
terpretation of the reactions as knock-out processes. 
The large cross section for the reaction Si?*(a,po)P*™ 
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would indicate, in this picture, a strong (s;°) component 
for the last two protons in Si**, On the other hand, the 
possibility cannot be excluded that this reaction pro- 
ceeds by an alpha stripping mechanism. 

Expansions of these studies in several directions sug- 
gest themselves: (a) polarization measurements to 
distinguish between reaction mechanisms, especially 
for Si**, (b) measurement of the (a,p) reactions with 
the remaining abundant members of the d; shell, Ne” 
and Mg", (c) repetition of the measurements for several 
alpha-particle energies, as has been done for the 
C®(a,p)N! reaction,!® in order to ascertain that the 
trends observed are not accidental and particular to 
the energies employed, (d) interpretation of the results 
in terms of the collective properties of the nuclei 
involved. 
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Neutron Scattering by the Complex Harmonic Oscillator Potential* 
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A complex harmonic oscillator potential is used in an attempt to fit low-energy neutron scattering and 
absorption data. Differential scattering cross sections are compared with experiment for 1-Mev incident 
neutrons and a wide spectrum of target nuclei. Total cross sections are compared with experiment at 350 Kev, 
1 Mev, and 1440 Kev for an extensive mass spectrum. For the parameters used in the calculations, the 
complex harmonic oscillator seems to share the shortcomings of the ‘‘best-fit’’ complex square well. 


I. INTRODUCTION 


HE “shell model’” has had notable success in pre- 
dicting level sequences for bound states of the 
nucleus, a success achieved principally through the addi- 
tion of a spin-orbit coupling term to either the square 
well or the harmonic oscillator potential. (Though there 
have been many refinements in the “shell model,” the 
occurrence of all “magic numbers” can be understood 
completely on the basis of a square well potential or a 
harmonic oscillator potential, with the addition of a 
strong spin-orbit coupling term. No additional assump- 
tions need be made.) Feshbach, Porter, and Weisskopf,” 
in their original treatment of the complex potential 
formalism for neutron scattering and absorption, used 
the simplest potential possible for a treatment of un- 
bound states, the complex square well. It seemed 
natural to try the complex harmonic oscillator, recalling 
the success of the shell model with a similar potential. 
The complex potential model has been extended by 
the addition of a spin-orbit coupling term* and by the 
use of more sophisticated central potentials, such as the 
Woods-Saxon‘ potential. For a limited amount of ex- 
perimental data, the possibility of fitting the data with 
theory is very much a function of the number of free 
parameters available in the theory. However, the aim 
of the complex potential model has been to display the 
gross features of total cross sections, cross sections for 
the formation of the compound nucleus, and differential 
scattering cross sections, as functions of the energy of 
the incident neutron and the mass of the target nucleus. 
Given a digital computer, this still involves a great deal 
of tedious work. Since the possible cross sections in- 
crease geometrically with the number of free parameters, 
* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t Based on a section of a thesis submitted to Northwestern 
University in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy. 

t Now with Research Laboratory, Lockheed Missiles and Space 
Division, Palo Alto, California. 

1M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley & Sons, New York, 1955). 

* H. Feshbach, C. E. Porter, and V. F. Weisskopf, Phys. Rev. 
96, 448 (1954); hereafter referred to as FPW. 

3 F. Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958); 
J. M. Peterson, A. Bratenahl, and J. A. Stoering, ibid. 120, 521 
(1960). 

*R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954); 
M. A. Melkanoff, S. A. Moszkowski, J. Nodvik, and D. S. Saxon, 
ibid 101, 507 (1956). 


the advantage of a simple potential in attempting this 
type of gross “best fit” is quite apparent. With respect 
to the number of free parameters in a potential which 
has any hope of achieving the aforementioned type of 
“best fit,” the complex square well and the complex 
harmonic oscillator, which have the same number, are 
minimal. 


2. SOLUTION OF THE RADIAL SCHRODINGER 
EQUATION 


For details of the scattering formalism, the reader is 
referred to the literature.?°.* All cross sections, in the 
phase shift analysis of FPW, are expressed in terms of 
the logarithmic derivative of the radial wave function 


; du,(r)/dr 
fi=Ri- : 
u)(r) r=R 


where u;,(r) is the reduced radial wave function of 
angular momentum quantum number /, r is the radial 
variable, and R is the radius of the nucleus. 

The complex harmonic oscillator potential has been 
taken as 
r<R 
r>R (1) 


V = (Vor?/R?— V>)(1+ 70), 


b 


in analogy to the complex square well potential of FPW. 
The reduced radial Schrédinger equation is then 


Puy 2m 1(l+1) 
+ [e+ Vo(1+7¢)— 


dr | 


h? r° 
2m Vo 
(1+70)r? |u,=0, r<R, 
Ye 
where & is the wave number in the entrance channel and 
m is the reduced mass in the channel. 
With the substitutions 
2m 
K?=#4—V 
h 


(1+7¢), 


2m V; 
B= (1+7¢), 
2 h? R? 


5 J. Sokoloff, Argonne National Laboratory Report, ANL-5618, 
1956 (unpublished). 

6 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics, 
(John Wiley & Sons, New York, 1952). 
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1G. 1. Total cross section, o¢, and cross section for the formation 
of the compound nucleus, a; vs ¢. 


we have 
du; 


dr? 


L(l+1) 


2 __ 2 ly, =0, r<R. 


r. 
Under the change of variable 


161(r) = e~#/27'41 P(g), 
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Fic. 3. Total cross section vs atomic weight. 
where 


Z Br, 
the reduced radial equation becomes 


2d? F /dz?+ (l+3—2)dF/dz 
—[ (l+3)/2—K?/48 |F=0. (5) 
Equation (5) is the confluent hypergeometric equa- 
tion’ 
2d°F /dz*+ (c—z)dF/dz— pF=0, (6) 
with 
p= (l+-3)/2—K?/48, 
c=1+3. 


The solution of Eq. (6) which is analytic at z=0 is 
given by the confluent hypergeometric series 


Pp 1 pl(p+i) 
F(p C\2) ={+ s+ AE 2 
2! c(c+1) 


‘ 
1 p(p+1)(p+2) 
A a ft 


> 


3! c(e+1)(c+2) 


oe 
/ 
0 o | 
/ 
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O% —BARNS 


3 
cm 


60 
Fic. 4. Total cross section vs atomic weight. 


7 Recursion formulas for the confluent hypergeometric function, 
F(p\c|z), may be found in S. Rushton, Sankhya 13, 377 (1945). 
There is a typographical error in formula (36). For the factor 
(y/a)ezx*-7 read [I'(y)/T'(a) Jex®-7. Tables of F(p|c|z) for some 
of the desired half-integer values of c may be found in S. Rushton 
and E. D. Long, Sankhya 13, 377 (1945) 
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The series converges in the entire complex plane. 
The series for dP/dz is obtained easily as 


(d dz)F(p c\z)=(p c)F(p+1 c+1}3), (8) 


so that 
(d/dr)F (p|c\z)=28r(p/c)F(pt+i1}c+1{z). (9) 


The logarithmic derivative, f;, may then be evaluated 
directly from the series for F(p|c|z) and (d/dr)F(p|c\z), 
or, alternatively, a very convenient continued fraction 
representation may be obtained. 

From Eq. (4) 


lr 1+1-—8r dF /dr 
Em 


' ’ 
r 


r F 
so that 


fr=(1+1—2+4 22(d/dz) InF ],2.. 


From Ince,’ one has the continued fraction, 


d 2 3 a» 
s—InF(p\c|s)=— — — «++ — 
dz bi + be+ 63+ +b, 
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Fic. 5. Differential scattering cross sections for 1-Mev elastically 
scattered neutrons. The experimental data are those of Walt and 
Barschall 


5 E. L. Ince, Ordinary Differential Equations (Longman’s Green 


and Company, Inc., New York, 1926), p. 181. 
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where 
an= (p+n—1)z, 
b,=c—2+n-—1. 


3. COMPARISON OF HARMONIC OSCILLATOR 
CROSS SECTION WITH EXPERIMENT 


A. Total Cross Sections 


Figure 1 indicates the dependence of the total cross 
section o; and the cross section for the formation of the 
compound nucleus o, on ¢ for Vo=50 Mev and E=1 
Mev. This is one of a series of parameter studies made to 
determine a ‘‘best fit.”” Unless specifically indicated on 
the drawings, R= 1.454!X10-" cm. 

An indication of the approach to the “hard sphere”’ 
limit® ({—> &) of the cross sections may be seen at the 
largest values of ¢. 

Figures 2-4 illustrate harmonic oscillator total cross 
sections as functions of the atomic weight of the target 
nucleus for three energies of the incident neutron. The 
harmonic oscillator parameters used were those which 
appeared to be best on the basis of a survey, part of 
which is shown in the previous figure. As is true in the 
case of similar curves for the square well,’ the heavy end 
of the mass spectrum is not fitted by theory. Nor does 
there appear to be enough indication of the rise in the 


total cross sections in the region 4 ~90 at 350 kev. 


Harmonic aor Vv 
~— Square Weil Vo + 42 Mev 


Fic. 6. Same 
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Square Well V, + 42 Mev 


o (8) Barns / Steradia 


R = (1.26043 + 0,7) x 1073 cm 


1G. 7. Same as Fig. 5. Modified radius parameter, as 
indicated, used. 


B. Differential Scattering Cross Sections 


Figures 5-8 contain a comparison of theoretical angu- 
lar distributions with the experimental angular distribu- 
tions of elastically scattered neutrons at 1 Mev by Walt 
and Barschall.’ A number of harmonic oscillator parame- 
ters have been used in an attempt to obtain a better fit 
to the heavy nuclei. These have been compared, in some 
cases, with the “best fit” square well parameters 
of FPW. 

It is quite apparent that, in general, the theoretical 
angular distributions are excessively peaked in the 
forward direction. In addition the broad maximum at 

90° in the experimental angular distribution for the 
heavier nuclei is only suggested by some of the theo- 
retical curves. 

Several calculations were made with a modified radius 
parameter.’ The modified parameter led to a better fit 
at the heavy end of the spectrum, but it failed to im- 
prove the light end. 


*M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 


® Private discussion with Dr. W. S. Emmerich. 
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Fic. 8. Same as Fig. 7. 


CONCLUSIONS 


On the basis of the work completed with the harmonic 
oscillator potential in fitting angular distributions of 
elastically scattered neutrons at 1 Mev, it is apparent 
that the harmonic oscillator potential shares the short- 
comings of the square well potential. As mentioned 
previously, it gives excessive forward peaking and its 
success in reproducing the broad peak at ~90° for the 
heavier elements is moderate, at best. The modified 
radius parameter improved the fit of the latter, however. 
The 1-Mev angular distributions are probably a severe 
test of the harmonic oscillator potential since the energy 
region has proven to be the most difficult for the square 
well potential to reproduce.” 
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Measurement of the Polarization of Photoneutrons from Deuterium* 


WALTER JOHN AND FREDERICK V. MartINt 
Lawrence Radiation Laboratory, University of California, Livermore, California 
(Received June 30, 1961) 


Theoretical studies have predicted that the neutrons from the reaction D(y,n)H are polarized. At low 
gamma-ray energies, the polarization results from an interference between the electric and magnetic dipole 
transitions. We have measured the polarization of the photoneutrons produced from deuterium by the 


) 


2.75-Mev gamma rays of Na™*. The photoneutrons were scattered from magnesium and the polarization 


determined from the left-right asymmetry using recent experimental results of Elwyn, Lane, and Langsdorf 
for the polarization-analyzing ability of magnesium. For gamma ray-neutron angles (center-of-mass) of 
49.6°, 71.8°, 93.6°, 114.8°, and 135.7°, the neutron polarizations are found to be —0.34+0.05, —0.23+0.06, 
—0.22+0.06, —0.29+0.05, and —0.24+0.06, respectively, where positive polarization is taken to be in 
the direction of kyXk,. The results are in agreement with a calculation by Kramer in the effective-range 
approximation, assuming only dipole transitions and no noncentral forces. 


T has been pointed out by Rosentsveig' and inde- 

pendently by Czyz and Sawicki? that the neutrons 
from the reaction D(y,z)H should be polarized. At low 
gamma-ray energies, the polarization results from an 
interference between the electric dipole transition and 
the spin-flipping magnetic dipole transition. Theoretical 
studies of the polarization have been published by 
several authors.*-* We present here the first measure- 
ments which can be compared to these theories.” 

We have used the 2.753-Mev gamma rays from a Na** 
source to disintegrate deuterium. The photoneutron 
polarization was determined from the left-right asym- 
metry in the scattering from magnesium. The photo- 
neutron energy in the lab system is given" in terms of 
the lab angle by £,(kev)=262+33 cos#é. Mg™ has a 
neutron scattering resonance at 260 kev” with a width 
of 75 kev, assigned J*=4-. Recently, Elwyn et al.'*-"' 
using polarized neutrons from the Li(p,) reaction, have 
found that the polarization-analyzing ability (P2) for 
ordinary magnesium is quite high in the vicinity of the 
260-kev resonance. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

+ Lt. Cmdr., USN, on assignment from U. S. Naval Post- 
graduate School, Monterey, California. 

1L. N. Rosentsveig, Physica 22, 1182 (1956). 

2 W. Czyz and J. Sawicki, Physica 22, 1182 (1956). 

3L. N. Rosentsveig, J. Exptl. Theoret. Phys. (U. S. S. 
166 (1956) [translation: Soviet Phys.—JETP 4, 280 (1957 

*W. Czyz and J. Sawicki, Nuovo cimento 5, 45 (1957) 
Rev. 110, 900 (1958). 

5M. Kawaguchi, Phys. Rev. 111, 1314 (1958). 

6 J. J. de Swart, W. Czyz, and J. Sawicki, Phys. Rev. Letters 
2, 51 (1959). 

7 J. J. de Swart, Physica 25, 233 (1959). 

5M. L. Rustgi, W. Zernik, G. Breit, and D. J. Andrews, 
Phys. Rev. 120, 1881 (1960). 

*G. Kramer and D. Miiller, Z. Physik 158, 204 (1960). 

‘© A measurement of the polarization of photoprotons produced 
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by B. T. Feld, B. C. Maglic, and J. Parks, Suppl. Nuovo cimento 
17, 241 (1960). However, no theory is available at that energy. 

NE, Amaldi, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin-Gottingen-Heidelberg, 1959), Vol. 38. 
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communication). 
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A Na™ source was activated in the core of the Liver- 
more pool-type reactor to an approximate activity of one 
kilocurie and then transferred to the experimental setup 
shown in Fig. 1. The gamma source consisted of a 3.2-cm 
diam NaF cylinder inside a 3.2-mm-thick Al can. For the 
deuterium target, a cylindrical shell, 9.7 cm outside diam 
and 1.52 mm thick, was molded from deuterated poly- 
ethylene. The Mg scatterer consisted of two 3.18-mm- 
thick plates at right angles. Counting rates were 
typically 1000 counts/min with scatterer, and 600 
counts/min without scatterer. After correcting for decay 
of the Na*, the net count on the left was divided by the 
net count on the right to obtain the left-right ratio. In 
order to investigate the counting rate due to neutrons 
which scattered from the inner walls of the lead shielding 
before emerging from the collimator, we displaced the 
CD, 20.2 cm from the beam line so that no neutrons 
would emerge from the collimator directly. The net 
counting rate was again determined and subtracted from 
the previous counts as a background. This subtraction 
raised the left-right ratio at 94°, 115°, and 136° by 
0.03, at 72° by 0.06, and at 50° by 0.08. The resulting 
ratios are listed in Table I under ‘‘Measured left-right 


ratio for Mg.” In addition, the left-right ratio was 


‘meter 


Fic. 1. Plan view of the experimental arrangement. The 
height of the Na, CDz, collimator, and Mg is 15.2 cm, the neutron 
counter is 41 cm in height. 
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TaBLe I. Left-right ratios and calculated photoneutron polarization. The polarizations are taken positive in the direction of 
kiXko/|kiXko|, where ki/k, is the direction of the incident and ko/ko the direction of the outgoing particles. (The errors quoted for 
P, are statistical only. The errors given for P; include the statistics of the left-right ratio, the statistics of the CD» thickness correction, 
and the error in Ps.) 





Neutron Measured Measured Corrected 

energy left-right left-right left-right Photoneutron 
9c, m, lab ratio for ratio for ratio for polarization 
(deg) ceV) carbon Mg Mg P. for Mg* P 


49.6 5 1.011+0.020 1.324+0.025 1.547 —0.66+0.05 -0.34+0.05 

71.8 ' 0.975+0.017 1.348+0.027 1.390 —0.73+0.05 0.23+0.06 

93.6 262: 1.005+0.024 1.32340.023 1.394 0.79+0.07 ~0.22+0.06 

114.8 250. 0.955+0.022 1.373+0.031 1.635 -0.85+0.07 -0.29+-0.05 
1.036+0.025 1.370+0.037 1.526 0.89+0.08 0.24+0.06 





® See reference 14. 


measured for a carbon scatterer as a check against false and the Mg analyzing ability P2, from 
asymmetries. Carbon has been found to have essentially P,P2= (1/0.96)[ (e—1)/(e+1)], 
no polarization-analyzing ability at these energies."® 


where 0.96 was the estimated mean cosine of the angle 
between the neutron production and scattering planes 
due to the finite sizes of the experimental components. 
Finally, from Pi;P2: and P»2 from reference 14 (inter- 
polated to our energies), P; was calculated. The results 
are plotted in Fig. 2. The solid curve is from a theoretical 
purities in the magnesium by 0.8%. The largest correc- calculation by Kramer," 


The measured left-right ratio for Mg scatterer was 
corrected for several effects which produce an unpolar- 
ized neutron background. Compton scattering of the 
gamma rays in the Na source is estimated to reduce the 
left-right ratio by 1.2%, and neutron scattering by im- 
who finds the polarization 
tion, from scattering within the CDs, was determined to be given by 
empirically from the measured left-right ratios at each P(da/dQ)=7o sin8, 
angle, using CD» wal! thicknesses of 1.52 mm and 2.67 
mm. No correction was made for multiple scattering 
in the Mg.'6 


where da/dQ=a+6 sin’é is the differential cross section 
for photodisintegration. Kawaguchi® found an equiva- 
lent formula with yo= +(2ab/3)! sindo, where do is the 

From e, the corrected left-right ratio, we calculated  singlet-S_ neutron-proton scattering phase _ shift. 
P,P, the product of the photoneutron polarization P; Kramer" evaluated yo for £,=2.759 Mev in the effec- 


Fic. 2. Polarization of the neu 
trons from the reaction D(y,n)H 
with E£,=2.753 Mev. The solid 
curve is from a theoretical calcu 
lation by Kramer as explained in 
the text. 


; 


f 


Oc, (deg) 


15S. E. Darden, T. R. Donoghue, and C. A. Kelsey, Nuclear Phys. 22, 439 (1961). 

16 A. J. Elwyn, R: O. Lane, and A. S. Langsdorf, Jr. also did not apply a multiple scattering correction to their Mg data which was 
taken with 3.18-mm-thick samples. They found that the measure left-right ratios for 3.18 mm. and 1.59-mm-thick Mg samples were 
almost the same within statistical accuracy. 

7G. Kramer (private communication). 
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tive range approximation. For a singlet range of 
2.4X10-" cm and a singlet scattering length of —23.7 
X 10-8 cm, yo= —40.9 ub, a= 23.0 ub, and b= 136.9 wb. 
The above theories assume that only dipole transitions 
are involved and that noncentral forces are not im- 
portant. We conclude that our experimental data are 
in satisfactory agreement with the theory. Because the 
calculated polarization is not sensitive to the effective- 
range parameters and the experimental errors are rela- 
tively large, we cannot derive improved values of the 
parameters. The experimental results do confirm the 
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predictions of the current phenomenological theory of 
the neutron-proton system at low energy. 
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Elastic Scattering of 11.8-Mev Deuterons from Several Elements 
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(Received June 23, 1961) 


The angular distributions of 11.8-Mev deuterons elastically scattered from C, Mg, Al, Ti, Fe, Ni, Cu, 
Zn, Zr, Nb, Rh, Pd, Ag, Cd, In, Sn, Ta, and Au have been measured. The detector is capable of electroni 
cally separating deuterons from other ions which may enter the detector. The data have been taken in 
2-degree steps between 20° and 165°. The structure in the angular distribution observed with the light 
target elements is vanishing with increasing atomic weight. An exception is observed between A =90 


and A =120. 


INTRODUCTION 


HE elastic scattering of deuterons at moderate 

energies has been studied by Alford and Slaus' 
at 4 Mev, by Rees and Sampson? at 11 Mev, by Cindro 
and Wall’ at 13.5 and 15.5 Mev, by Gove‘ at 15 Mev, 
and by Yntema® at 21.6 Mev. Some of the data have 
been analyzed by Porter,® Melkanoff’, Glassgold,® and 
Hodgson.* The angular distributions of elastically scat- 
tered deuterons are qualitatively similar to proton, 
neutron, and alpha-particle elastic scattering data. In 
particular, apsidal distance plots” of differential cross 
sections for heavy-element data, as in alpha-particle 


* Fulbright Fellow 1958-59; present address: Lawrence Radia- 
tion Laboratory, University of California, Berkeley, California. 

17. Slaus and W. P. Alford, Phys. Rev. 114, 1054 (1959). 

2 J. R. Rees and M. B. Sampson, Phys. Rev. 108, 1289 (1957). 

>N. Cindro and N. S. Wall, Phys. Rev. 119, 1340 (1960); 
N. Cindro, M. Cerineo and A. Strzalkowski, Nuclear Phys. 21, 
38 (1960). 

‘H. E. Gove, Phys. Rev. 99, 1353 (1955). 

6 J. L. Yntema, Phys. Rev. 113, 261 (1959); Phys. Rev. Letters 
2, 309 (1959); Phys. Rev. 114, 820 (1959). 
*C. E. Porter, Phys. Rev. 99, 1400 (1955). 

7M. A. Melkanoff, Proceedings of the International Conference 
on the Nuclear Optical Model, Florida State University Studies, 
No. 32 (The Florida State University, Tallahassee, Florida, 
1959), p. 207. 

8A. E. Glassgold, Proceedings of the International Conference on 
the Nuclear Optical Model, Florida State University Studies, No. 32 
(The Florida State University, Tallahassee, Florida, 1959), p. 214. 

9 J. B. A. England, R. McKeague, and P. E. Hodgson, Nuclear 
Phys. 16. 52 (1960). 

1H. FE. Wegner, R. M. 
825 (1955). 


Eisberg, and G. Igo, Phys. Rev. 99, 


scattering, rise above the Rutherford differential cross 
section at some critical apsidal distance and then drop 
monotonically below at smaller apsidal distances. How- 
ever, the critical apsidal distance for deuterons is larger 
than that for alpha particles, reflecting the loosely 
bound structure of the deuteron.® Optical model analysis 
of deuteron data indicates that the real potential is quite 
similar to that obtained for protons, and the imaginary 
part of the potential is probably larger for light elements 
than for heavy elements.’ Melkanoff has interpreted 
this as due to the high probability for stripping at the 
surface of nuclei. Since light nuclei are mainly surface, 
they require a larger depth. 

The present work at 11.8 Mev is extensive. The data 
have been taken in two-degree steps from about 
61a» = 20° to 165° for 18 targets constituted of elements 
spaced throughout the periodic table, with small sta- 
tistical errors and good angular resolution. A dE/dx 
and E system" has been utilized to determine that only 
deuterons were counted. 


EXPERIMENTAL PROCEDURE 


A collimated beam of 11.8-Mev deuterons in excess of 
1 wamp in intensity has been produced using a 100-cm 
cyclotron. The beam handling system and the scattering 
1954 


G. Igo and R. M. Eisberg, Rev. Sci. Instr. 25, 450 
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Fic. 1. Photograph of the oscilloscope display dE/dx versus / 
Chis picture was taken with a Mg target at a detector angl 
4#=50°. A large number of protons and two groups of inelastically 


scattered deuterons are well separated from the intense elastic Mg (4, 4) 


deuteron group 


chamber have been described previously."-"* The final 
beam size is determined by a 5-mm diam collimating 
system. The beam impinges on a target of the element 
under study at the center of a 20-cm scattering chamber. 
Special care has been taken in the construction of the 
chamber to insure that the beam passes through the Ocm 


center of the scattering chamber, that the counter lic. 3. The ratio of measured differential cross section to 
Rutherford cross section for Mg, Al, and Ti. 
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Fic. 2. The ratio of measured differential cross section 
to Rutherford cross section for C. 1 
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Z. Physik 161, 509 (1961), Rutherford cross section for Fe, Ni, and Cu. 
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rotates about the center, and that the angle between the 
beam direction and the counter can be accurately deter- 
mined. The scattered particles pass out of the scattering 
chamber through thin plastic windows and pass into a 
detector consisting of three proportional counters and 
a CsI(T1) crystal. The “smallest pulse of three” tech- 
nique described by Igo and Eisberg" has been used to 
obtain energy spectra of deuterons separated elec- 
tronically from other particles. 

The dE/dx and FE pulses from the detectors are dis- 
played on the plates of an oscilloscope. In Fig. 1 a 
photograph of the oscilloscope display at @= 50° using a 
Mg target in the scattering chamber is shown. A large 
number of protons and two groups of inelastically 
scattered deuterons are shown well separated from the 
elastic deuterons. The spectra of the inelastically scat- 
tered deuterons have been measured extensively. '* 
The influence of inelastic scattering on the elastic deu- 
teron peak is negligible. The pulses are selected by a 
mask, and they are counted by a photomultiplier. At 
11.8 Mev the full width at half maximum of the deuteron 
line is 4%. The collimating aperture of the detector 
system subtends usually an angle of 1.8°. For angular 
distributions with sharp minima (e.g., carbon) this angle 

















Fic. 5. The ratio of measured differential cross section to 
Rutherford cross section for Zn, Zr, and Nb. 


‘6 U. Schmidt-Rohr and O. Vater (to be published). 
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was diminished by additional baffles. The intensity of 
the primary beam was measured by a Faraday cup with 
an integrating current meter sensitive to less than 
10-” amp. In addition a CsI(T1) monitor counter was 
used. The Faraday cup intercepts over 99% of the beam 
passing through the target (except for Rh and Ta). 


RESULTS 


Plots of the measured differential cross section o(@) 
divided by the Rutherford cross section op(@) are shown 
in Figs. 2 through 8. Absolute differential cross sections 
have been measured at 50° and 130°. The error is 
<+5%, and is caused mostly by the inhomogeneity of 
the target foils. The error in the relative cross section 
is <+3% between 30° and 120° and, mostly due to the 
statistical uncertainty in the number of counts, up to 
+5% at backward angles. From 30° to 20° the error 
increases to +10% due to the uncertainty in the 
measurement of the small currents involved. 

The angular distributions of elastically scattered 
deuterons from light elements show marked diffraction 
structure (Figs. 2 through 5). The quantity o(@)/or(@) 
for C increases to about 20 at @= 160°. The structure for 
adjacent elements is quite similar (compare Al with Mg, 
Fe, Ni, Cu, and Zn). The position of the maxima moves 
to smaller angles with increasing atomic number of the 
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Fic. 6. The ratio of measured differential cross section to 
Rutherford cross section for Rh, Pd, and Ag. 
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The ratio of measured differential cross section to 
Rutherford cross section for Cd, In, and Sn. 


target. Special attention has been paid to the elements 
between Zr and Sn. The sharp structure observed in the 
angular distribution of Zr and Nb vanishes between 
Rh and Ag, but returns between Cd and Sn. The heavy- 
element angular distributions like Ta and Au drop, as 
expected, monotonically beyond 6= 50°. The Au angular 
distribution at small angles shows some oscillations 
reminiscent of heavy-ion elastic scattering data." 

The exact explanation of the fact that the general 
feature of decreasing diffraction amplitude in o(@)/ar(@) 
with increasing atomic charge is discontinuous at 
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Fic. 8. The ratio of measured differential cross section to 
Rutherford cross section for Ta and Au. 





A=100 has to wait for an optical model analysis. 
Lane ef al.'® referring to possible effects of nuclear shell 
closures on neutron strength functions have suggested 
that the shape and size of the imaginary potential W are 
changing if Z is near the magic number 50. This could 
explain the observed effect. An influence of the deforma- 
tion of the nuclei around A = 100 on the sharpness of the 
diffraction structure is also possible. 
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Differential Cross Sections for O'*(d,n)F'"} 
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The absolute differential cross sections for neutrons from the O'*(d,n)F" reaction which leave F"’ in its 
ground and first excited state (0.5-Mev) level have been obtained using a gas-recoil fast neutron spec 
trometer and CO: gas targets. The estimated target thickness was about 150 kev and the average bombard 
ing energy at target center was 5.02 Mev. An L,=2 distribution has been found for the ground state and 
an L,=0 distribution for the 0.5-Mev level with the following c.m. differential cross sections in mb/sr at 
peak : 27 and 138 with estimated uncertainties of +15°%. The dimensionless reduced width 6? obtained from 
the differential cross section for neutrons which leave F" in its ground state was approximately 0.025. 
Agreement of theoretical curves with the experimental points was poor at small angles. The value of @ for 
the 0.5-Mev level was found to be 0.15 employing a curve fitting technique modification suggested by 
Macfarlane and French. Since C was present in the target, laboratory system differential cross sections at 
0°, 20°, and 30° for the C#(d,n)N reaction (2.37-Mev) level are reported. 


I. INTRODUCTION 


N a recent review article Macfarlane and French! 

have directed attention to the extraction of reduced 
widths from stripping theory. Of the light nuclei, the 
system O'*+nucleon would represent a nucleus the 
levels of which would be expected to have reduced 
widths close to values based on an extreme single- 
particle model. Reduced widths for the O'*(d,n)F" re- 
action do not appear in reference 1 since absolute cross 
sections for this reaction are lacking. In addition to 
studying the similarity of F’’ levels to a single particle 
picture, the suggestion has been made that for several 
nuclei immediately above O"* in atomic weight, informa- 
tion about reduced widths could be gained by measure- 
ments of absolute cross sections relative to O'®+d cross 
sections.” In the present work O'*(d,n)F’ differential 
cross sections have been measured for neutrons which 
leave F"’ in its ground and first excited states. 

Macfarlane and French have pointed out difficulties 
in assigning a reduced width from simple stripping 
theory to the F"’ first excited state since this state is 
nearly unbound and the capture is L,=0. The theoreti- 
cal angular distributions are then very sensitive to the 
choice of interaction radius ry and point of normalization 
of experimental and theoretical angular distributions. 
This sensitivity leads to a considerable uncertainty in 
evaluating the dimensionless reduced width &. A method 
is suggested in reference 1 of modifying the simple 
Butler-Born approximation theoretical angular dis- 
tribution by inclusion of what is effectively a Coulomb 
correction. In addition to the study of the relative 
probability of binding an s; or ds nucleon to the O"* core, 
some interest possibly attaches to checking once again 
the validity of the modification of the simple Butler- 
Born approximation theory. A good fit to the experi- 
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mental angular distribution using the modified pro- 
cedure would lend the reduced width 
extracted. 

An incidental incentive to measuring the O'8(d,2)F! 
reaction cross sections is the provision of a very con- 
venient secondary calibration standard for neutrons in 
an energy region not conveniently reached by the 
D (d,n)He’ reaction and where the target problems en- 
countered in calibration with the T(),n)He’® reaction 
are not justified. 


credence to 


Il. EXPERIMENTAL PROCEDURE 


The absolute differential cross section for neutrons 
from the O!®(d,n)F" reaction which leave F!" in 
ground and first excited states (0.5-Mev level) 
been obtained using a gas-recoil fast spec- 
trometer’ and carbon dioxide Carbon 
dioxide was chosen instead of oxygen to preserve the 
foil. The spectrometer was set up at laboratory angles 
of 0°, 20°, 30°, 45°, 60°, 90°, and 120° with the beam 
direction. CO, targets were bombarded by a deuteron 
beam whose energy at target center was estimated to be 
5.02 Mev. The estimated target thickness was about 
150 kev. Backgrounds were taken with hydrogen in the 
target chamber. The calibration was done with the 
D(d,n)He' reaction. E, was obtained from nuclear mag- 
netic resonance measurements of the analyzing magnetic 
field through which the deuterons passed and from 
estimated stopping losses in the nickel foil and COz in 
the target cell. 

The principal uncertainties introduced in the meas 
urement were (1) sensitivity of spectrometer efficiency 
to angle at the large angle used in the D(d,n)He? calibra- 
tion to obtain neutron energies similar to those en- 
countered in the run, (2) approximations in formula (2) 
of reference 3 when calculating the dependence of spec- 
trometer efficiency on neutron energy, (3) relatively 
crude pressure measurements in the target cell, (4) un- 
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DIFFERENTIAL C 


certainty in £4 to which the spectrometer efficiency is 
particularly sensitive. 

The spectrometer efficiency loss through accidental 
anticoincidences was measured at each point, and cor- 
rection was made. 


III. EXPERIMENTAL RESULTS 


The neutron spectra observed at seven angles of 
observation by the fast neutron spectrometer are shown 
in Fig. 1. 

The neutron spectra in Fig. 1 are uncorrected for 


o'®(a n)Fl? 
E4= 5.02 Mev 
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Fic. 1. Neutron spectra at seven angles of observation for 
reaction O'*(d,n)I!7. The neutron groups I, I, and [II correspond 
to the ground state of F!?, 0.5-Mev level of I'!7, and 2.37-Mev 
level of N', respectively. 
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Fic.2. Angular distributions in center-of-mass system for the 
ground state. The estimated uncertainties in the ordinate scale 
factors are +15%. Error bars shown are calculated only from 
counting statistics. The Butler-Born approximation (B.B-A) 
theoretical curves are plotted for two values fo ro (4.0 and 4.6 
fermis) and the modified Butler-Born approximation curve 
(mod. B.B-A) for 4.8f. 


the rapid variation of spectrometer efficiency with 
neutron energy. The graph represents one of the two 
complete angular distributions taken under very similar 
conditions. Groups I, II, and III correspond to the 
ground and 0.5-Mev levels of F!”, and to the 2.37-Mev 
level of N® from the reaction C"(d,n)N“*. A brief 
second run at angles of observation 0° and 10° only was 
made at a later date to fill in the angular distributions. 

Figure 2 shows the angular distribution obtained for 
neutrons which correspond to the ground state of F! 
after correcting for the spectrometer efficiency variation 
with neutron energy-angle dependence. This angular 
distribution corresponds to L,=2 capture as has been 
previously reported.4 The 10° point was normalized to 
the zero-degree point, and the error bar at 10° includes a 
normalization error. The absolute differential cross sec- 
tion at peak in c.m. was found to be 26.7+4 mb/sr. 
Errors in absolute cross section are estimated to be 


M 


Fic. 3. Angular distribution in center-of-mass system for the 
0.5-Mev level. The estimated uncertainties in the ordinate scale 
factors are of the order of 15°%. Error bars shown are calculated 
only from counting statistics. The right side of the graph shows the 
low lying levels of F!7. The unmodified Butler-Born approximation 
(B.B-A) curves are drawn for rp>=4.0 and 4.6f. The modified 
(mod. B.B-A) theoretical curve is drawn for ro=4.8f. 
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+15%, while errors in relative cross sections are esti- 
mated at less than 2% between adjacent points. 

Figure 3 shows the angular distribution obtained for 
the first excited state (0.5-Mev level) of F" with the 
same remarks as above applying about the corrections 
for spectrometer efficiency and inclusion of the 10° 
point. The absolute differential cross section at peak in 
c.m. was found to be 138 mb/sr with an estimated 
uncertainty of +15%. 

The laboratory system differential cross sections for 
the C’(d,n)N® reaction with N® left in its 2.37-Mev 
level were obtained by fitting the group III peaks of 
Fig. 1 with a monoenergetic spectrum shape. The cross 
sections at 0°, 20°, and 30° with estimated uncertainties 
are, respectively: 70+14 mb/sr, 18.0+3.6 mb/sr, and 
8.1+1.6 mb/sr. 


IV. DISCUSSION OF RESULTS 


The first attempts to fit the experimental angular 
distributions prior to extracting reduced widths were 
made by direct application of the simple Butler-Born 
approximation theory with numerical values from 
Lubitz’s tables. For the ground state, as shown in 
Fig. 2, the shape of the £,=2 angular distribution is 
relatively insensitive to the choice of ro, and no reason- 
able choice within rather wide limits corresponds to a 
good fit at smal! angles. Two such theoretical angular 
distributions for r>=4.0f and ro>=4.6f are shown on 
Fig. 2. Distributions for other ro= 4.2, 4.4, and 4.8f were 
no more encouraging. Reduced widths & were calculated 
from formula I1.29 of reference 1 from the experimental 
differential cross section at peak. As ro was increased 
from 4.0f to 4.8f when evaluating o7,ap'ro* in the formula, 
® decreased from 0.034 to 0.024, a relatively small 
change. As a “best” value for @ the value 0.025 is 
chosen as corresponding to an ro of around 4.7{ associ- 
ated with mass numbers near 106. 

In the case of the 0.5-Mev level a quite good fit to the 
experimental angular distribution can be obtained for 
ro=4.0f using simple theory as shown on Fig. 3, but the 
agreement between theory and experiment rapidly gets 
worse as fo is increased, particularly at the second maxi- 
mum. A representative distribution for r>= 4.6f is shown 
on Fig. 3. Unless the O'* core corresponds to an ex- 
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tremely compact assemblage of nucleons and Coulomb 
effects are unimportant, such a small value of ro as 4.0f 
is inconsistent with values usually assumed for nuclei 
of mass numbers in the vicinity of A4=16. Values of & 
calculated for the experimental differential cross section 
at 0° as ro was increased from 4.0f to 4.8f in 0.2f steps 
were 0.27, 0.35, 0.49, 0.78, and 1.07. 

As Macfarlane and French point out, an 1,=0 nearly 
unbound state is unlikely to yield meaningful values of 
@ because of the sensitivity of this quantity to r°. They 
suggest a modification to the simple theory, summarized 
in formulas II.39 and II.40 of reference 1, which gave a 
good fit to earlier O''(d,n) I’ data using a more typical 
value of ro. The modification amounts effectively to a 
Coulomb correction. Angular distributions based on this 
correction were calculated for nuclear radii of 4.6 and 
4.8f. The theoretical curve for 4.8f provides a slightly 
better fit to experiment and is shown on Fig. 3. As can 
be seen from Fig. 3, the fit at the secondary maximum is 
much improved but is not as satisfactory as the 4.0f 
simple-theory curve at forward angles. The value of & 
from the modified theoretical angular distribution with 
ro=4.8f is now 0.15. Assuming that the true value of 
lies between 0.15 and 0.27, from the unmodified theo- 
retical curve giving the best fit, the ratio 0°/@25, 
larger than expected for a pure single-particle d; state. 

For the F" left in its ground state the shape of the 
modified theoretical angular distribution agrees slightly 
better with the experimental points than does the un- 
modified, as can be seen on Fig. 2, but the fit is not good. 
A more fundamental modification in stripping theory 
still seems necessary. 

Since the C?(d,n)N™ reaction leads to N™ left in an 
unbound level, the likelihood of extracting reduced 
widths from present stripping theory seemed unlikely 
and was not attempted. 
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An effective two-nucleon central potential inside nuclear matter is proposed on the basis of Barker’s 
recent analysis of doublet splittings for 4 ~16. This potential has less singlet even and more singlet odd 
attraction than for free nucleons. It is inferred that nonlocal potentials are unavoidable for shell model 


calculations. 


I. INTRODUCTION 


OST calculations on complex nuclei are still made 

by assuming the internucleon forces to be two- 

body, static, and central in character. Even under this 

simplification four independent types of exchange 

potential are possible, and it is customary to ‘assign 

them identical spatial dependences, such as the Yukawa 
form. Then 


V (r)=[W+BP*—HP*—MP**Wo(e-""/kr), (1) 


where P’, P’ are exchange operators. If the well depth 
Vo is taken as an independent parameter, there is one 
arbitrary normalization of the other coefficients, which 
is conventionally W+B+H+M=1. The exchange 
parameters can also be specified in terms of the total 
isotopic spin T and real spin S of the two nucleons by 
the quantities Ars, where 


Ayn =W+B+H+M =1, 
Ayw=W—B-—H+M, 


Aw=W-—B+H-M, 
Ay,=W+B-—-H-M. 


(2 


Determination of these parameters has proved diffi- 
cult and lengthy. Early proposals' were based on the 
notion that exchange should account for nuclear 
saturation, which means that W+3(B—H)—1M 
= 5 (3A 014+3A +A 00t 9A 11) =O. Recent studies of 
nuclear saturation? have made this unnecessary and in 
fact untenable. Meanwhile, shell model studies of light 
nuclei have suggested other exchange mixtures.** These 
mixtures are supposed to represent effective two-body 
forces in nuclear matter under a static, central approxi- 
mation and therefore do not have to reproduce exactly 
the scattering properties of free nucleons. Nevertheless, 
there should be some general correspondence—for 
example, the potential of Eq. (1) should be more 
strongly attractive in even than in odd states. One 
might also hope to explain major discrepancies between 
two-body forces for free and bound nucleons in terms 
of the action of nuclear matter. 

The present note attempts to extract a form of 


‘L, Rosenfeld, Nuclear Forces (North-Holland Publishing 
Company, Amsterdam, The Netherlands, 1948). 

2K. A. Brueckner, C. A. Levinson, and H. M. Mahmoud, 
Phys. Rev. 95, 217 (1954), et seq. 

+J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). 

4J. M. Soper, reported by G. E. Brown, L. 


Castillejo, and 
J. A. Evans, Nuclear Phys. 22, 1 (1960). 


Eq. (1) for nucleons embedded in nuclear matter that 
is compatible with most recent analysis, and to discuss 
its qualitative features. 


II. DETERMINATION OF PARAMETERS 


Selected doublet splittings in light nuclei provide the 
basis for one of the most careful and extensive analyses 
of exchange parameters to date.® The resulting two-body 
force laws of Yukawa shape are not unique but form a 
one-parameter family approximated by 


A yo=0.20w, Aoo=0.03+-0.31w, 


Ay,= —0.80+0.47w, 


Vo=46+ (1/7) (7w—2.5)? Mev, 15 wS3.5. 


< 
The best fits obtained in reference 5 do not really 
distinguish between values of w over the range indicated 
in Eq. (3), which allows a considerable variation in the 
potential. Since Eq. (3) is a one-parameter family, 
however, it should be possible to determine w by 
comparison with various simple nuclear quantities. We 
shall use three such comparisons, with (a) the exchange 
quantity y deduced for the F1 giant resonance’®; (b) the 
average value of the potential in nuclear matter’; (c) 
the free n-p system at low energies. According to the 
remarks above, item (c) can be taken only as providing 
general guidance for the effective forces inside nuclear 
matter, although a number of earlier exchange pro- 
posals have included the low-energy free-nucleon value 
A yo/ Aoi 9.7 as a basic assumption. 

(a) The relevant exchange quantity here is y 
=2(3A m1 +A 10— Aco— 3A 11)/ (3A 01 +34 10 +A 004+9A 11), 
for which an empirical value y~1(error of a factor 2) 
has been suggested.® In spite of this large uncertainty, 
y is sufficiently sensitive to limit w to the corresponding 
values 


w=2.0+0.5. (4a) 


(b) Analysis of nuclear saturation yields a relation’ 


for the effective two-body force law in nuclear matter 
JS —Vd'r=(4+1) X10? Mev f*. Using the form of Eqs. 


5 F. C. Barker, Phys. Rev. 122, 572 (1961). 

6 J. H. Carver, D. C. Peaslee, and R. B. Taylor (to be pub- 
lished). 

7 R. Karplus and K. M. Watson, Am. J. Phys. 25, 641 (1957) ; 
L. C. Gomes, J. D. Walecka, and V. F. Weisskopf, Ann. Phys. 
3, 241 (1958); K. Kumar and R. K. Bhaduri, Phys. Rev. 122, 
1926 (1961). 
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(1) and (2) for V, one has V =(Vo/ 16) (94 4: 4-3A wo 
+3Ai+Ao)e~/ (xr). This condition places quite 
narrow limits on w, which appears quadratically in Vo. 
Thus when «'= 1.4 f, 


w=1.5+0.3. (4b) 


(c) The free n-p scattering lengths are approximately 
fitted by w~1.1 for the *S state and w~2.4 for the 1S 
state. Both these values lie within the range indicated 
in Eq. (3), and are represented by 


w= 1.9+0.7. (4c) 


A weighted average of the values in Eqs. (4a)—(4c) is 

=1.7+0.2. (5) 

The limits of uncertainty in Eq. (5) are probably 

optimistic, but there can be no doubt that the accept- 

able range of w is considerably reduced from that in 

Eq. (3). The potential parameters corresponding to 
Eq. (5) are approximately 


A 1o=0.3440.04, Apo =0.56+0.06, 


Ay,=0+0.10, V»=60+5 Mev. 


The values obtained in Eq. (6) can be fed back into 
the previous considerations for a rough indication of the 
most appropriate range parameter in the effective force. 
The parameters in Eq. (3) were determined for « 
=1.41 f, but the results are insensitive to x, provided 
that Vo is multiplied by a scaling factor according to 
Vo/x?=V'/x*=const.> The same is true of (4a) and 
(4c), but not of (4b): under the scaling condition, 


[Per- (x/x’) (Wa, (7) 


so that this quantity can be used to determine «’. With 
the parameters of Eq. (6) and «'=1.41 f, f—Vd*r 
=(6+2)K10 Mev f*. Although this overlaps the 
empirical value of (4+1)K10? Mev f* quite satis- 
factorily, the agreement would be improved if «~! were 
reduced by a factor of 0.7. The indicated range param- 
eter is then 

x1 = (1.0+0.3) f. (8) 


Ill. DISCUSSION 


The present effective two-nucleon potential in nuclear 
matter compares with that for free nucleons as follows: 
the triplet potentials are about the same, being strongly 
attractive for even states and weak for odd ones. The 
singlet potentials are altered—the even states are less 
strongly attractive in nuclear matter, the odd states 
more so. One may perhaps make this plausible by the 
following arguments. In analyses of free nucleon- 
nucleon scattering the hard core always appears most 


prominently in the \S state*; it may have an appreciable 


MI Suga 


igawara, Handbuch der Physik, 
Verlag, Berlin, 1957), Vol. 39, p. 1 
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effect even at laboratory energies as low as 30 Mev, 
while the action of tensor forces makes it difficult to 
be so definite about triplet states. The average mo- 
mentum in nuclear matter corresponds to nucleon- 
nucleon collisions at about 80 Mev in the lab system. 
Thus it is possible that the hard core is particularly 
effective for the 'S potential in nuclear matter and 
accounts for the reduction of A 1o/Ao1 by about a factor 
of 2 from the value characteristic of free nucleons at 
laboratory energies <10 Mev. 

The singlet odd potential shows the converse be- 
havior: with increasing relative momentum it becomes 
more attractive, indicating the presence of a “soft 
core,” while at sufficiently large distances it should 
reflect the one-pion exchange term and be the most 
strongly repulsive of any potential. 

These qualitative features accord remarkably well 
with calculations of the Taketani school.’ Figures 6—-1 
and 6-2 of reference 9 show a stronger repulsive core 
for the singlet even than for the triplet even potential, 
and for the singlet odd potential a repulsive exterior 
region with a strongly attractive core.'” Empirical fits 
to the nucleon-nucleon scattering data up to about 
300 Mev do not generally show these features'': The 
central part of the triplet even potential looks more 
repulsive than the singlet even potential; and the 
singlet odd potential is repulsive at all distances. Of 
course the effective triplet potential in nuclear matter 
may have substantial tensor and spin-orbit contribu- 
tions, so that direct comparison is difficult. For the 
singlet odd potential, however, one may argue that 
doublet splitting calculations are possibly more informa- 
tive than nucleon-nucleon scattering. For free nucleon 
scattering the relative statistical weights of triplet odd, 
triplet even, singlet even, and singlet odd states are 
roughly the usual 9:3:3:1, while in doublet splitting 
all the potentials have about equal weights on the 
average.® 

The effective two-body force determined by Elliott 
and Flowers’ differs from Eq. (6) mainly by requiring 
A 9/Ao1 to resemble closely the value for free nucleons; 
this may reflect determination of the ratio” from low- 
lying states of the extra-core nucleons at 4 =18, which 
are not very closely bound into nuclear matter. This 
comparison emphasizes the likelihood of a rather strong 
density dependence for the effective two-nucleon po- 
tential in nuclear matter. The present potential is 
probably more representative of nuclear matter than 
other conventional exchange mixtures, although it also 


Machida and 


1956). Also, S. 


*Y. Nogami and H. Hasegawa, reported in S 


T. Toyoda, Progr. Theoret. Phys. Suppl. 3, 106 
Gartenhaus, Phys. Rev. 100, 900 (1955 

10 This last feature is maintained in more recent meson-theo- 
retical calculations: M. Sugawara and S. Okubo, Phys. Rev. 117, 
605 (1960). 

4" E.g., T. Hamada, Progr 
25, 247 (1961). (The author thanks Dr 
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A229, 536 (1955 
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may not correspond to fully saturated conditions, since 

it is based® on light nuclei. Another apparent example 

of density dependence has long been recognized in the 

spin-orbit potential, which seems to increase in strength 

as a shell fills'*: For example, the splitting at A =17 is 
8 RK. W. King, Phys. Rev. 100, 1240 (1955). 
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only about half as strong as the p-hole splitting at 
A=15. 

Such strong density dependences suggest that shell 
model calculations cannot hope to find general agree- 
ment with experiment by using a fixed set of strictly 


local two-body potentials. 
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The directional correlation for the (1855 kev-beta 

measured. The directional correlation coefficient A 


has been 
0.15 at a beta energy of 1100 kev to —0.18 
at a beta energy of 1600 kev. In terms of a single nuclear matrix element parameter, ¢ 


123 kev-gamma) cascade in the decay of Eu! 
» Varies from 
, the directional]! 
().2 while the beta spectral shape correction suggests ¢:=1.3. The results 
suggest that the attenuation of ordinary first-forbidden matrix elements relative to B;; is less marked in 
Eu! than in the comparable transition in Eu’. Interpretation of the data in terms of a less restrictive 
formulation of the theory is investigated. Relations between matrix element ratios may be found but no 
unique set of matrix element ratios is demanded by the experimental data 


correlation suggests ¢,;= 2.6 or 


INTRODUCTION 


HE principal transitions in the decay of Eu'™ are 
shown in Fig. 1.! The 1855-kev beta transition is 
believed to be first forbidden with spin change 1. The 
log ft product for the 1855-kev beta group is about 12.4 
which is unusually high for a first forbidden transition. 
\ negative anisotropy for the (1855-kev beta) (123-kev 
gamma) directional correlation has been found? which is 
somewhat lower in magnitude than the directional 
correlation for the comparable cascade in Eu'®.6 Addi- 
tional measurements of the directional correlation as a 
function of beta energy in Eu'™ have been reported.*° 
The shape of the spectrum for the 1855-kev beta group 
has been measured and found to be intermediate be- 
tween an allowed and a unique shape,® but somewhat 
closer to the allowed shape than the comparable transi- 
tion in Eu!®.® 
In the present report we present our final data for the 
directional correlation in Eu'®*. Comparison is made 
with the approximate formulation of beta-decay theory 
in terms of a single nuclear matrix element parameter. 


+ Supported in part by a grant from the National Science 
Foundation. 

1 Nuclear Data Sheets, National Academy of Sciences—National 
Research Council, NRC 59-3-63 (National Research Council, 
Washington, D. C.). 

2H. Dulaney, C. H. Braden, and L. D. Wyly, Bull. Am. Phys 
Soc. 5, 450 (1960). 

3H. Dulaney, C. H. Braden, and L. D. Wyly, Phys. Rev. 117, 
1092 (1960). 

4R.G. Wilkinson, K. S. R. Sastry, and R. F. Petry, Bull. Am. 
Phys. Soc. 6, 72 (1961). 

6H. Dulaney, L. D. Wyly, and C. H. Braden, Bull. Am. Phys 
6 (to be published, 1961) 
®L., M. Langer and D. R, Smith, Phys. Rev. 119, 1308 (19060 
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Interpretation of the data in terms of a less restrictive 
formulation of the theory is also discussed. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The Eu’™ was produced at the Oak Ridge National 

I Sb 
Laboratory by irradiation of isotopically enriched Eu’ 
(about 0.6% Eu!®!). 


Two different irradiations were 
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Fig. 1. Principal transitions in the « 16-year Eu')! 
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used. The results reported here are from the last 
irradiation which produced sources of high specific 
activity. The results are in essential agreement with 
those obtained over a two-year period from the thicker 
sources of lower specific activity. We observed an effect 
on the beta counting rate shortly after receipt of the 
last irradiation which suggests the presence of a short- 
lived activity, perhaps Eu'®*. After disappearance of 
this effect, no further significant change in intensity of 
the 123-kev gamma relative to the beta spectrum above 
1100-kev energy was noted over a period of two months. 
Measurements made in the presence of the short-lived 
activity are not reported although there was no effect 
noted on the directional correlation. Sources were made 
by evaporation of a nitric acid solution on 0.2-mil 
aluminum foil. Two sources of different strength were 
used. 

The coincidence circuit was of the fast-slow type’ and 
operated at a resolving time of about 10~’ sec. The 
gamma detector used a 1}-in. diam by 1-in. high 
NalI(Tl) crystal. The beta detector used a 1}-in. diam 
by 1.1-cm high anthracene crystal which, along with the 
source, mounted thin-wall aluminum 
vacuum chamber. The fast pulses to the coincidence 
circuit were taken from the amplifier integral discrimi- 
nator outputs. Slow coincidences were between the out- 
put of the fast coincidence circuit and a pulse-height 
analyzer on the gamma counting channel. The slow 
coincidence output gated a twenty-channel pulse-height 
analyzer which was attached to the beta counting 
channel. Fast coincidences and the gamma counting 
rate were monitored. The beta counting rate was 
checked at hourly intervals. Accidental coincidences 
were determined periodically by insertion of a 0.5-usec 
delay in one of the counting channels. An estimate of the 
gamma-gamma coincidences was obtained by insertion 
of a 0.95-cm thick Lucite absorber between the source 
and the beta counter. This method cannot determine the 
gamma-gamma coincidence rate with precision because 
of electrons knocked out of the absorber by gamma rays. 
It is reasonable to assume that the correct gamma- 
gamma coincidence rate is no higher than the rate de- 
termined in this manner 

The directional correlation experiments were per- 
formed with the source 7.5 cm from each detector. The 
gamma spectrum exhibited a strong peak at about 123 
kev and the gamma pulse-height analyzer was set on 
this peak with a window width of approximately 12 kev. 
The beta 20-channel analyzer was calibrated with the 
976-kev conversion electron of Bi? and the 633-kev 
conversion electron of Cs'*’. Additional calibration work 
was done to ensure the validity of the extrapolation of 
the energy calibration above 976 kev. The reported 
mean beta energies are believed accurate to +30 kev. 
Measurements were made at angles of 90°, 180°, and 
the beta and gamma Beta- 


was inside a 


270° between counters. 


7F, K. McGowan, Phys. Rev, 79, 404 (1950), 
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TABLE I. Experimental results. A2 is the coefficient of P»(cos@) 
in the expansion of the directional correlation in terms of even- 
order Legendre polynomials where we assume A,4=0. R is the 
number of real beta-gamma coincidences at 180°. R/C is the ratio 
of real coincidences to accidentals. R/yy is the ratio of real beta- 
gamma coincidences to the estimated gamma-gamma coincidences. 














Mean 

beta 

energy 

(kev) As R R/C R/yy 
1090 —0.151+0.015 11 700 2.1 2.5 
1150 —0.147+0.012 15 100 aa 4.4 
1230 —0.150+0.012 12 100 a 8.2 
1300 —0.158+0.012 17 100 2.5 18 
1380 —0.165+0.012 13 000 2.3 19 
1450 —0.165+0.012 11 200 2.4 41 
1530 —0.185+0.012 9000 2.6 43 
1610 —0.187+0.025 2500 2.4 44 
1650 —0.176+0.014 3100 ee 45 





gamma coincidence data were normalized to the product 
of the beta and gamma counting rates. 

The differential directional correlation was examined 
in approximately 80-kev increments of beta energy over 
the range 1090 to 1610 kev. An additional measurement 
with a different source and using an automated counting 
system with fast coincidence resolving time was made at 
a beta energy of about 1650 kev. The experimental re- 
sults are listed in Table I. The indicated errors are ap- 
proximately probable errors due to statistical effects. 
The data reported at the two lowest energies should not 
be given as much weight as data at higher energies be- 
cause of the relatively large correction for gamma- 
gamma coincidences. A» is the usual coefficient of 
P,(cos@) in the expansion of the directional correlation 
in terms of even-order Legendre polynomials where we 
assume A,=0. Some measurements were made at angles 
of 135° and 225° in order to substantiate the neglect of 
the A, coefficient. Correction for the finite angular 
resolution of the detectors was made according to the 
method of Rose* with the aid of the calculations of 
Stanford and Rivers.® No correction for the beta energy 
spread was made in view of the slow and relatively uni- 
form variation of A» with beta energy. 


ONE-PARAMETER INTERPRETATION 


The theory of first-forbidden beta decay has been 
given explicit formulation by Morita and Morita” and 
by Kotani." The formulations are similar except that 
Kotani includes Coulomb corrections. Interpretation of 
the beta-gamma directional correlation and the corre- 
sponding beta spectral shape can, under certain ap- 
proximations, be made in terms of a single nuclear 


*M. E. Rose, Phys. Rev. 91, 610 (1953). 

A. L. Stanford and W. K. Rivers, Rev. Sci. 
(1959). 

1M. Morita and R. S. Morita, Phys. Rev. 109, 2048 (1958). 

"T, Kotani, Phys. Rev. 114, 795 (1959). We redefine ¢) of T. 
Kotani to be ¢;= ¥ + (u—x)(Wo/3) which brings the results into 
agreement with Morita and Morita.’ 
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matrix element parameter, denoted as ¢;. The single- 
parameter analysis has been found useful in interpreta- 
tion of the decay of Eu'®.5 Inclusion of the Coulomb 
corrections in the theoretical formulas, which amount to 
about 20% in the case of Eu, leads to very satisfactory 
agreement between the measurements and the one- 
parameter interpretation.” A value for ¢, of about 0.8 is 
obtained. Similar analysis can be applied to the decay of 
Sb4.° Using recent data for the directional correlation 
measured by Steffen’ and the most recent spectral 
shape measured by Langer and Smith,® a consistent 
value of ¢, approximately equal to 0.8 results. In this 
instance it happens that the directional correlation is 
rather insensitive to variation in ¢, for values of ¢, 
near 0.8. 

It is reasonable then to attempt a one-parameter 
interpretation of the decay of Eu'*. Here we employ the 
results given by Kotani" and generally follow his 
notation. For a spin change of 1 in the beta decay the 
formulas for the spectral shape correction, C(W), and 
the modified directional correlation coefficient, A» 

(W’/d2p?) Ae, are, in terms of the single nuclear matrix 
element parameter approximation, 


C(W)=o2+ (1/12) (¢@-+ip?), (1) 
1.*=WA2/(d2p”) 
[1/C(W) (20, +I FLW (SI 125 Wor 
+ (1/12)(7/2)8W (JiJ122; 2Fo)(Ar/A2) W]. (2) 


The symbols have the following meanings: g is the 
neutrino momentum in mc units, p is the electron mo- 
mentum in me units, W is the total electron energy in 
mc? units, the beta transition is from a state of spin Jo 
to a state of spin Ji, W(J,J:AN'; nJo) is a Racah coefti- 
cient which is readily calculable from formulas given by 
G. Racah," and A; and A» are Coulomb factors tabulated 
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Fic. 2. Plot of modified directional correlation coefficient, 


Ao* =(W/d2p")Ae, versus beta energy for the (1855-kev beta) 
(123-kev gamma) cascade in Eu'™, 


2H. J. Fischbeck and R. G. Wilkinson, Phys. Rev. 120, 1762 
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Fic. 3. Plot of normalized spectral shape correction factor, 
C’(W), versus beta energy for the 1855-kev beta group in Eu, 
rhe shaded area denotes the experimental limits as determined by 
Langer and Smith.* The curves are normalized so C’(W)=1 for 


W =4.25 


by Kotani and Ross.'® The function F characterizes the 
gamma transition. For a pure multipole transition of 
order L from a state of spin J; to a state of spin J. we 
have F=F.(LJ.J,) where the latter coefficients are 
tabulated by Biedenharn and Rose.!® 

The beta-decay matrix element parameter ¢) is 
defined as!’ 


= — (E-—W/3)ut+f’y— (E+ W 0/3), (3) 


u=ifoxe/ [B. ; 
gy=— iC, fa / Ca f Bu (4) 
x=—C, fr / ca fBs. 


The parameter é is the expansion parameter used by 
Morita and Morita” (denoted V there) and by Kotani." 
For Eu, & is about 13. 

This single-parameter approximation is valid” if the 
matrix element ratios « and x are very small compared 
to unity. We also note that a one-parameter approxima- 
tion obviously results if one retains, in addition to B;;, 
a single ordinary matrix element. If the relativistic 
matrix element, a, is retained formulas (1) and (2) are 
obtained with ¢,= é’v. For retention of one of the non- 
relativistic matrix elements, slightly different formulas 
are found!’ but they lead, in most instances, to results 
not very different from the results given by formulas (1) 
and (2). 


where 


18 T, Kotani and M. Ross, Phys. Rev. 113, 622 (1959). 

16 LL. C. Biedenharn and M, FE 
729 (1953). 

17 For conditions under which the one-parameter formulation is 
expected to be valid the parameter ¢; may be identified with 
V =—éiut+i’y—ia 
18 Harry Dulaney, thesis, Georgia Institute of Technology, 1961 
(unpublished). 
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In Fig. 2 we plot the directional correlation data given 
in Table I versus beta energy. We also plot theoretical 
curves based on the one-parameter formulas (1) and (2) 
for various values of the matrix element parameter ¢). 
For a spin sequence 3(3)2(y7)0 formula (2) reduces to 


As*=[-1/C(W) ] (61/7) + (r/A2) (W/42)]. (5) 


Reasonable agreement with the experimental data is ob- 
tained for values of ¢;=2.6(+0.2) and ¢;= —0.2(+0.1). 

In Fig. 3 we plot the range of the experimentally de- 
termined spectral shape correction as given by Langer 
and Smith,®C(W) =(1/12)(¢+Aip") + 1.67 (+0.42), over 
the beta energy range 1) =3.9 to W=4.6. This shape 
correction corresponds to ¢,;=1.29(+0.16) in terms of 
formula (1). We also plot the theoretical curves, based 
on formula (1), for ¢;= 2.6 and for ¢;=0. The curves are 
normalized so C’(W)=1 for W=4.25. The curve for 
¢,=—0.2 is indistinguishable from the unique shape on 
this plot and is in disagreement with the results of 
Langer and Smith. The curve for ¢;=2.6 is in better 
agreement with the measured shape but is closer to the 
allowed shape. 

The extent of the disagreement between the one- 
parameter formulas and the data can best be judged by 
examination of the various curves plotted on Figs. 2 and 
3. We believe that it is perhaps wise not to overstress the 
disagreement. Experimental uncertainties in the direc- 
tional correlation data make slight trends in the be- 
havior of 1.* with beta energy of uncertain validity. 
The ene rgy dependen e of the shape correction is also a 
relatively small effect and the measurements of the 
directional correlation and the spectral shape correction‘ 
encompass somewhat different energy ranges. Further- 
more, the theoretical formulas contain many approxi- 
mations other than those leading to a single matrix 
element parameter formulation.” For example, the 
formulas are the leading terms only in an expansion in 
the parameter & and the energy-dependent Coulomb 
corrections, A, and Xo,!* are not exact. 

The qualitative conclusion that emerges from the one- 
parameter interpretation of the data is that the parame- 
ter ¢; which roughly characterizes the 1855-kev beta 
transition in Eu'™ is probably significantly larger than 
in the case of the comparable 1480-kev beta transition 
in Eu'® or the 2320-kev beta transition in Sb'**. The 
definition of ¢; indicates the physical interpretation of 
this parameter: It measures the relative importance of 
the ordinary and the 5,; beta-decay matrix elements. 
The decays of Sb" and Eu’ have been discussed in 
terms of attenuation of the ordinary matrix elements 
due to selection rules characteristic of the collective 
model of the nucleus, A forbiddenness, and the shell 
model, 7 forbiddenness.”:" We may infer, in the spirit 
of these discussions, that the selection rule, perhaps K 
forbiddenness, is somewhat relaxed in Eu'* as compared 
with Eu'™, The validity of the one-parameter formulas 
is then worsened since the inequalities that are required 
for the parameters u and x are met to a lesser degree. 
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THREE-PARAMETER INTERPRETATION 


The lack of good agreement between the directional 
correlation data and the spectral shape data,® when 
interpreted in terms of a single matrix element parame- 
ter, suggests that the more general formulas given by 
Kotani" be used. The beta decay may then be charac- 
terized by the three matrix element parameters ¢), u, 
and x. In effecting a comparison of the data and the 
theoretical formulas it has proved convenient to charac- 
terize the experimental data by the following conditions: 


(A) The spectral shape measurement® determines the 
ratio of the shape correction near the extremities of the 
energy range C(W=4.6)/C(W =3.9) 

1.145+0.023, approximately. (The magnitude of the 
spectral shape correction, which enters into the direc- 
tional correlation formula, is, of course, not determined 
from the measurement of the shape correction. It is 


covered, i.e. 


possible to fit the observed shape with various choices 
for the matrix element parameters, which then give 
widely varying values for the magnitude of the shape 
correction.) 

(B) The directional correlation data determine the 
magnitude of the coefficient .1.* at an energy near the 
midpoint of the energy range covered, i.e., 42*(W=3.9) 
= —(),.060+0.003. 


A fairly systematic, but tedious, analysis of the data 
has been developed for location of acceptable sets of the 
matrix parameters {), x, and u. For a selected value of 
¢1, each of the conditions (A) and (B) leads to a charac- 
teristic curve, an ellipse in this instance, relating the 
parameters x and wu. The points of intersection of the 
two ellipses give the values of x and u that satisfy condi- 
tions (A) and (B) for the particular choice of ¢). After 
matrix element parameters are found that are consistent 
with conditions (A) and (B), plots of the theoretical] 
formulas for C(W) and A * versus W are made to 
establish whether satisfactory agreement with the ex- 
perimental data is maintained over the observed energy 
range. (The method may be extended to take advantage 
of additional experimental information interpretable in 
terms of the beta-decay matrix element parameters.) In 
view of the considerable computational problem entailed 
in a concise presentation of a search for all acceptable 
sets of matrix element parameters, we simply present 
results for typical sets of parameters. 

We find that a fit to the observed spectral shape® 
cannot be found for values of ¢; less than about unity. 
For smaller values of ¢, the theoretical shape correction 
shows too great an energy dependence which cannot be 
compensated by adjustment of w or x. For values of ¢) 
greater than roughly 3.5 a fit to the spectral shape 
precludes a fit to the directional correlation. 

In Fig. 4 we present plots of A.* versus W for various 
sets of matrix element parameters. The information is 
presented as pairs of curves for each value of ¢;. Each 
pair of curves has been chosen to roughly straddle the 
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aS The experimental data do not demand a unique set of 
-0,04- Eu matrix element parameters. However, for a choice of a 
@) parameter ¢,, for example, the data are rather restrictive 
-0.06- (b) in regard to acceptable choices for the parameters u and 
x. In the spirit of the interpretation of the decay of 
-0.08+ Eu'*4 in terms of a selection rule effect, magnitudes for x 
4 or u of the order 0.2 and larger are consistent with less 
-o.04t attenuation of the ordinary matrix elements relative to 
B,;, in the beta decay of Eu'™ than in the comparable 

®) decay of Eu’. 
ees b ? ? (@ The three-parameter analysis of the data is particu- 
1 larly suggestive of the need of experimental results for 
-0.08- another type of measurement interpretable in terms of 
c the matrix element ratios ¢;, x, and wu. For example, 
-0.04- knowledge of any departure of the longitudinal polariza- 
~ tion of the beta rays from the value v/c should prove 
-0.06 (t) valuable. It is believed that an additional type of 
measurement would be of more value in adducing a 
-0 08+ unique set of matrix element parameters than higher 
1 1 precision in the present data. This point of view is much 
3.0 3.5 W 4.0 emphasized by recognition of the inexact nature of the 


Fic. 4. Plot of theoretical curves of A»* versus the total beta 
energy, W, for selected sets of the beta decay matrix element 
parameters ¢), u, and x. The experimental data are also indicated 
The values of the matrix element parameters for the various curves 


are (a) (,:=1.3, u=0, x=—0.3; (b) %:=1.3, u=0, x= —0:26; 
c) ¢;=2, u=—0.2, x=—0.25; (d) 0: =2, u=—9.2, x=—0.1; 
e) ¢;=3, u= —0.6, x=0.5; and (f) &;=3, u= —0.3, x=0.5. 


experimental data. Plots of the normalized shape correc- 
tion versus W are not presented since, for the parame- 
ters chosen, such plots show no significant variation 
from the shaded area in Fig. 3. 

We may now summarize the qualitative nature of the 
conclusions arising from the three-parameter analysis. 


theoretical expressions."""! Determination of precise 
values of the matrix element parameters in this decay 
should also include consideration of possible attenuation 
of the directional correlation by perturbation of the 
123-kev level in Gd!" We make no allowance for this 
effect, hence the results cited here are associated with an 
unperturbed correlation. 
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The dependence of the angular distributions on projectile energy for helium-ion-induced fission of Th?, 
U*8, and U™8 has been investigated using solid-state fission fragment detectors. The measurements cover 
the range of projectile energies between 20 and 43 Mev in steps of 1 Mev or less. The energy dependence of 
the anisotropy has a structure which is in qualitative agreement with theoretical predictions. The most 
fissionable target studied, U?*, shows the least structure while the least fissionable target, Th®*?, shows the 
most structure, demonstrating that large anisotropies result from fission occurring at low excitation energy 
following neutron emission from the compound nucleus. The energy dependence of Ko, the standard deviation 
of the distribution in the angular-momentum projection on the nuclear symmetry axis at the saddlepoint, 
has been deduced from these and other data on angular distributions from neutron-induced fission. At high 
excitation energies Ao is consistent with predictions of statistical theory with a moment of inertia close to 
that of a rigid rotator. At excitation energies in excess of the fission threshold of 10 Mev or less, Ky is much 


reduced due to nuclear pairing effects. 


I. INTRODUCTION 


ANY experiments relating to fission fragment 
angular distributions have been performed 
during the last decade, and references to most of these 
works can be found in recent review papers.'? The 
quantitative interpretation of these experiments has 
arisen from various applications of a general model 
proposed by Bohr.’ The first successes of this. model 
were in the interpretation of angular distributions for 
fission near threshold.** The model has since been ex- 
tended by Strutinskii,®> Halpern and Strutinskii,® and 
Griffin’ to higher excitations, where many nuclear states 
are present and statistical considerations can be used. 
It is interesting to note that the recent interest in fission 
fragment angular distributions centers not on the fission 
process itself but rather on the information it provides 
on nuclear structure, particularly the pairing inter- 
action.® 
The present experiments were undertaken to investi- 
gate in some detail the energy dependence of fission 
fragment Although investigations of 
neutron-induced fission have given a fairly complete 


anisotropies. 


picture for low excitation energies, experiments at 
higher energies have not been extensive enough to 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

¢ Permanent address: Institut fiir Radiumforschung, Vienna, 
Austria. 
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2A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 151. 
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Nuclear Structure, Kingston, Canada, 1960 (University of Toronto 
Press, Toronto, 1960), p. 843. 


enable one to draw quantitative conclusions. Since a 
previous investigation®® suggested a phase transition 
at excitation energies in excess of the fission threshold 
of between 10 and 15 Mev it was felt that a careful 
study of the energy dependence of helium-ion-induced 
fission would provide a more quantitative determination 
of this effect. 


4 


II. EXPERIMENTAL 


A. Energy Degrading System and 
Scattering Chamber 


In order to measure accurately the energy dependence 
of the anisotropy it was necessary to have a beam of 
particles whose energy could be varied in small steps 
over a wide range of energies. As the Argonne cyclotron 
is a fixed frequency accelerator, it is not possible to vary 
the energy of the emergent particles. It is therefore 
necessary to vary the energy by foil degradation, for 
which purpose an efficient energy degrading-focusing 
system has recently been developed” by the cyclotron 
group. As used in the present experiments the emergent 
beam is focused, deflected through 30°, and degraded 
and refocused. The degraded beam passes through a 
wall to the experimental tunnel where the scattering’ 
chamber is located. Focusing and deflection coils in the 
tunnel assure control of the beam. The degrading unit 
consists of remotely controlled water-cooled foils which 
are used not only to degrade the beam but also to deter- 
mine the energy of the beam by range measurements. 
Mean ranges were converted to particle energies using 
range-energy curves constructed from the proton range- 
energy measurements of Bichsel,"' assuming that the 
energy loss —dE//dX has the same velocity dependence 
F(») for different particles so that R= M/Z*F(»). 


The scattering chamber is 11 in. in diameter, and is 


°C. T. Coffin and I. Halpern, Phys. Rev. 112, 536 (1958). 
10W. J. Ramler, J. L. Yntema, and M. Oselka, Nuclear Instr. 
and Methods 8, 217 (1960). 

"'H. Bichsel, Phys. Rev. 112, 1089 (1958). 

2H. Bichsel, R. F. Mozley, and W. A. Aron, Phys. Rev. 105, 
1788 (1957). 
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equipped with two movable detector holders which can 


be rotated independently. In the present experiment the 


detectors were located 4 in. from the target, which can 
also be rotated. With the detectors and geometry used 
the angular resolution was 3°. The collimating system 
used restricted the image of the beam at the target to a 


diameter of } in. 


B. Target Preparation 


The targets were prepared by electrodeposition of 
100-200 ug per square centimeter of the fissionable 
material onto 1-mil aluminum backing foils. The U** 
target had an isotopic composition of 98.3% U2, 0.13% 
U4, 0.01% UU, and 1.53% U8. The U*® target was 
99.9% isotopically pure. The Th** is monoisotopic. 


C. Fission Fragment Detectors 


The solid-state detectors used in this study were 
prepared by D. M. Sparlin at this laboratory. They 
were made by evaporation of metallic gold onto silicon 
wafers. The sensitive area of the detectors was approxi- 
mately 6 mm in diameter. The important advantage of 
the solid-state detectors is that these detectors can be 
constructed with an almost negligible window thickness, 
while the depth of the sensitive region of the detector 
can be adjusted by the magnitude of the reverse bias 
potential to correspond to the range of the fission frag- 
ments. Thus more energetic particles with longer ranges, 
such as scattered alpha particles, deposit only a small 
fraction of their energy in the sensitive region of the 
detector. This leads to a larger separation of the pulse 
heights for the fission fragments from the undesirable 
background from other particles. The detectors were 
usually operated at a reverse bias of 3-6 v. 


D. Electronics 


A schematic diagram of the electronic system used in 
these experiments is shown in Fig. 1. The preamps were 
attached directly to the scattering chamber, and had a 
gain of approximately 50. The signals from the preamps 
were fed by cables approximately 150 ft to the counting 
area. The pulses were amplified and then fed into single- 
channel analyzers that were used as integral discrimina- 
tors. Their discrimination levels were adjusted so as to 
discriminate against most of the pile-up pulses caused 
by scattered alpha particles. Using their output pulses 
as gating pulses it was then possible to prevent the 
256-channel analyzer from sorting these pulses, thus 
reducing the deadtime of the analyzer. Through use of 
scalers the single-channel analyzers also allowed a quick 
check on the counting rates of the two detectors. The 
signals from the two amplifiers were fed into alternate 
halves of the 256-channel analyzer, utilizing a routing 
pulse from a discriminator circuit in one of the ampli- 
fiers. Thus it was possible to record spectra from the 
two detectors simultaneously, eliminating errors due to 
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Fic. 1. Schematic diagram of the electronic system 
used with the solid-state detectors. 


beam current integration, etc. Using the 256-channel 
analyzer in this way it is dead for receiving any pulse 
when sorting out a pulse in either of the two halves. In 
other words it has a common dead time for the two 
halves. The fission fragment pulses were well resolved 
from the scattered alpha-particle pile-up pulses. A 
correction was made for the small percentage (<3%) 
of fission pulses which were in the overlap region be- 
tween the pile-up and fission peaks. 


Ill. RESULTS 
A. Angular Distributions 


Measurements of the details of the angular distribu- 
tion were made at two energies for each of the targets 
studied. In these measurements one of the detectors was 
fixed at 190° (170°) with respect to the beam direction 
while the other detector was placed at different angles 
between 85° and 176°. At each angle for the movable 
detector the target was placed at an angle such that the 
angle between the detector and a line perpendicular to 
the target plane was equal for the two detectors. This 
meant that the average target thickness traversed by 
fission fragments was the same for either detector. This 
procedure was actually unnecessary, as it was shown 
that there was no difference in counting ratios for the 
case where the target plane was perpendicular to the 
detector compared with the case for the target plane 
at 40° with respect to the detector. The counting times 
were long enough such that the statistical uncertainty 
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was less than 1%. The laboratory angular distributions 
were converted to center-of-mass coordinates assuming 
full momentum transfer of the incident helium ion to 
the compound nucleus,'* and also assuming all fission 
fragments had the same kinetic energy. The kinetic 
energy release for the different targets was estimated 
from the compilation of Halpern.! The center-of-mass 
angular distributions obtained are illustrated in Fig. 2. 
The angular distributions were analyzed in terms of 
Legendre polynomials by a least-squares procedure. 
The expansion coefficients obtained are given in Table I, 
and the resulting distributions are shown as the solid 
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Fic. 2. Center-of-mass angular distributions at two energies 
for each of the targets studied. The standard deviations are 
approximately the size of the symbols except for U®* where the 
errors are somewhat larger. The solid lines represent least-squares 
fits to a Legendre polynomial expansion. The expansion coeffi- 
cients are given in Table I. 


13 W. J. Nicholson and I. Halpern, Phys. Rev. 116, 175 (1959). 


WARHANEK, AND 


HUIZENGA 


TABLE I. Expansion coefficients for least-squares Legendre 
polynomial fit to the angular distributions. W (@) = 1+-a2P2(cos@) 
+a4P,(cosé) +asPs (cos@). 


ae 


Ta 
42 Mev 
29.9 Mev 


y238 


43 Mev 
Mev 


0.379+0.003 
0.312+0.004 


0.107+0.004 
0.081+0.006 


0.028+0.004 
0.015+0.006 


0.286+0.004 
0.230+0.009 


0.074-+0.005 
0.056+0.011 


0.002+0.006 
—0.007+0.011 


0.248+0.003 
0.202+0.005 


0.030+0.004 
0.013+0.007 


0.006+0.004 
--0,003+0.007 


lines in Fig. 2. Expansions with terms of higher order 
than P., were tried but the coefficients of the higher 
terms were small and not statistically significant. Thus 
there is no direct evidence from this type of analysis that 
there is greater than 3 units of orbital angular momen- 
tum between the fragments, whereas the average 
angular momentum brought in by 43-Mev alpha 
particles is 12%. The neutrons may carry off some of this 
angular momentum, but recent experiments on isomer 
ratios for shielded fission fragments show that much of 
it shows up as spin of the final fragments." 


B. Energy Dependence of Anisotropy 


In these experiments the two detectors were placed 
at 90° and 174° with respect 
corresponding center-of-mass angles are only slightly 


to the beam direction. The 


dependent on the bombarding energy, being approxi- 
mately 92° and 174.3°, respectively. The anisotropy 
was measured for the three targets at energy intervals 
of 1 Mev or less. Periodic range measurements of the 
cyclotron beam were made to check the energy of the 
beam. The measured anisotropies, corrected to the 
center-of-mass system, are illustrated in Fig. 3. The 
anisotropies for Th” and U™* at 43 Mev are in good 
agreement with the data of Coffin and Halpern’ ob- 
tained by the catcher foil technique. 


IV. COMPARISON WITH THEORY 
A. Qualitative Considerations 


From previous work on fission fragment angular 
distributions, both experimental and theoretical, it is 
possible to explain qualitatively our observed results. 
Fission fragment anisotropy increases with increasing 
angular momentum of the compound nucleus (associ- 
ated with increasing bombarding energy) and increases 
with decreasing excitation energy 
creasing bombarding energy or with fission following de- 


associated with de- 


excitation by neutron emission). Thus for the same 
bombarding energy (same angular momentum for the 
compound nuclei) Th*” has a larger anisotropy than 
U** because the system formed by bombarding Th*” 


4H. Warhanek and R. Vandenbosch (unpublished data). 
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Fic. 3. Energy dependence of the fission fragment anisotropies 
for the three targets studied. The ordinate is the ratio of the 
differential cross section at 174° (center of mass) to the differ- 
ential cross section at approximately 92° (center of mass). The 
standard deviations are approximately the size of the symbols. 
The solid lines are smooth curves through the experimental data. 


has a greater probability for emitting neutrons prior to 
fission than does the more fissionable system formed by 
bombarding U**, This can be seen from the fractional 
fissionabilities!® illustrated in Fig. 4. Of 100 U**® com- 
pound nuclei, only 35% fission prior to neutron emission, 
whereas 83% of the Pu**’ compound nuclei fission prior 
to neutron emission. The larger the fraction of fission 
following neutron emission the lower is the average 
excitation energy at which fission occurs, resulting in a 
larger anisotropy as illustrated in Fig. 3. The structure 
observed is then associated with the onset of each new 
(a,xnf) process. The spacing between the jumps is of 
the order of the energy carried away by a neutron, 
binding plus average kinetic energy, which is approxi- 
mately 6-8 Mev. The structure is not observed in the 
bombardment of U** because so few nuclei survive first- 
chance fission to fission following neutron emission. 


B. Quantitative Calculations 


The theoretical framework for treating fission frag- 
ment angular distributions was proposed by Bohr.’ 
Neglecting the spin of the target nucleus, the differential! 
cross section at angle @ with respect to the beam direc- 
tion is given by 


W (0) « farfax F(K,I)(sin’?@— (K?/T?) |", (1) 


where J is the total angular momentum, and K is the 
projection of J on the nuclear symmetry axis. The 
function /(K,/) gives the distribution in K and J of the 
fissioning nucleus at the saddle point, and is assumed 
to be equal to a product of the factors f(/) and g(K). 
The theory has been developed in more detail for excita- 


‘6 R, Vandenbosch and J. R. Huizenga, Proceedings of the Second 
United Nations Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1958), Vol. 15, p. 284. 
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tion energies where sufficient states are available to use 
statistical considerations by Strutinskii,> Halpern and 
Strutinskii,® and Griffin.’ The developments are rather 
similar, differing primarily in that Halpern and 
Strutinskii assume a Gaussian form for the distribution 
in AK whereas Griffin’ uses a linear form. We have some- 
what arbitrarily chosen to use the Gaussian form for 
g(K), partly because a larger body of low-energy 
neutron-induced angular distributions!® has been anal- 
yzed in this framework and partly because it has been 
suggested!’ that the low-energy anisotropy of targets 
with different spins is better accounted for with a 
Gaussian A distribution. Taking g(K)« exp(—K? 
2K,*), Halpern and Strutinskii® have integrated Eq. 
(1) over K to give 


W (0) « fa FUI)I/2K 


Xexp(—/? sin’6/4K?)Jo (il? sin’@/4K,*), (2) 


where Jo is the zero-order Bessel function. One must 
now specify the form of F(/) and integrate over /. 
Previously F(/) has always been taken proportional to 
I up to some limiting value /ax and zero otherwise. 
Equation (2) must then be integrated numerically to 
yield an angular distribution which is characterized only 
by J and Ko. The J distribution is actually rounded 
rather than having a sharp cutoff, and for compound 
nuclei formed by charged particles with energies near 
the Coulomb barrier is approximately symmetric. The 
dependence of the anisotropy on the form of the J 
distribution has been investigated and some results are 
given in the Appendix. It turns out that since Eq. (2) 
is most sensitive to (/*),,, one can use the form F(J) «J 
if one chooses J?=2(/*)ay. The dependence of (/*)ay on 
bombarding energy was determined from optical-model 
barrier transmission coefficients.'® 


| 
| 
| 
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Fic. 4. Illustration of the relative probability for various 
members of the two decay chains formed by helium-ion-bombard- 
ment of U** and Th* to fission or to emit a neutron. 


16 J. E. Simmons and R. L. Henkel, Phys. Rev. 120, 198 (1960). 

7 V. M. Strutinskii, Proceedings of the International Conference 
on Nuclear Structure, Kingston, Canada, 1960 (University of 
Toronto Press, Toronto, 1960), p. 887. 

‘8 J. R. Huizenga and G, Igo, to be published. G. Igo, Phys. 
Rev. 115, 1665 (1959). 
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20 
E,- fy (Mev) 

Fig. 5. The dependence of Ko? on E,— Ey. The lines for E,— Ey 
less than 6 Mev labeled E-O (even-odd) and E-E (even-even) 
have been taken from the analysis of Simmons and Henkel.'* The 
solid curve and the dashed curve have been obtained from analysis 
of the energy dependence of the anisotropy for helium-ion- 
induced fission of U**. 


The angular distribution given by Eq. (2) when 
integrated over F(/) is characterized only by /,,? and 
K.. Since /,,? is known for each bombarding energy, 
the parameter to be determined from experiment is Ko 
and its dependence on excitation energy. For the 
bombarding energies used in the present work, it is 
always energetically possible to have fission occurring 
both before and after neutron emission, complicating 
somewhat the deduction of Ky? as a function of excita- 
tion energy. However, fission induced by neutrons of 
1-5 Mev can only take place before neutron emission, 
enabling a direct determination of K,? at the lowest 
excitation energies. Extensive measurements of angular 
distributions for fission induced by neutrons have been 
reported,'** and the dependence of K¢? on excitation 
energy as deduced by Simmons and Henkel!* is shown 
in the lower left-hand corner of Fig. 5 for two nuclear 
types. The measure of the excitation energy is taken as 
the excitation energy in excess of the fission threshold, 
E,—E,;. It is seen that the line for Ko’ for even-odd 
compound nuclei extrapolates to the origin, whereas 
the line for even-even compound nuclei extrapolates to 
zero at approximately 1-Mev excitation energy. This is 
attributed to the fact that even-even nuclei have few 
levels below 1 Mev because of the pairing effect. 

Now that the dependence of A, is known for lower 
excitation energies, it becomes easier to deduce K,? 
at higher excitation energies from the experimental 
data reported in the present work. For a low alpha 
bombarding energy, the value of K, (and hence the 
anisotropy for fission following neutron emission) is 
known, and one can deduce K,? at the higher excitation 
energy corresponding to fission prior to neutron 
emission. This process can be extended to the highest 
excitation energies reached in these experiments, 
E,— E;~35 Mev. This analysis is most easily performed 
using the experimental data for the target U**, as the 
percentage of fissions following neutron emission is the 
smallest for this case. The resulting determination of 


9 L. Blumberg and R. B. Leachman, Phys. Rev. 116, 102 (1959). 
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K.? is shown as the solid line in Fig. 5. This functional] 
dependence of Ko? deduced from the U** data can now 
be used to predict the dependence on bombarding 
energy of the Th*” anisotropy. This calculation is shown 
(somewhat smoothed) as the solid line in Fig. 6. The fit 
to the U** data is trivial, as it was used in deducing K,’. 
It should be remarked that in making these calculations 
one must know the energy carried away by the neutrons. 
This is not a fixed quantity, as the neutrons are emitted 
with a continuous spectrum of energies. This effect was 
approximated by dividing up the neutron spectrum into 
three parts, so that some averaging over residual excita- 
tion energy was accomplished. The neutron kinetic 
energy spectrum was obtained using a nuclear tempera- 
ture given by 7= (£/10)!. In making these calculations 
published values of neutron binding energies” and 
fission thresholds”! were used. 

It was also assumed that K,? is never less than 3, for as 
K¢ goes to zero the anisotropy tends toward infinity. 
The Ky? vs E.—E; curves of Simmons and Henkel" 
extrapolate to Ke~O0 at E,—E;=0 for even-odd 
fissioning nuclei, and to Ky2~0 at E,—Es~1 Mev for 
even-even fissioning nuclei. However these extrapolated 
curves are not expected to hold in detail near threshold, 
as a statistical treatment is not valid at low excitation 
energies. The assumption that Ay? is never less than 3 
cannot be important except for special cases, e.g., 
second-chance fission close to threshold. One would like 
to attribute the deviation between the calculated and 
experimental anisotropies below 23 Mev to an over- 
estimation of /,,2 by the optical model used. However 
it is rather difficult to obtain the required change in 
In° by reasonable adjustment of the optical model 
parameters. 

In the direction of K¢? described above it has been 
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Fic. 6. Theoretical fits to the energy dependence of the anisot- 
ropy. The fit to the U™ data is not significant as it was used in 
deducing the parameter K,?. The solid curve and the dashed curve 
result from different assumptions in the analysis (see text). 
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Chem. 7, 305 (1958). 

*1R. Vandenbosch and G. T. 
(1958). 


and Nucl. 


Seaborg, Phys. Rev. 110, 507 





FISSION 











—— L i 
8 9 10 il 12 
NEUTRON ENERGY, Mev 





Fic. 7. Angular anisotropy for neutron-induced fission of U**. 
The data represented by open circles are from reference 19 and 
the filled circles from reference 16. The solid and dashed curves 
represent theoretical calculations described in the text. 


assumed that /,,2 is not changed as a result of neutron 
emission. If, however, the spin distribution of the levels 
populated by neutron emission favors low spins, then 
there may be a reduction of (/*),, and hence /,,” follow- 
ing neutron emission. Although there is not a great deal 
of detailed information known on the spin distribution 
of the level density and its dependence on excitation 
energy, recent experiments on isomer ratios” suggest 
that for excitation energies below 12 Mev the effective 
moment of inertia which determines the spin distribu- 
tion is reduced to the point where one would expect 
(J*),, to be reduced following neutron emission. There 
is evidence that this is taking place from angular 
distributions for fission induced by 8-11-Mev neu- 
trons.!®!8 Tf one uses the branching ratios'® for fission 
and neutron emission to find the proportion of second 
chance fission (fission following neutron emission) and 
calculates the anisotropy for this fraction of the fissions 
(from the Ky? values known from 1- to 5-Mev neutron- 
induced fission) one finds that all or even sometimes 
more than all of the anisotropy observed for 10-Mev 
neutrons must have come from the second chance 
fissions. Stating the problem another way, if you com- 
pute the anisotropy for 8- to 11-Mev neutron induced 
fission using the Ke values given by the solid line in 
Fig. 5, the computed anisotropies are much too high, 
as is shown by the solid line in Fig. 7. These considera- 
tions suggest that the anisotropy of the second chance 
fissions has been overestimated, presumably because 
we have not taken into account the lowering of (J*),y 
following neutron emission. 

Since the parameters which would enable calculation 
of the reduction in /,,” following neutron emission are 
not known in detail, we have investigated what such a 


= J. R. Huizenga and R. Vandenbosch, Phys. Rev. 120, 1305 
(1960). 

*% R. Vandenbosch and J. R. Huizenga, Phys. Rev. 120, 1313 
(1960). 
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reduction might do to calculated anisotropies by 
assuming a simple trial function. For residual excitation 
energies following neutron emission greater than 12 
Mev, Zn? is assumed to be unchanged. For residual 
excitation energies Ez between 5 and 12 Mev the value 
of J,,2’ following neutron emission is assumed to be 
T,2’=0.085 Eprl,?. Nuclei with excitation energy less 
than 5 Mev do not fission and need not be considered. 
The process of deducing A,” from the anisotropy of 
helium-ion-induced fission of U** was repeated, giving 
rise to the broken curve in Fig. 5. The anisotropies for 
helium-ion-induced fission of Th®” and for neutron- 
induced fission of U*** were then recalculated using this 
new dependence of Kg’ and the above-mentioned 
assumption about reduction of /,,2, resulting in the 
broken curves in Figs. 6 and 7. The result is that the 
break in the curve for K,? is somewhat smoothed out, 
the over-all fit to the Th® data is slightly improved, 
and the fit to the neutron-induced data is considerably 
better. Another refinement which might also be included 
is the dependence of fissionability on angular momen- 
tum. There are reasons to believe that compound nuclei 
with large angular momenta have a higher probability 
for fissioning compared to emitting a neutron than do 
nuclei with less angular momenta.!* This effect would 
not only modify the J distribution F(J) for the first 
chance fissions, but would tend to reduce (J?)sy for 
second and third chance fissions. For fission induced by 
heavy ions these effects are probably important, but it 
does not seem likely that they cause serious trouble in 
the present experiments. Since the parameters for 
calculating this effect are not well known this refinement 
has not been included in the calculations. 

As yet the theoretical calculations have been used 
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Fic. 8. Comparison of experimental and calculated angular 
distributions for two representative cases. 
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Fic. 9. The solid line curve a is the dependence of Ko vs E,— Ey 
as obtained from neutron-induced fission'*” and helium-ion- 
induced fission. The horizontal bars represent estimates of the 
uncertainty in this dependence. The dashed curve b is the predic- 
tion of the Halpern-Strutinskii, Griffin theory expected to be 
applicable at high excitation energies. The dash-dot-dash curve c 
illustrates the dependence predicted by the Ericson model (the 
ordinate represents o;*+¢;* rather than K,* in this case). 


only to compare with the energy dependence of the 
anisotropy. Using the deduced dependence of Ky? on 
excitation energy (broken curve in Fig. 5) a detailed 
angular distribution can be calculated and compared 
with experiment. Such a comparison is shown in Fig. 8, 
where the fit to the data is shown to be quite satisfactory. 
After consideration of the various uncertainties which 
arise in the derivation of Ky? as a function of excitation 
energy it is believed that the function must lie in the 
cross-hatched region of Fig. 9. It is seen that K,? is best 
determined at the lowest and at the higher excitation 
energies, while unfortunately there is still some un- 
certainty in the intermediate region. It is interesting to 
compare these results with theoretical predictions for 
K,?. Using classical arguments’ or statistical considera- 
tions® with a Fermi gas model it can be shown that 


where 7 is the nuclear temperature and 9, and 9, are 
the moments of inertia of the nucleus at the saddlepoint 
perpendicular and parallel to the nuclear symmetry 
axis. If one estimates 9,9;,/($:—9,,) from the liquid 
drop calculations of Hiskes™ using r9>=1.2X10-" cm 
and assumes rigid rotation, one finds that the value of 
K,? in Fig. 9 at 32 Mev corresponds to a nuclear tem- 
perature of about 1.6 Mev. From a Fermi gas model 
one expects the nuclear temperature to depend on the 
square root of the excitation energy, leading to a 
dependence for K¢? as indicated by the dashed line in 
Fig. 9. It is clear that for low excitation energies K,? is 
much reduced, and it has been suggested®§ that this is 
a result of nuclear pairing effects. One knows that for 
even-even nuclei the pairing energy prevents intrinsic 
excitations with K#0 for excitation energies less than 


* J. R. Hiskes, University of California Radiation Laboratory 
Report UCRL-9275 (unpublished). 
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the approximately 1 Mev required to break a pair. If 
the cost in energy of breaking pairs persists beyond the 
first pair, one must expend excitation energy in breaking 
pairs that would otherwise be available for single- 
particle excitations. If after enough pairs are broken it 
no longer requires energy to break further pairs, one 
would expect Ko? to approach the Fermi gas dependence 
at the critical energy. Below the critical energy the 
pairing interactions are expected to reduce the values of 
K,* from the Fermi gas model predictions. Indeed the 
derived values of K,? are smaller than the Fermi gas 
model predictions at energies below 12 Mev. In addition 
the rise of K,? in the 7- to 12-Mev region is less sharp 
than was suggested by an earlier analysis based on 
considerably scantier data, and hence is in better agree- 
ment with the expected slope of a superconductor model. 

One of the basic assumptions in the Halpern- 
Strutinskii, Griffin theory of fission-fragment angular 
distributions is that the final K distribution is estab- 
lished at the saddle point. The K distribution is deter- 
mined by the distribution of K values which character- 
izes intrinsic states of the nucleus at the saddle-point 
excitation energy. This model further postulates that 
the K distribution will not be altered at stages of the 
fission process beyond the saddle point. 

In contrast to this model Ericson” has recently 
derived an expression for the fission fragment angular 
distribution by regarding fission as being entirely 
governed by the density of states after the process. In 
this treatment the saddle-point A values are not pre- 
served and the angular distributions are determined by 
the sum of the parameters (0;’+,*) which characterize 
the primary fission fragments, where o 
angular momentum cutoff factors in the spin-dependent 
level density expressions for the two 
Ericson” derives an expression for the angular distribu- 
tion which is formally identical to that obtained by 
Halpern and Strutinskii, differing only in the replace- 
ment of the parameter Ky? by o°+c,*. Application of 
the Fermi gas model gives ¢°= 7\9,/#? and o2°= T292/h’, 
where T and 9 are the nuclear temperature and moment 
of inertia of the residual nuclei. Since the excitation 
energy of each of the two fragments is approximately 
10 Mev even for thermal fission (-F,—E-~0) this 
theory predicts a fairly large value of (o;*+0%*) at 
E,—E,=0, and hence a smaller energy dependence of 
(o°+o,?) compared to K,? on E,—F; at higher excita- 
tion energies. This dependence on £,—F, is shown by 
the curve labeled c in Fig. 9 (remembering that Ky? now 
becomes o;°+a.7). This constructed 
assuming rigid body moments of inertia and a level 
density parameter (a 
neutron kinetic ‘energy distributions.*® Another choice 
for the level density parameter could change the 
absolute value but not the excitation energy depend- 


1 and o-" are the 


fragments. 


curve has been 


10) which fits observed fission 


26 T. Ericson, in Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1960), Vol. 9, p. 425 
26 J. Terrell, Phys. Rev. 113, 527 (1959) 
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TABLE Il. Comparison of calculated anisotropies (¢1374°/a90°) for 
two forms of the distribution function F(/). The entries in the 


second column were calculated using the distribution given by 
curve b in Fig. 10 and those in the third column using the distribu- 
tion given by curve c. The anisotropies have been calculated for 
different values of the parameter K,, listed in the first column. 
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The failure of this model at low excitation 
energies was expected by Ericson. At higher excitation 
energies (E,—E,>20) the predicted dependence on 
excitation energy is considerably weaker than experi- 
mentally observed, suggesting that the K distribution 
is determined at the saddle point rather than at a later 
stage of the fission process. This supports the assump- 
tion of the earlier theoretical treatment that the passage 
from the saddle point to scission is fast enough that 
reorientations which would result in changes of K values 
do not occur appreciably. 


ence. 
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APPENDIX 


The calculation of theoretical values of the angular 
distributions of fission fragments requires the integra- 
tion of Eq. (2) over J, where F(/) describes the distribu- 
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Fic. 10. Curve a shows the distribution in angular momentum 
I resulting from 26-Mev helium-ion bombardment of U**%. The 
triangular distribution b is an approximation to the true distribu 
tion a. Curve c is the sharp cutoft distribution which has the same 
value of (J?),, as the true distribution a. 


tion of angular momenta in the compound nucleus. A 
sharp cutoff approximation, where F(/) is proportional 
to J up to some maximum value /,,, has usually been 
employed. If one computes F(/)~(2/+1)T; using 
optical model predictions for the barrier transmission 
coefficients 7), one finds that F(/) is quite rounded, 
especially for low bombarding energies. Curve a in 
Fig. 10 shows the distribution in /, F(Z), resulting from 
20-Mev helium ion bombardment of U**. We have 
approximated this distribution by the triangular distri- 
bution shown by curve b. Equation (2) was then inte- 
grated over the distribution given by curve b to yield 
calculated anisotropies as given in the second column 
of Table IT. If instead one uses the linear approximation 
with a sharp cutoff one obtains anisotropies as given in 
column 3. The choice of /,, in the linear approximation 
shown by curve c was such that (/*),, for distribution a 
and c were equal, making use of the fact that 2(/*)ay 

[,,2 for a linear distribution. It can be seen from com- 
parison of columns 2 and 3 in Table II that the anisot- 
ropy is very nearly the same for the two distributions, 
so that.for all the calculations described in the text we 
have used the linear approximation. 
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Gamma rays emanating from the 7.56-Mev level of B" were analyzed with a five-crystal pair spectrometer. 
Cascade gamma rays were investigated by recording the spectra in coincidence with the 2.40, 0.72, 2.15, and 
5.41-Mev gamma-ray transitions. The branching ratios for the decay of the 7.56-Mev level were found to be 
76%, 9%, and 15% for 6.84, 5.41, and 2.40-Mev gamma rays, respectively. For the 2.15-Mev level, the re- 
spective branching ratios for 2.15, 1.43, and 0.41-Mev gamma rays were shown to be 16%, 29%, and 55% 
The partial width for the 3.01-Mev transition was found to be less than 1% of the total width of the 5.16-Mev 
state in B®. Combining this result with the data of Meyer-Schiitzmeister and Hanna, the gamma-ray width 
of the 5.16 Mev level was found to be 0.51 ev and the alpha width 32 <I'y <500 ev. Although the upper limit 
for the alpha width of the 5.16-Mev level is quite small, this result is shown to be consistent with the alpha 
transition being isotopic spin allowed. The conflict between our result I’,3.0:./T <0.01 and other evidence 
requiring larger relative partial gamma-ray widths may be resolved if the 5.16-Mev state in B" is assumed to 


be a doublet. 


INTRODUCTION 


EVERAL investigators'~* have made suggestions as 

to which of the levels in B® at about 5.1 Mev is the 
isotopic spin analog of the spin 2+ levels at 3.37 Mev in 
Be” and 3.34 Mev in C™. Recent evidence indicates that 
neither of the most likely states at 5.16 and 5.11 Mev 
(Fig. 1) has the required /*=2+, T=1 assignment. The 
5.16-Mev level has been shown‘ to have J*=1+, while 
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Fic. 1. Decay of the 7.56-Mev state in B"”. Pertinent levels are 
extended to the right and identified by the excitation energy E., 
total angular momentum J, parity x, and isotopic spin T (figures 
in parenthesis are least certain). Vertical lines indicate gamma-ray 
transitions; the number above the line refers to the energy (Mev) 
and the number to the left refers to the branching (%). The 
branching ratios for the 7.56- and 2.15-Mev levels are taken from 
our results, as is also the isotopic spin of the 5.16-Mev level. The 
J* assignments of the 7.56- and 5.16-Mev levels were taken from 
reference 4 and for the 4.77-Mev level from reference 1. All other 
information is taken from Ajzenberg-Selove and Lauritsen.*- 

'L. Meyer-Schiitzmeister and S. S. Hanna, Phys. Rev. 108, 1506 
(1957). 

2 W. E. Meyerhof and L. F. Chase, Phys. Rev. 111, 1348 (1958). 

7W. F. Meyerhof, N. W. Tanner, and C. M. Hudson, Phys. 
Rev. 115, 1227 (1959). 

*'N. W. Tanner and S. S. Hanna, Nuclear Phys. 23, 319 (1961). 

5 E. K. Warburton, Phys. Rev. 113, 595 (1959). 

*F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959). 


the large width of the 5.11-Mev level indicates 7=0 for 
that state.* The 4.77-Mev state is believed to have the 
required 2+ spin assignment,® but the energy displace- 
ment from the analogous mirror states in Be” and C” 
would appear to be exceptionally large. The present 
work investigates further the 5.16-Mev level by meas- 
uring the gamma-ray spectrum in coincidence with the 
2.40-Mev gamma rays cascading from the 7.56-Mev 
level to feed the 5.16-Mev state. 

In order to conserve isotopic spin, states of B® below 
8.02 Mev with large alpha particle widths would be ex- 
pected to have 7=0, since 7=0 for both alpha particles 
and the residual nucleus Li®. Conversely, a low-lying 
state of B with excitation energy above 4.5 Mev that 
has a small alpha particle width would be expected to 
have an isotopic spin, 7=1 (except for O* states for 
which alpha decay would be parity forbidden). Meyer- 
Schiitzmeister and Hanna! investigating Li®(a,y)B” re- 
actions found, for the 5.16-Mev level of B®, that 
wl ,I',/(Tatl,)=0.32 ev (c.m.) for the predominant 
3.01-Mev transition to the 2.15-Mev level. In the 
present work 2.40-3.01 Mev coincidences provide a 
measurement of I',/(T.+I',) so that the alpha- and 
gamma-ray widths of the 5.16-Mev level may be ob- 
tained from a combination of the two width ratios. 
Since the mirror states of Be” and C” are both T=1, a 
large alpha-particle width for the 5.16-Mev state of B™ 
would provide further definitive evidence that this state 
is not the mirror analog, whereas a small alpha-particle 
width would indicate either that the 1* spin assignment 
is in error or that the configuration of the state is such 
that alpha-particle emission is inhibited. 


EXPERIMENTAL PROCEDURE AND RESULTS 


A thin target of beryllium mounted on a tantalum 
backing was bombarded with protons from the Aero- 
nautical Research Laboratory Van de Graaff. The ex- 
citation function (Fig. 2) shows a sharp peak corre- 


Note added in proof. A doublet has indeed been recently 
identified at 5.16 Mev. (See footnote 12a) 
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sponding to the 1.08-Mev proton resonance (Il'ign=3.8 
kev). The observed 8.5-kev half-width of the resonance 
results primarily from the target thickness and the 
energy spread of the proton beam. A pair spectrometer 
spectrum taken on resonance (Fig. 3) shows peaks 
corresponding to resonant 2.40, 5.41, and 6.84-Mev 
gamma rays emanating from the 7.56-Mev level and the 
nonresonant ground-state transitions from the states 
centered at 7.48 and 7.78 Mev. At 10 kev above and 
below the 1.08-Mev proton resonance the resonant 
gamma rays were about a factor of 3 lower in intensity, 
whereas the intensity of the nonresonant ground-state 
transition remained the same. 

The five-crystal pair spectrometer was composed of a 
central cylindrical NaI(Tl) crystal 13 in. in diameter 
and 4 in. long surrounded by four C-shaped crystals 
which formed a 4-in. long annular ring of outside 
diameter 8 in. Coincident pulses were required from the 
central crystal and from the 0.511-Mev channels of any 
two side crystals. Coincident events including pulses 
from more than two side crystals were not recorded. The 
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MAGNET SETTING 


Fic. 2. Yield curve for 0.72-Mev gamma rays. The excitation 
energies (Mev) for states in B" are indicated. 


energy calibration of the pair spectrometer was made 
with the ThC” gamma ray and the resonant 6.84-Mev 
gamma ray of B". The fraction of events not recorded 
in a peak corresponding to gamma-ray energy FE Mev, 
because of the escape of either bremsstrahlung or the 
negatron member of an electron pair, was taken as 
0.066(— 1.02), estimated from other pair spectrometer 
measurements. The relative areas for the peaks corre- 
sponding to 6.84, 2.40, and 5.41-Mev gamma rays, when 
corrected for bremsstrahlung and negatron escape, 
yielded branching ratios of 76%, 15%, and 9%, re- 
spectively, for the gamma-ray decay of the 7.56-Mev 
state. These branching ratios may be compared, re- 
spectively, with the results of Meyerhof, Tanner, and 
Hudson’: 81%, 19%, and <6%, and the results of 
Hornyak and Coor’: 87%, 13%, and <4%. 

The scintillation pair spectrometer spectrum (ig. 3) 
shows no peak corresponding to the 3.01-Mev transition, 
for which the branching ratio from the 5.16-Mev level is 
64%. The intensity of the 2.40-Mev transition feeding 


7, W. F. Hornyak and T. Coor, Phys. Rev. 92, 678 (1953). 
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Fic. 3. Five-crystal pair spectrometer spectrum for a thin beryllium 
target. The spectrometer is described in the text. 


the 5.16-Mev level indicates that this level must decay 
almost exclusively by alpha emission. The peak corre- 
sponding to the 2.40-Mev transition is broadened on the 
low-energy side by 2.15-Mev transitions. Since there is 
no evidence for 3.01-Mev transitions, the 2.15-Mev 
gamma ray must be a member of the 5.41-2.15 Mev 
cascade rather than the 2.40-3.01-2.15 Mev cascade. 
The 2.40-Mev peak appears to be somewhat broadened 
on the high energy side also, as the full width at half- 
maximum for the 2.61-Mev ThC” gamma ray was only 
6 channels. Thus a weak transition from the 7.56-Mev 
level to the 5.11-Mev level is not excluded by our re- 
sults. Decay of the 7.56-Mev level, through gamma rays 
in the energy range of 5 to 6 Mev, is shown to be entirely 
through the 5.41-Mev transition to the 2.15-Mev level. 
Absence of 5.82-Mev transitions to the 1.74-Mev 0* 
level supports the 0* assignment of Tanner and Hanna‘ 
to the 7.56-Mev level. The only evidence conflicting 
with the 0* assignment of the 7.56-Mev level was the 
suggested existence of a 5.82-Mev transition by 
Meyerhof, Tanner, and Hudson’ to explain the intensity 
of 1.02-Mev gamma rays that they observed. In order to 
balance the intensity of secondary gamma rays, they 
estimated that the intensity of the suggested 5.82-Mev 
transition was approximately equal to the intensity of 
the 5.41-Mev transition. Reference to Fig. 3 indicates 
that this objection to the 0* assignment of the 7.56-Mev 
level has new been removed. 

For the coincidence measurements, two NalI(TI) 
crystals 5 in. in diameter and 5 in. long were positioned 
at a distance of 4 in. from the target at 0° and 90° with 
respect to the beam. Coincidences produced by crystal- 
to-crystal scattering were suppressed by insertion of a 
lead wedge between the crystals. The pulses from the 
photomultiplier tubes were amplified and fed into a fast- 
slow coincidence circuit which gated a 256-channel 
analyzer. The singles spectrum obtained on resonance 
with the 0° crystal is shown in Fig. 4. The singles 
spectrum taken with the 90° crystal was similar. Figures 
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Fic. 4. Gamma-ray singles spectrum for 5-in. diamX5-in. long 
Nal(T1) detector at 0° with respect to the proton beam 


5-8 show the spectra in coincidence with the 5.41, 2.15, 
0.72, and 2.40-Mev gamma rays, respectively. The con- 
tributions of accidental coincidences to the total number 
of coincidences measured were respectively 1.6%, 3.8%, 
0.73%, and 5.4% and therefore negligible. The widths of 
the fixed channels centered on the 2.15, 0.72, and 2.40- 
Mev gamma rays, detected in the 90° crystal, were 250, 
75, and 210 kev, respectively. The width of the fixed- 
channel recording 5.41-Mev gamma rays extended from 
3.3 to 6.1 Mev. 

The spectrum in coincidence with 5.41-Mev gamma 
rays (Fig. 5) provided branching ratios for the 2.15-Mev 
level. The photofractions and detection efficiencies were 
derived from graphs interpolated from the tables of 
Miller e¢ al.8 Interpolation of the detection efficiencies 
for a source distance of 4 in. was aided by recording the 
spectra of a ThC” source at distances of 0, 4, and 6 in. 
from the crystal. The areas of the 2.15, 1.43, and 1.02- 
Mev peaks, corrected for addition with their respective 
cascade members and the crystal peak efficiencies dis- 
cussed above, provided branching ratios of 16%, 29%, 
and 55% for 2.15, 1.43, and 0.41-Mev gamma rays, re- 
spectively. The intensity of 0.41- and 0.72-Mev gamma 
rays indicated that the contribution to the 1.02-Mev 
peak by annihilation radiation summing was very small. 
Our results (Fig. 5) are in good agreement with the re- 
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Fic. 5. Gamma-ray spectrum in coincidence with 5.41-Mev 
transitions. The fixed channel extended from 3.3 to 6.1 Mev and 
thus included pulses resulting from Compton scattering of 6.84 
Mev gamma rays. 


'W. F. Miller, J. Reynolds, and W. J. Snow, Argonne National 
Laboratory Report ANL-5902, 1958 (unpublished). 
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sults of Shafroth and Hanna? (their lower curve, Fig. 5) 
obtained in a similar experiment using 1.5-in. diam X 2- 
in. long crystals. 

The ratio for the decay of the 7.56-Mev state through 
5.41-Mev transitions relative to the decay through 6.84- 
Mev transitions was determined from a comparison of 
5.41-2.15 Mev gamma-ray coincidences (Fig. 6) and 
6.84-0.72 Mev gamma-ray coincidences (Fig. 7) nor- 
malized to equal monitor counting rates. For the crystal 
peak efficiency of the 6.84-Mev gamma rays the experi- 
mentally determined value 0.0072 was used, and for all 
other gamma rays the crystal peak efficiencies were 
interpolated from the tables of Miller ef a/.§ The branch- 
ing ratio for 2.15-Mev gamma rays decaying from the 
2.15-Mev level was taken as 16%, derived from the 
spectrum in coincidence with 5.41-Mev gamma rays 
(Fig. 5). The ratio of 5.41-Mev transitions relative to 
6.84-Mev transitions was thus found to be 11% in good 
agreement with the value 12% derived from the pair 
spectrometer measurement. 

The crystal peak efficiency for 6.84-Mev gamma rays 
was determined by measuring the number of 6.84-Mev 
events in coincidence with 0.72-Mev gamma rays (cor- 
rected for the angular correlation‘) relative to the 
number of 0.72-Mev gamma rays recorded in the fixed 
channel (corrected for the fraction of 0.72-Mev gamma 
rays not in coincidence with the 6.84-Mev transition). 
The number of coincident 6.84-Mev transitions was 
1.1X 104 (Fig. 7), and the number of 0.72-Mev transitions 
recorded in the fixed channel was 1.5 10°. The crystal 
peak efficiency for 6.84-Mev gamma rays in the geome- 
try used was therefore found to be 0.0072. The photo- 
fraction for 6.84-Mev gamma rays (Fig. 7) was esti- 
mated to be 0.17 and thus the detection efficiency found 
to be 0.042. Since the detection efficiency remains es- 
sentially constant above 2.5 Mev for the particular 
experimental arrangement used,* the detection efficiency 
for gamma rays in the range 2.5 to 6.8 Mev was taken as 
0.042. For comparison, the value obtained from the tables 
of Miller, Reynolds, and Snow® and adjusted according 
to our distance relation above was 0.034, the values 
agreeing within 20°;. 
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Fic. 6. Spectrum in coincidence with 2.15-Mev gamma rays. 


9S. M. Shafroth and S. S. Hanna, Phys. Rev. 95, 86 (1954). 
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The spectrum obtained with the fixed channel centered 
on 2.40-Mev gamma rays (lig. 8) shows only peaks 
corresponding to the 1.02-, 1.43-, and 2.15-Mev transi- 
tions. There is no evidence for peaks corresponding to 
the 3.01, 4.44, and 5.16-Mev transitions (respective 
branching ratios 64%, 29%, and 7%) emanating di- 
rectly from the 5.16-Mev level. Thus the peaks at 1.02, 
1.43, and 2.15 Mev must result from coincidences with 
electrons, Compton scattered by the 5.41-Mev gamma 
rays, which appear in the 2.40-Mev fixed channel. About 
40% of the events in the 2.40-Mev fixed channel were 
found to be contributed by Compton scattered 6.84- and 
5.41-Mev gamma rays and background radiation. 

In the present experiment the 5.16-Mev level of B’” 
was fed entirely by 2.40-Mev transitions from the 7.56- 
Mev level. The fraction of the number of decays of the 
5.16-Mev level which yield 3.01-Mev gamma rays, 
'ys.01/(T'at+I,), may be deduced from the number of 
3.01-Mev transitions in coincidence with 2.40-Mev 
gamma-ray transitions (corrected for solid angle and 
detection efficiency) relative to the number of 2.40-Mev 
transitions recorded in the fixed channel. The number of 
coincident 3.01-Mev transitions was estimated to be 
<150. In the fixed channel were recorded 9.9X 10° 
events corresponding to 2.40-Mev transitions. The effi- 
ciency for detecting 3.01 Mev gamma rays with a 5-in. 
diam X5-in. long crystal at a distance of 4 in. from the 
source was shown above to be about 0.042. The photo- 
fraction for 3.01-Mev gamma rays detected under the 
conditions mentioned was 0.36, interpolated from the 
tables of Miller, Reynolds, and Snow.’ Combination of 
the above values leads to an upper limit of <0.01 for the 
relative partial width of the 3.01-Mev transition from 
the 5.16-Mev state. 


DISCUSSION 


The alpha and gamma-ray widths of the 5.16-Mev 
level were calculated from the measured relative partial 
width for the 3.01-Mev transition and oD ,I'y3.0:/ 
(+I) =0.32 ev, determined by Meyer-Schiitzmeister 
and Hanna.' The factor w is equal to (2J/+1)(2).¢4+1)7 
X (2ja+1)! where the spins J, 71, and jq refer to the 
capturing state, the target nucleus, and the captured 
part icle, respect ively.” In the reaction Li®(a,y)B" studied 
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by Meyer-Schiitzmeister and Hanna,' the respective 
spins are 1, 1, and O for the Li® nucleus, the 5.16-Mev 
state of B™, and the captured alpha particle. Thus the 
alpha-particle width of the 5.16-Mev level is >32 ev and 
the total gamma-ray width is 0.51 ev. Hanna has re- 
ported? that the intrinsic c.m. width of the 5.16-Mev 
level of B® can be shown to be less than 500 ev. This 
places the limits for the width of the 5.16-Mev state as 
32.5<I <500 ev. 

The partial reduced alpha width 7,” is related to the 
observed partial width [', (c.m.) by the following ex- 
pression: Tg=2kaA; ya", where ka is the c.m. wave 
number of the alpha particle and the penetrability 4 ;* 
for a given relative angular momentum / is the reciprocal 
of F?(p)+G/(p), the sum of the regular and irregular 
Coulomb wave functions, provided by the graphs of 
Sharp, Gove, and Paul. The dimensionless partial re- 
duced alpha width 6,” is given by: Yq?=6,°3h?/2Ma, 
where M is the reduced mass of the Li®'+-a system and a 
is the interaction radius 1.45(A $+ 4,4) 10-" cm cal- 
culated from the mass numbers (A) of the target nucleus 
and alpha particle. 

For the formation of a 1+ B” level from Li®+a, the 
relative angular momentum of the alpha particle may be 
1=0 or 2. Meyer-Schiitzmeister and Hanna! have shown 
that the angular distributions of gamma rays from the 
5.16-Mev level require the relative intensity of d to 
s-wave alpha capture to be: Ja(2)/Ja(0)~1.5 for a 17 
spin assignment. For /=0 and /= 2, we therefore find the 
limits for the dimensionless reduced alpha widths to be 


8.5X 10- 5 _ (6,7) l=0 < 1.3% 10 a 
2.2% 10-3 < (842) tne <3.5X 107. 


The s-wave capture is seen to be greatly inhibited with 
respect to d-wave interaction in accord with J_(2)/ 
T,(0)~1.5 being much greater than the expected value 
of about 0.06. 

From a survey of the dimensionless reduced widths 
for isotopic-spin-allowed alpha transitions in light nuclei 
(A < 20), Wilkinson" found that @,” ranged from 10~ to 


10 W. T. Sharp, H. E. Gove, and E. B. Paul, Chalk River Labora 
tory Report AECL-268, 1955 (unpublished). 

1D. H. Wilkinson, Proceedings of the Rehovoth Conference on 
Vuclear Structure, edited by H. J. Lipkin (North-Holland Pub 
lishing Company, Amsterdam, 1958), Session IV, p. 175. 
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1 with the distribution centered at 5X10-*. For an 
isotopic-spin-forbidden alpha transition from a J*=1*, 
T=1 state at a distance of 1 Mev from an interfering 
J*=1+*, T=0 level, the most probable value of 0,” would 
be 5X10~ with a range of values from about 210-5 
<0.7<2X 10°. 

The nearest interfering 1* level below the 5.16-Mev 
state is separated by 3 Mev, but within 3 Mev above the 
state are nine levels for which there are as yet no spin 
assignments.® A separation of 1 Mev from contami- 
nating levels was chosen as a reasonable estimate, al- 
though this region contains the 5.58-Mev level for which 
neither the spin nor decay scheme are known. Since the 
value of 6,” for isotopic-spin-forbidden transitions de- 
pends upon the inverse square of the separation distance 
from contaminating levels, the values of 6,” stated above 
would have to be lowered by an order of magnitude if 
the separation distance were established to be as large 
as 3 Mev. 

A comparison of the limits of the dimensionless re- 
duced width for the /=2 component (6,”):.2 with the 
ranges of values acceptable for isotopic spin allowed and 
forbidden transitions makes it impossible to provide a 
definite isotopic spin assignment to the 5.16-Mev level. 
However, the range of (@,") »~2 values does agree somewhat 
better with the range of values found for isotopic-spin- 
allowed transitions in light nuclei than with the values 
calculated for isotopic-spin-forbidden transitions. It is 
probable therefore that the narrow width (<500 ev) of 
the 5.16-Mev state results from an inhibition of s-wave 
alpha capture (and emission) rather than participation 
in a transition which does not conserve isotopic spin. 
The J7=1*, T=0 assignment of the 5.16-Mev level 
would certainly be preferable to a J*=1*, T=1 assign- 
ment as the latter designation cannot be reconciled with 
the T=1 system of levels in the mirror nuclei Be" 
and C”, 

Meyerhof, Tanner, and Hudson* studied Be*(p,y)B” 
reactions for B™ excitation energies of 6.95 and 7.16 
Mev. From the spectra in coincidence with capture 
gamma rays to the 5.16-Mev level they concluded that 
“the 3.0-Mev coincident gamma ray has an intensity 
such that some finite fraction (within a factor of five of 
ys) of the 5.16-Mev level decays by gamma transition.” 
Their estimated lower limit of 0.02 for the relative 
partial width for 3.01-Mev gamma-ray decay from the 
5.16-Mev level may be compared with our upper limit 
of <0.01. Further evidence in contradiction to our re- 
sults is provided by Meyerhof and Chase’ in a scintilla- 
tion pair spectrometer spectrum of gamma rays emitted 
from the interaction of 2.8-Mev deuterons with a thick 
beryllium target. The 4.44-Mev gamma-ray transition 
from the 5.16-Mev level is apparent and the 3.01-Mev 
transition was unraveled from the spectrum. In a pre- 
liminary investigation of the Be®(d,n)B™” reaction, War- 
burton and Chase” report a neutron threshold, but no 


2 FE. K. Warburton and L. F. Chase (to be published). 
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gamma-ray threshold, for the 5.11-Mev level and both a 
neutron and a gamma-ray threshold for the 5.16-Mev 
level with I’, >0.041 for the latter level 

The apparent contradiction of our results with the 
results from the three experiments noted above may be 
resolved by postulating the existence of a doublet state 
in B® at 5.16 Mev. The state observed in the other three 
experiments, and possibly in the Li®(a,y)B"” experiment 
of Meyer-Schiitzmeister and Hanna,! would then be the 
state not observed in the present experiment. In the two 
coincidence measurements of Meyerhof, Tanner, and 
Hudson’ with B"” excitation energies at 400 and 421 kev 
below the narrow 7.56-Mev resonance (I'j,4,=3.8 kev), 
the capture gamma rays were most likely emanating 
from the 6.88-Mev level (Tj,,=160 kev) and thus the 
other member of the 5.16-Mev doublet could have been 
populated. This same doublet level could also be the one 
populated in the (d,#) reactions. The evidence is cer- 
tainly not definitive, but the existence of a doublet 
state at a B™ excitation energy of 5.16 Mev is most 
attractive." 

In the case of the existence of a doublet state at 5.16 
Mev, the state seen in the present research would then 
have spin 1 with odd or even parity and most likely 
isotopic spin T=0. The other member of the doublet 
would partially decay by 3.01- and 4.44-Mev gamma-ray 
transitions and would hopefully be a 2* state with 
isotopic spin 7 = 1. It is impossible at the present time to 
tell to what extent the gamma-ray decay scheme for the 
5.16-Mev level shown in Fig. 1 would be representative 
of the individual doublet states or whether the decay 
scheme corresponds to only one of the doublet states. 
Since our calculations for the alpha and gamma-ray 
widths of the 5.16-Mev level were based on the data of 
Meyer-Schiitzmeister and Hanna,' the calculations 
would be invalidated if the two experiments were per- 
formed with different members of a doublet state. In 
this event the only information provided by the present 
research would be that ',<0.01F for the spin 1, odd or 
even parity, member of the 5.16-Mev doublet state.!* 

There are several inconsistencies with the J*=1* 
assignment of the 5.16-Mev level (Fig. 1). On the basis 
of stripping theory, Ajzenberg’ has shown from 
the analysis of angular distributions in the reaction 
Be®(d,n)B"” that one or both of the 5.1-Mev levels should 
have J*=17- or 2-. On the other hand, from the analysis 
of angular distributions in the reaction Li®(a,y)B", 


128 Note added in proof. A broad state (I'em.=200 kev) has 
recently been reported at 5.18 Mev in B" by Sprenkel, Olness, 
and Segel [Phys. Rev. Letters 5, 174 (1961) ]. The 7.56-Mev level 
in B' decays by 2.38-Mev gamma rays to feed the J=1, T=0 
broad level centered at 5.18 Mev, leaving the previously known 
narrow 5.16-Mev level for the long sought J/*=2*, T=1 state. 
These assignments allow reconciliation of all conflicting results 
from the previous experiments described above. The newly found 
state centered at 5.18 Mev in B"” decays predominantly by 3.44 
Mev gamma rays to the J7=0*, T=1 state at 1.74 Mev. For the 
5.18-Mev state, E. L. Sprenkel, J. W. Olness, and R. E. Segel 
have reported [',/f' =3X10~7, which value is in agreement with 
the upper limit ',/[f' <10~ reported in the present paper. 

3 F, Ajzenberg, Phys. Rev. 88, 298 (1952). 
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Meyer-Schiitzmeister and Hanna! have shown that 
neither of these assignments are possible for the 5.11- 
Mev level. For the 5.16-Mev level the 1~ assignment is 
possible, but since this would make the ground-state 
transition M2, the assignment is unlikely.’ For a 2 
assignment, good agreement is achieved for the angular 
distributions of gamma rays to excited states, but only 
fair agreement for the transition to the ground state. 
Meyer-Schiitzmeister and Hanna! consider a 27 as- 
signment to the 5.16-Mev level unlikely. In the B” level 
diagram (Fig. 1), both the 5.11- and 5.16-Mev levels are 
assigned positive parity, in disagreement with the angu- 
lar distributions of the Be®(d,)B"” reaction 

Another discrepancy with the J*=1* assignment of 
the 5.16-Mev level is the apparent absence of transitions 
to the J*=0t, T=1, 1.74-Mev level in B®. Although 
Meyer-Schiitzmeister and Hanna! do not quote an upper 
limit for the intensity of this 3.42-Mev gamma ray, a 
reasonable estimate may be taken as equivalent to the 
intensity of the weakest gamma ray from the 5.16-Mev 
level that they observed. We therefore conclude that 
P, <0.04 ev, or in Weisskopf units |M|?<0.05, which 
would be a small (but permissable) value for an isotopic 
spin allowed M1 transition.’ Conversely the 3.01-Mev 
gamma ray hasa reduced width | M|?=0.6, which would 
be a large value for an isotopic spin forbidden M1 
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transition.» For a J*=1*, T=0 assignment to the 5.16- 
Mev level, Morpurgo’s rule’ predicts that the reduced 
width for the 3.01-Mev transition should be about one 
hundred times smaller than for the 3.42-Mev transition, 
whereas in fact, the reduced width of the 3.01-Mev 
transition is an order of magnitude larger. 


CONCLUSION 


The objection to a 0+ assignment of the 7.56-Mev 
state in B!, because of the possible existence of a 
transition to the 0+ 1.74-Mev level, has been removed 
by showing the absence of this transition. For the 5.16- 
Mev level, measurements showed that 
Pr, <0.011. This result was shown to be consistent with 
the alpha transition being isotopic spin allowed. Ap- 
parent contradiction of our results with other evidence, 
as well as inconsistencies with the /*=1* assignment of 
the 5.16-Mev level, may be explained by assuming the 
5.16-\Mev state to be a doublet.!*4 
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\ Hamiltonian proposed by Duerr is applied to carry out self-consistent calculations for atomic nuclei 
Average exchange forces, calculated from a plane-wave model, are included in the Hartree potential. In order 
to obtain agreement with the empirical data, two coupling constants and one constant representing the range 
of the interaction have to be adjusted. The range turns out to be 3.23 10-4 cm. Because this range is very 
short the calculations may not be justified and must be considered as a formal procedure. Having adjusted 
the three parameters, reasonable neutron and proton binding energies and nucleon densities are obtained for 


the nuclei O'*, Ca®, Ce™, and Pb™®. 


I. INTRODUCTION 


HE purpose of this paper is to present a simple 


nuclear model which mathematically leads to the 
self-consistent state of atomic nuclei. 

Recently the Brueckner theory! achieved considerable 
success in explaining the properties of finite nuclei, 
although complete quantitative agreement has not been 
found as yet. Considering the difficulties of the formal- 
ism and the ambitious purpose of the theory this is not 
surprising. 

The Brueckner theory has the disadvantage that its 
mathematical language is highly complex and thus 
presents great difficulties in actual computation. There- 
fore, it is of interest to make an attempt to solve the 
self-consistent problem in the framework of the much 
easier to handle independent-particle model. It has to be 
pointed out that the independent-particle model con- 
tains inherent inaccuracy, namely, the two-particle 
correlations are neglected. Since in case of short range 
forces they may be important the present paper should 
be regarded as a formal mathematical procedure. 

We shall attempt to obtain a self-consistent single- 
particle potential using a Hamiltonian proposed by 


4 (3pin)-3s'9(p)) 


10" 3.10 
Fic. 1. Difference between the calculated last proton and last 
neutron binding energy in case of the Pb?°* nucleus as a function of 
the range. The star means the experimental value. 
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1K. A. Brueckner, A. M. Lockett, and M. Rotenberg, Phys. 
Rev. 121, 255 (1961). . 

? Hans-Peter Duerr, Phys. Rev. 103, 469 (1956). 


Duerr.? We limit ourselves to spherically symmetric 
fields and use as specific examples the nuclei Pb’, Ce™, 
Ca®, and O'® The Duerr-Hamiltonian looks as follows: 


H=Q virco: pyitBMe DL yii- aM eg D i* By, 


+bMego ES Wt Loe tute] 


C09 G0)? +m? eo (1.1) 


) 


where @ and 8 are the Dira 
attractive scalar field and gy a repulsive field which 
transforms like the fourth component of a vector field, 
a and b are coupling constants. 


matrices, ¢ represents an 


It was pointed out 
earlier in a paper by Johnson and Teller’ that a pseudo- 
scalar field gives zero average in the interior of a nucleus 
which is built up of shell model states. On the other 
hand this is not so in the case of a scalar field. Thus the 
Hamiltonian (1.1) is the most general type which gives 
nonzero average potential in the interior of 
nucleus. In the nonrelativistic 
have like scalars. As we shall see, it is necessary to have 


large 


limit both ¢ and ¢o be- 


two fields because an attractive field alone yields a 
collapsed state. The Hamiltonian (1.1) 
velocity dependent field because at high nucleon ve- 
locities the expectation value of 8 tends to zero. The 
effective velocity dependent potential is Mc?(—a(8)¢ 
+b({71)¢o) where J is the unit matrix. 

Unfortunately the Duerr-Hamiltonian leads to wrong 
predictions for high-energy scattering. It has, however, 
the advantage that it gives a closed and handy formalism 
which leads to stable states of nuclei. Actually we shall 
attempt an approximation to a Hartree-Fock model by 
introducing the exclusion principle into the statistical 
formulation. 


represents a 


II. DERIVATION OF THE SELF-CONSISTENT 
FORMALISM 


In the nonrelativistic limit (p<Mc) the Hamiltonian 
(1.1) becomes after a Foldy-Wouthuysen transforma- 
tion (see reference 2) 


3M. H. Johnson and E. Teller, Phys. Rev. 98, 783 (1955) 
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where 


V=aMe¢; Vo=bMe go; g=1-V Me. 


It is tacitly assumed in (2.1) that the time derivatives 
OV/dt and OV, dt are zeros. We see that in the positive 
energy states ((3)=1) there is a large spin-orbit inter- 
action. In previous models this large spin-orbit interac- 
tion has been generally taken as a Thomas-type 
interaction in which a phenomenological factor occured. 

Formula (2.1) is the Hamiltonian in the Hartree 


approximation. 





%° 


SoS | 


ye 

















n 4 
| 
| | 
| | 
Protons 











Protons Neutrons 


Neutrons 
pproe 0 


Fic. 2. Top energy levels in self-consistent fields. a=3.10X 10'8 
cm™, g:=2.3gX 1078 cgs, g2=1.80X 10-8 cgs. 


The Pauli exclusion principle requires that the total 
wave function of the V-particle system be antisymmetric 
which leads to the determinant form for the total wave 
function and to the Hartree-Fock equations for the 
single-particle functions. Instead of solving the com- 
plicated Hartree-Fock equations we try to modify the 
Hartree equations in such a way that these modified 
Hartree equations should yield approximately the same 
single-particle functions and energies as the correct 
Hartree-Fock equations. We can do that by introducing 
an exchange potential Vx which results from the aver- 
age exchange effects. We shall add this potential to the 
simple Hartree potentials to obtain the collective poten- 
tial to be used in the modified Hartree approximation. 
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. 3. Top energy levels in self-consistent fields. a=3.10X 10! 
cm", g:=2.3¢X 1078 cgs, g2=1.80X 10-8 cgs. 


» assume that Vx satisfies a Yukawa type equation 


gu 
~I(p; pm), 
2r 


VV axe Vx =O 


where f(p;u) is given by (A1.9) in Appendix I. (For 
detailed discussion of the exchange potential see Ap- 
pendix I.) We have to keep in mind that the exchange 
effect acts only between particles having the same spin 
and isotopic spin state. The proton and neutron distri- 
butions are in general different in a nucleus and the 
exchange potentials acting on them will be different as 
well. 

Because of this difference between the proton and 
neutron exchange effects the effective meson potential 
acting on a single proton and neutron in a nucleus will 
be ditferent. Since in most cases there are more neutrons 
than protons in a nucleus the meson well for protons 
will be deeper. This difference is counteracted by the 
Coulomb repulsion. 

The inclusion of the Pauli principle in the above 
discussed way yields the total Hamiltonian for a system 


Fic. 4. The ‘big’ scalar potential for protons (Vy) in the Ce'™ 
nucleus belonging to different iterations. 
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two terms in (2.4) are the spin-orbit interaction and 
the Coulomb repulsion \’,. The two collective meson 
potentials for protons V, and Vy correspond to V and 
Vo in the formula (2.1), and they are given by 


where e=/ for j=/+3, «=—/—1 for j=l—}. The last 


>= V—V.x for protons, 
V po= Vo— Voex for protons. 
Similarly the collective neutron potentials are 
V,=V—V.x for neutrons, 
V no= Vo—Voex for neutrons. 


In the single-particle Hamiltonian for neutrons V 
obviously omitted. 


is 


Fic. 5. Self-consistent neutron potential (V,—V ao) 
for the Pb™* nucleus. 


consisting of Z protons and .V neutrons 
z 


yy 
H= > Hyit>d H, oT Hs alar n esont+ A vector meson. (2.3) 


Here the Hamiltonian for a single proton is 


1 ih vl, 


_x-( 
8M; 


etn sorte 
Me) 2M°e (i-V,/Me) 


CUS 
belonging to different iterations. For starting potential the diffuse 

—— : type I’ = D/[1+expa(r—R)] was used. III can be considered as 
(1—V,/Mc*) r dr the self-consistent potential 


i? Fic. 7. Proton potentials (V;,—V,0o—V.) for the Ce nucl 


4c 


1dV, - iets . : , 
= pit “el+V.! The Hamiltonian (2.3) combined with (2.2) for the 
e a . - ° . 
r dr exchange part yields the field equations for the collec- 
tive potentials and the single-particle equations as well : 
VV p—ueV = —4eg:"{o,[1—Kppl/ Mice?) 
+ pnL1—Kpn'/M*c*g,?] 


My 


VV po— He? V po= —4args*{pptp, 


HWi= En,. 
In (2.5) and (2.6), 
- 


Z 
Pp=2. vi ms pPr=d 


i=] i=1 


Lp 
K = (3/10M) (32°) th?. 
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Fic. 6. Self-consistent proton potential (V,— V po— V.) 


for the Pb” nucleus. We redefine the coupling constants in a more familiar 
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way, 
a’M*c?=4rg,;  b°M*c?=4rg,". 
In (2.5) we used the approximation 


ve 
a ViIVYyi~ Kp,**, 
2M i=! 


which is good only in the case where the wave functions 
can be represented by plane waves. 

The equations for the collective neutron potentials 
can be obtained in the same way, the only difference is 
that we have there f(pn;). Finally the Coulomb po- 
tential V, is determined by the Laplace equation 


VV .=4re'p», (2.8) 


where e means the elementary charge (4.8024 10-” 


cgs). 


Fic. 8. Neutron potentials (V,—Vno) for the Ce™ nucleus 
belonging to different iterations. For starting potential the diffuse 
type V=D/[1+expa(r—R)] was used. III can be considered as 
the self-consistent potential. 


We observe that the repulsion which eventually keeps 
the nucleus at a finite size appears both in the single- 
particle Hamiltonian (2.4) and in the equation for the 
attractive potential (2.5). In (2.4) it appears in the form 
of an increased kinetic energy because of the effective 
mass 


M ,*=M(1—V,/Me). 


We also see from (2.5) that in case of high momenta 
the attractive potential becomes small whereas the 
repulsive part in (2.6) remains large. This latter effect 
corresponds to the relativistic case where BV tends to 
zero with increasing momenta. 


III. DISCUSSION OF THE RESULTS 


The Eqs the basis for the self- 
consistent calculations which were carried out for the 


(2.5)—(2.7) form 
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80 


. Self-consistent proton potential (V> -Vpo-— V.) for the 
Ca nucleus. 


O!*, Ca, Ce, and Pb?° nuclei. Since we do not assume 
that the two-particle interaction is represented by the 
exchange of single x mesons, the Compton wavelength 
of the fields V and Vy was taken as a free parameter. We 
shall call it briefly the range of the potentials. The range 
of V and Vo has to be taken as equal. Otherwise the 
effective potential / — Vo oscillates at the nuclear sur- 
face. The nuclear radius, or in other words 7 in the 
nuclear radius expression R=r,A! is known from the 
experiments with limited accuracy. According to these 
ry is likely to be between 1.2 and 1.4X10-* cm. The 
nuclear size, the binding energy of the last neutron and 
proton can be reproduced by varying three parameters 
which are the range of the potentials and the coupling 
constants g,; and g». The ratio of the last proton and last 
neutron binding energies is a function mainly of the 
The the Pb nucleus were 
carried out with several ranges and it was found that the 


range. calculations for 
correct last proton and last neutron binding ratio was 


reproduced by taking a= 3.10X 10" cm™ (a=y1= pe). 


10. Self-consistent neutron potential rs 
Ca* nucleus. 


) for the 
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Fic. 11. Self-consistent proton potential (V,—Vp,o—V.) for the 


O'* nucleus. 
A. Self-Consistency 


The self-consistent state was obtained usually after 
the third or fourth iteration regardless of the range of 
the potentials. For starting potentials the diffuse type 
 =D/[1+expa(r—R)] was used, where the potential 
depths had to be chosen adequately. As mentioned 

and @- stabilities for the neigh- 
boring nuclei of the Pb**S nucleus were reproduced with 
a potential range 1/a=3.23X 10~" cm (see Fig. 1). This 
short range was needed in order to produce a sufficiently 
great difference between the interactions of like and 
unlike nucleons. The small value of the range raises 
serious doubt as to the validity of the use of average 
potentials. Actually the exchange forces are substitutes 
for the more usual symmetry forces. It is possible that 
the former results of our calculations correspond to a 
physical situation in which the range is longer and 


above the correct 8* 


symmetry forces are added. 
B. Top Levels 


The correctness of the top level system can be checked 
from the experimentally known (y,) threshold energies 


tron potential Vs 
® nucleus, 
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and from the 6+ and 8 decay energies and angular 
momentum states of the neighboring nuclei. 

The stability of the Pb*’ nucleus and the activity of 
AcC’*? with 1.47-Mev 8 energy indicates that in the 
case of Pb?’ nucleus we can expect the top neutron level 
(3p;) to be about 1.47 Mev higher than the top proton 
level (3s;). The coupling constants were adjusted to 
reproduce the nuclear radius and the experimentally 
measured (y,) threshold energy for the top neutron 
level, which in the case of the Pb”’* nucleus is 7.4 Mev. 
The sequence of the top proton and neutron levels can 
be checked by the angular momentum states of the 
neighboring odd Z and odd .V nuclei, respectively. As 
we go away from the magic shells we go from the 
spherically symmetric state to the deformed core state, 
consequently our level system which was calculated in 
spherically symmetric fields cannot be trusted quanti- 
tatively. Nevertheless, the TP, TP, Au” 
confirm that the 3s, and 2d; levels are the top proton 
levels, similarly the Pb?” and Hg? 
3p; and 3p; levels as top neutron levels. 


nuclei 


nuclei show the 
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Fic. 13. Effective nucleon mass in the self-consistent field of the 
Pb*8 nucleus. a= 3.10 10% cm™ 

The above discussions seem to indicate that the 
parameter set a=3.10X10" cm™, g:=2.39X10°° cgs, 
go= 1.80X 10~* cgs yields the self-consistent state for the 
Pb?"s nucleus and predicts top levels for the neighboring 
nuclei with fairly good accuracy (see Fig. 2). We may 
observe that the magnitude of the coupling constants 
are enormous, g,°/fc~18, go?/hc~10. This is the result 
of the short range interaction alone. Taking the range as 
a variable the same magnitude for the potential depth 
can be obtained by keeping g/a constant. Thus the r 
hic~0.95, 92°7/he~0.53. 


meson range would result ¢;? 


Tape I. Comparison of calculated and experimental neutron 


| 
separation energies. 


Last neutron 
binding (Fig. 1 


y,n) threshold 
Nucleus (Mev)* 
(oO 
Ca® 
(‘el” 


Ph™s 


16.3 +0.4 19.2 
15.9 +0.4 16.2 
5 
} 


Ss 
5 


9 05+0.2 11 
74 +0.1 7 


* Taken from: Experimental Nuclea 
Wiley & Sons, Inc., New York, 1953 
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Fic. 14. Effective nucleon mass in the self-consistent field of the 
O'* nucleus. a=3.10X 10 cm™, 


This range however does not give the empirical 8* and 
8- stabilities. 

Having fixed these parameters for the Pb*’* nucleus 
the calculations were carried out for the Ce, Ca*® and 
©! nuclei. Table I shows that the obtained last neutron 
binding energies are in close agreement with the experi- 
mental (y,z) threshold energies. 

The stable La nucleus with J/= 3 and the unstable 
Ce nucleus which transforms with AK capture to La!® 
indicate that the top proton level is about 0.5 Mev 
higher than the top neutron level in the case of the Ce” 
nucleus (see Fig. 2). The O'* and Ca® nuclei have equal 
numbers of protons and neutrons, consequently the top 
proton level must be considerably higher than the top 
neutron level (see Fig. 3). This is proved by the short 
half-life of 8+-unstable O¥* and Ca® nuclei. 

There is one remarkable difference between the level 
system shown in Figs. 2 and 3 and the empirical data. 
The 1d; level has to be above the 2s; level both in the 
proton and neutron case, and similarly the 2d; level is 
above the 3s; level for neutrons. (The only case where 
the 3s, level is above the 2d; level happens in the proton 
case in accordance with the level system of Pb*’*.) The 
reason for this discrepancy lies partly in the inaccurate 
way of calculating the exchange effect. The average ex- 
change effect has been calculated assuming for the wave 
functions plane waves. This is a good approximation for 


\ 


Fic. 15. Proton and neutron densities in the Pb” nucleus. 
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aft 


Fic. 16. Proton and neutron densities in the O'* nucleus. 


heavy nuclei as in the case of Pb*’*; however for light 
nuclei it is inaccurate. Furthermore, the exchange effects 
are different for different nucleon states and we calcu- 
lated the exchange potential in an average way. 


IV. CONCLUSION 


We saw that the Hamiltonian (1.1) in Sec. I yields 
saturation and it also has the nice property that it 
automatically gives a large spin-orbit interaction. How- 
ever, this Hamiltonian predicts wrong nucleon-nucleus 
scattering data at high energies. In case of high energies 
it predicts a net repulsion which is in contradiction with 
the experiments. On the other hand, at low energies as 
in the ground state of the nucleus it works surprisingly 
well. 

The magnitude of the coupling constants g; and gs had 
to be chosen in such a way that there should be enough 
repulsion to produce the right nuclear radii and that, 
furthermore, the depth of the effective potential V—Vo 
should give the correct binding energy for the top 
neutron. The result is that the potentials V and Vo have 
the order of magnitude 450 and 390 Mev, respectively 








tc. 17. Single-particle radial distributions in the Pb*®*® nucleus. 
R is the radial part of the single particle wave function. 
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(see Fig. 4); therefore, the effective potential is the net 
difference of the two nearly canceling fields (see Figs. 
5-12). Thus, our model is a rather drastic device which 
keeps the nucleus at a finite size. What really matters 
is the velocity dependent difference between the large 
potentials. It can be expected that any velocity de- 
pendent potential of similar strength, such as following 
from the Brueckner theory, would give similar results. 
One of the consequences of the model is that the nu- 
cleons inside the nucleus have an effective mass of the 
magnitude 0.5 times the bare mass (see Figs. 13 and 14). 
Figures 15 and 16 represent the density profile of the 
Pb*s and O'* nuclei, respectively. We may notice that 
in case of equal number of protons and neutrons as 
in the case of O'® the Coulomb repulsion pushes the 
protons somewhat outward. Figure 17 shows the radial 
part of some wave functions for the Pb*** nucleus. 

The scalar field corresponding to the range that we 
found might be represented by mesons having the mass 
4.43 times the mass of the x meson. This is in the range 
of a K-meson Compton-wavelength. The range, how- 
ever, can not be established accurately by our calcula- 
tions, and its physical reality is doubtful. 

It is of some interest that by the use of three ad- 
justable parameters a wide variety of nuclear binding 
energies and levels could be reproduced within limited 
errors. 
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APPENDIX 
I. Exchange Potential in a Nucleon Gas 


In this section we calculate the exchange energy of a 
nucleon having the wave vector k moving in a nucleon 
gas. We assume that the wave functions can be repre- 
sented by plane waves. This is a fairly good approxima- 
tion for heavy nuclei. We also assume a Yukawa type 
interaction between two particles, 


V(1,2)=—gLexp(—a!nm—r|)]/({n—r (A1.1) 
Let us calculate first the exchange term between two 


particles : 


An=— f foslridon*(e)V(2)d0ues, (A1.2) 


where pj:(r)=v;(r)v.*(r). Using (A1.1) for A(1.2) we 


have 
{5 {> (41) V 26 8))d24, 


(A1.3) 
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where 


Vielnd= f on"(rdLexp(—a r—r|) /(in 


V j:(r) also satisfies the differential equation 
VV pp —@ V 531 
Using plane waves we have 
pyi*(r) = (1/2) expl —i(k;—k,)-r]. 
(Q= volume occupied.) 
The solution of (A1.4) is given by 
V g(r) = (4rg*)/ (oe? + | kj—ky|*) Jojr*(r). (A1.5) 


Replacing (A1.5) into (A1.3) we obtain 


A jp =4re’0"/ (a? + k;—k,|?). (A1.6) 


Formula (A1.6) gives the exchange energy of two 
nucleons. The total exchange energy of a nucleon having 
a momentum ik; in a nucleon gas is given by 


\ 


Vaa= ang f (a? + 'k;—k,|*)""dn; 


0 
dn= (1 4) QR Pdk d(cosv), 
thus 


Kmax +1 
Va= (2 of f (a? +k7+k?+2k jk, cosd)— 
0 = 


Xk Pdk id (cos’) 


Kmax 
= (g" an) f k; 
9 a’+ (k;—k;)? 


(A1.7) 


The integral in (A1.7) can be carried out in a long but 
straightforward way and it yields 


: 1 
Va={- ) Kua 


(A1.8) 


— 2a tan 


Formula (A1.8) gives the exchange energy of one 
nucleon with all the nucleons in a nucleon gas. It con- 
tains the self-exchange energy too which in the Hartree- 
Fock method cancels the self energy appearing in the 
Hartree method. We see from (A1.8) that the exchange 
potential depends on the momentum /?k; of the nucleon 


in question. For a nucleon having the average mo 
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mentum $Kmax (A1.8) yields 


(Ger | G)eror] 


49 (32p)!+-16a? 
conse —+2(3n%p)! 
(3m2p)!+- 1602 


— 2a tan—'[ (7/4) (32’p)ta-" | 


—2a tan"[ (1 4) (eto). (A1.9) 


In (A1.9) we used the relation K max= (32p)!, where p is 
the nucleon density. It is assumed that half of the 
nucleons are in the state spin up and half of them in spin 
down. 

Formula (A1.9) is valid for an infinitely large nucleus. 
In that case, the potential energy is a function of the 
nucleon density alone, which is a constant. In analogy 
with the equation which holds for the classical type 
direct potential we assume that for finite size nuclei the 
exchange potential also satisfies a Yukawa type equation 


V?Vex—a? V ex = — (g°a"/2r) f(p; a), (A1.10) 


where /(pja) is the expression in the parenthesis on the 
right side of (A1.9). We observe that in the interior of 
the nucleus where V°V.x can be neglected formula 
(A1.10) goes over to (A1.9). Near the surface the term 
V°Vex becomes important. No justification of this term 
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is known to us beyond the statements that a surface 
term of this order of magnitude is reasonable and that 
the introduction of this term greatly simplifies the 
treatment of the expression for V, and V p90 in Sec. IT. 


II. Computational Methods 


The equation for the radial part of the wave function 
has the form 


R" + f(x) R’ + Rnji(*)—Anjg(x) JR=0, (A2.1) 


where the functions f(x) and &(x) contain the potentials 
and spin-orbit term, g(x) is the effective mass function 
defined in Sec. II, and Ay}; is the eigenvalue in dimen- 
sionless units. 

(A2.1) was solved step by step using the approxi- 
mation 


R’ (x)~LR(x+Ax)— R(x— Ax) ]/2Ax, 
R” (x) ~[LR(x+Ax)—2R(x)+R(x— Ax) ]/(Ax)?. 


The solution of the field Eqs. (2.5) and (2.6) was per- 
formed by simple integration’ using the Weddle nu- 
merical integration method. 

The IBM 704 electronic computer was programmed 
to solve (A2.1) and the field equations and the solutions 
were carried out until the self-consistent state was 
reached. 

4 For details see R. Mises: Differential and Integral Gleichungen 


der Mechanik and Physik (\riedrich Vieweg und Sohn, Braunsch- 
weig, 1930), Vol. 1. 
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Thin 


~2 kev) gas targets have been used for high-resolution studies of N'(a,a)N"™ differential cross 


sections for 10</,.<2.4 Mev. Data were taken at five angles. Resonances were observed at /:,.=1.533, 


t resonant param 


eters (where possible) of the corresponding virtual states of F'. Also O'*(He*,He*)O"* and O'(He,He*)O 
differential cross sections were measured for 1</4qe3<3 Mev. A 300-kev broad resonance at /ye3= 2.360 
Mev was shown to result from a 3* state of Ne'*. The elastic width is 0.11 of the tota! width 


I. INTRODUCTION 


LASTIC scattering is a useful tool for the study of 

virtual energy levels of the resultant compound 
nucleus. The scattering is described in terms of param- 
eters associated with the energy levels of the compound 
nucleus formed from the incident particle and the target 
nucleus. These level parameters are the energy of the 
virtual state £,, the angular momentum and parity J’, 
a reduced width y,,2 and an interaction radius a, for 
each channel, and the isobaric spin 7. By use of the 
Wigner-Eisenbud one-level formula these parameters 
often can be assigned from the cross-section data. A 
general discussion of experimental techniques and 
interpretation of the data in gas scattering experiments 
appear in Richard’s article! 

The present low-energy N“(a,a)N" elastic scattering 
work was undertaken to study levels in F'8 at Eg=1.53 
and 1.62 Mev seen in N'(a,y)F'® work by Price? and 
Phillips* and to study other F'® levels in this energy re- 
gion seen by Hinds and Middleton‘ in the F8(He*,a)F'S 
reaction. 

The recent availability of low-cost He*® ($0.15 per cc) 
permits its use in rf ion sources without provision for 
recovery. Hence a study of Ne” levels by O'*(He’, 
He*)O** elastic scattering was feasible. The excitation 
energy (£,=8.42 Mev) of the compound nucleus Ne” 
formed by O'*+ He’ is low enough so that one expects 
to find well-separated levels. The He® studies were 
terminated before background difficulties were elimin- 
ated. This termination resulted from an unexpected 
policy reversal by the He* supplier regarding the avail- 
ability of He*®. Hence, the He* data presented here are 
not as complete or accurate as might be desired. 


II. EXPERIMENTAL ARRANGEMENT 


The a-particle and He* beams were obtained from the 
University of Wisconsin 4-Mev electrostatic generator. 


* Work supported in part by the U. S. Atomic Energy Com 
mission and by the Graduate School from funds supplied by the 
Wisconsin Alumni Research Foundation 

t Now at University of Padua, Padua, Italy. 

1H. T. Richard, in Nuclear Spectroscopy, edited by Fay 
Ajzenberg-Selove (Academic Press, Inc., New York, 1960), Part A, 
I-D. 

?P. C. Price, Proc. Phys. Soc. (London) A68, 553 

7W. R. Phillips, Phys. Rev. 110, 1408 (1958). 

*S. Hinds and R. Middleton, Proc. Phys. Soc. 
721 (1959 


1955). 


(London 


The beams were momentum analyzed by a 15° magnetic 
analyzer, and then energy analyzed by a 90° electro- 
static analyzer set for an energy resolution of about 
0.06°%. 

The gas scattering chamber used is shown in Fig. 1. 
The steel chamber has a volume of about 0.7 liter. The 
rotating seals are double with a pump-out between. 
The counter moves in a cone making an angle of 14° 
with the horizontal. Hence, the laboratory scattering 
angle varies from 14° to 166° as the top is rotated. The 
differential pumping system and the counter system are 
connected to the chamber body by flexible couplings, 
allowing adjustment for alignment. 

The number of counts Y 
differential cross section o by 


is given in terms of the 


V =nNG/sinb jan, 


where # is the number of target nuclei per cm’, .\ is the 
number of bombarding particles per data run, and G is 
the G factor of the counter system 
a solid angle. The counter system uses circular front and 
rear apertures. Expressions for the G factor of such 
systems are given by Silverstein. 
aperture system it is possible to eliminate the usua 
rotating joint necessary to keep a rectangular-front 
aperture perpendicular to the scattering plane. 

The differential pumping system consists of three sets 
of impedances with pumping between the first and 
second and between the second and third. The first 
pumping stage consists of a Heraeus-Roots pump 
VP-R-150E (40 liters per second at p~10~* mm Hg), 
backed by a Kinney pump No. CVD556 (<5 liters per 
second from 10~* to 1 mm Hg). The second pumping 
stage consists of a Consolidated V\IF 260 diffusion 
pump. The differential pumping impedances are made 
of 0.1-mm thick stainless steel with a 2-mm diam hole. 
The system can easily handle a chamber pressure of 
25 mm Hg with oxygen used as a target gas. 

The vacuum in the collector cup (Fig. 1) 
tained at around 10~* mm Hg by a diffusion pump. The 
cup is isolated from the chamber by a nickel foil—thick- 
nesses ranging from 750 to 2500 A were used. The foils 
were first mounted onto a stainless steel ring which was 


( orresponding to 


By use of such an 
] 
i 


is Main- 


then fastened to the cup by studs protruding from the 


5. A. Silverstein, Nuclear Instr. and Methods 4, 53 (1959) 
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Fic. 1. Scattering chamber set at @(lab) = 166° shown in cross-sectional view. 
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(1) Rotatable top. (2) Steel balls. (3) Doubie O-ring 








seals, pumped in the interspace. (4) Worm gear drive. (5) Beam defining apertures. (6) Differential pumping impedances. (7) First 
differential pumping stage. (8) Second differential pumping stage. (9) Collector cup foil. (10) Suppressor electrode. (11) Beam collector. 
(12) To collector cup diffusion pump. (13) Counter aperture. (14) Antiscattering baffles. (15) Aluminum foil (~800 A) light shield. 


(16) CsI(T]) crystal. (17) Lucite light pipe. (18) Photomultiplier 


cup body and sealed with an O-ring. This arrangement 
proved very convenient for changing broken foils. 
Suppression of secondary electrons was done by purely 
electrostatic means. About —2.5 kv on the suppressor 
electrode was found necessary. 

The closeness of the collector cup to the center of the 
chamber caused some difficulty from particles scattered 
back from the tantalum disk which was initially used 
as a beam stop. When the counter was set at the back 
angle (6\4,= 166°) the pulse-height spectrum had a large 
low-energy background. The background disappeared 
when a 1.6-mm thick graphite disk replaced the tanta- 
lum. Unfortunately, all of the He*® back-angle data were 
taken under poor background conditions. 

The detector consisted of a 0.5-mm thick CsI(TI) 
crystal, a Lucite light pipe, and a DuMont-6467 photo- 
multiplier. The light pipe also seals the counter system 
from the atmosphere. Light produced in the chamber 
by the beam passing through the target gas was blocked 
from the crystal by a 700 A aluminum foil mounted on 
a ring which holds the foil about 0.8 mm from the 
crystal. The foil was found to have a favorable effect on 
both pulse height and resolution. The resolution ob- 
tained with the counter was 8% for 1.7 Mev protons 
incident on the crystal. The resolution dropped to about 
22% for 460-kev alpha particles. 

The Li’(p~,n)Be? threshold measurements used for 
energy calibration were taken with a National Radiac 
NBS-1 boron-loaded zinc sulfide detector mounted on 
a DuMont 6467 photomultiplier and the whole assembly 
surrounded by paraffin. 

A pressure control system was used to keep the 
chamber pressure constant. The basic system is the 
same as that used by Herring.®’ It consists of an oil 

® PD. F. Herring, Ren Chiba, B. R. Gasten, and H. T. Richards, 
Phys. Rev. 112, 1210 (1958). 

7D. F. Herring, Ph.D. thesis, University of Wisconsin, 1957; 
University Microfilms, Ann Arbor, Michigan. 


DuMont 6467. 


manometer read by a cathetometer to measure the 
pressure and provide an error signal by means of two 
photocells and light sources. The error signal is ampli- 
fied and used to control the influx of gas into the 
chamber. The system is shown schematically in Fig. 2. 
Stability problems were encountered in controlling the 
pressure due to the smal] volume of our chamber (about 
a factor of 10 smaller than the chamber used by 
Herring). Stability was obtained*® by use of an inte- 
grating element in cascade in the control loop, and a 
gas flow control element with a faster response. A 
circuit diagram and operational details are in a note by 
Silverstein ef al.2 No pressure changes greater than 
+0.03 mm of oil (Dow-Corning DC-704 silicone oil) 
occurred with the use of the above circuit. 


III. EXPERIMENTAL RESULTS 
A. Reduction to Cross Sections 


The laboratory differential cross sections obtained 
from (1) were converted to center-of-mass cross sec- 
tions by the usual nonrelativistic transformations.! The 
G factor was calculated by the expression® 


G=Gool 1+Ao+ (o’ o)Ait+(e” o)Ao+ vies “|, (2) 
where 
Goo= 8rireF (A ) RohA*, (3) 


and r;=radius of the front aperture in cm, r2= radius 
of the rear aperture in cm, Ro=distance along the 
center line of the aperture system from the rear aperture 
to the beam, and #=distance between front and rear 
apertures. Here A= (1—w)ro/r; and w=h/Ro. 

The function F(A) is given by 


F,(A)=43{£(14+- 42) E(A)— (1—A*)K(A) ], (4) 


8 E. A. Silverstein, Ph.D. thesis, University of Wisconsin, 1961; 
University Microfilms, Ann Arbor, Michigan. 

9 FE. A. Silverstein, M. F. Murray, and D. F. Herring, Rev. Sci. 
Instr. (to be published). 
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Fic. 2. Schematic of the pressure control system. The chamber 
of volume V is held at the pressure P by the inflow Q and the out- 
flow Q’ through the differential pumping system of impedance Z. 
The pressure changes in the chamber drive the manometer of 
volume J’, through the impedance Z,, and result in a pressure P,, 
which in turn drives the manometer oil resulting in a height change 
h. The photocells detect deviations of 4 from zero and the amplified 
error signal in the form of a heating current is applied to the control 

apillary, changing its impedance because of the change of gas 
viscosity with temperature. The gas flow Q from the constant 
pressure source then changes in a direction to cancel the change 


in P 


where E(A) and K(A) 
with modulus A. 

The terms in the bracket of Eq. (2) are small correc- 
tions which depend on the derivatives o’, o”’, etc. of the 
laboratory cross section with respect to the laboratory 


are complete elliptic integrals 


angle and are given in reference 5. These corrections are 
shown in Fig. 3 for the aperture system used for the 
N'*(a,a)N™“ work. For this aperture system r,=0.1790 
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Vic. 3. G-factor corrections shown for the aperture system. The 
corrections are shown for a constant laboratory cross section (1) 
and for a Rutherford cross section (2) 


cm, r2=0.5509 cm, and Gop= 1.0531 XK 10™* cm +0.3%. 
The aperture system used for most of the O'*(He’, 
He*)O'* work had r,=0.3574 cm, r2=0.5509 cm, and 
Goo= 2.3328 X 10-? cm +0.2%. All aperture radii are 
+0.0005 cm. For all aperture sets we have Ro= 20.150 
+0.005 cm, and = 14.100+0.005 cm. 


B. Experimental Uncertainties 


An estimate of the over-all accuracy of the measure- 
ments was obtained from p-p scattering data at @¢.m. 
= 90° and £,(lab)= 1.885 Mev taken with our appara- 
tus. Our p-p cross sections were 0.9+0.7% higher than 
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N14+He*’ AND O'*+He? 
previous!’ measurements which claimed an accuracy of 
a few tenths percent. The above results reassure us that 
our measurements are free of large undetected system- 
atic errors. 

For most of the data the largest uncertainty in V is 
statistical, and is indicated by bars or point size. How- 
ever, for the O''(He*,He*)O" data at back angle, correc- 
tion for the previously mentioned low-energy tail on the 
pulse-height spectrum results in a systematic cross 
section uncertainty of about 2%. The O'*(He*,He*) 
data were subject to additional uncertainties because 
of difficulties in resolving the alphas from the reaction 
protons. 

The uncertainty in the number of target nuclei 7 
arises from uncertainties in the manometer oil density p, 
difference in heights of the oil columns /, and target gas 
temperature. The oil density was known to +0.04%. 
The value of / was known to +0.003 cm, leading to an 
error ranging from 0.06% to 0.6% depending on the 
chamber pressure. The absolute temperature of the 
target gas was known to +0.1%. Contamination of the 
target gas from leaks and outgassing of parts was 
negligible. This was checked by taking background 
runs with the gas supply shut off. 
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lic. 5. N“(a,a)N" differential cross sections near the 1.533-Mev 
resonance. Target thickness is <1.9 kev for all curves. The solid 
curves represent the theoretical cross section calculated for /=1 
J=1, 1,=0.060 kev, with the experimental resolution folded in 
Che curves were normalized to the off-resonance cross sections 
This involved decreasing the theoretical cross sections by about 
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Fic. 6. N'4(a,a) N™ differential cross sections near the 1.620-Mev 
resonance. Target thickness is <1.9 kev. The solid curves repre- 
sent the theoretical cross section, calculated for /=1, J=1, 
*,=0.2 kev, with the experimental resolution folded in. The 
curves were normalized to the off-resonance cross sections, in- 
volving a decrease of about 2°% in the theoretical cross sections. 


Electrolytic oxygen was used for the O'*(He*,He*)O'* 
work. The gas was passed through a trap cooled with a 
dry ice-acetone mixture before entering the pressure 
control capillary. A mass spectrometric gas analysis 
showed less than 1% nitrogen and only traces of water 
vapor, COs, etc. in the gas. For the N'(a,a)N! work 
ordinary tank nitrogen was used with a liquid-air cooled 
trap. Arguments®§ based on the size of the N'(a,a)N" 
elastic scattering cross section variation of the observed 
resonances show that these arise from N'™ and not N®. 

The uncertainty in the charge collected by the inte- 
grator was +0.3%. A much more important uncertainty 
at low energies is the average charge of the bombarding 
He’ or alpha particle as it emerges from the collector 
cup foil. The average charge on emergence from the 
collector cup foil was obtained from data in the review 
article by Allison." 

For the N'(a,a)N'* data the systematic cross-section 
uncertainties, where the various contributions are com- 
bined like random errors, are 1.3, 0.8, and 0.6% for 
F,=1.0, 1.6, and 2.5 Mev, respectively. 

The back-angle O'*(He*,He*)O'* data have an addi- 
tional uncertainty of 2% arising from the large back- 
ground subtraction. For the other angles the uncer- 
tainties are 0.9, 0.6, and 0.4% for /-y.8= 1.0, 1.5, and 2.5 
Mev, respectively. 


1S, K. Allison, Revs. Modern Phys. 30, 1137 (1958). 
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Fic. 7. N“(a,e)N" differential cross sections near the 2.165-Mev 
resonance. Target thickness is <1.6 kev. The solid curves repre- 
sent the theoretical cross section, calculated for] =3, J =3, [!=0.2 
kev, with the experimental resolution folded in. The curves were 
normalized to the off-resonance cross sections, involving a decrease 
in theoretical cross section of about 1.5%. 


The energy of the beam incident on the chamber was 
determined by calibrating the electrostatic analyzer by 
means of the Li’(p,m)Be’ threshold, taken as 1.881 
+0.001 Mev. The energy at the center of the chamber 
was obtained by use of stopping power data. A fair 
average for our bombarding energy uncertainty for all 
the data is +2 kev. 


C. Target Thickness and Experimental Resolution 


Effects of experimental resolution are important for 
the N!*(a,a)N!* work where the resonances are narrow. 
The beam energy is spread by the target thickness 
(AE)y, analyzer energy distribution (AE),, energy 
straggling in the target gas (AF).., and Doppler 
broadening from the thermal motion of the target gas 
(AE)p. (These quantities are half-widths.) 

An approximate expression for the target thickness 
(at half-height) is 


2r; 1 dE 
(AE )r= x A-——. 
sinfjan dX 


For all the N'4(a,a)N' work, the target distribution 
function is almost perfectly triangular. The back-angle 
survey was taken with a target pressure of 0.86 cm of oil 
and the target thickness at 2 Mev was 2.9 kev. The 
remainder of the N'*(a,a)N"4 data was taken with target 
pressures of 0.5 to 1.5 cm oil, depending on the scatter- 
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TaBLE I. Factors contributing to experimental resolution for 
N*(a,a)N™ 1.62-Mev resonance data. We assume (AE)ex,* 
= (AF) 42+ (AE)7?+ (AF) p?+ (AE)«,2. All widths are in kev. 
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ing angle. At 1.5 Mev the target thickness ranged from 
1.9 kev at back angle to 1.4 kev at 90°. 

For the O'*(He*,He*)O'® back-angle survey the target 
thickness was 10 kev at 2-Mev incident energy. The 
remainder of the He*® data were taken with a 5.3-kev 
target at 6(lab)=90° for an incident energy of 2.5 Mev. 

The experimental resolution function was calculated 
for the N(a,a)N'* resonances at 1.52, 1.63, and 2.17 
Mev. This function was folded in with the theoretical 
cross sections in an attempt to reproduce our experi- 
mental results. This function was assumed triangular in 
form with a half-width (A£),,,,. All resolution functions 
contributing to (A/:).., were approximated by triangles 
and_half-widths like random errors. 
Energy straggling’ made the largest contribution to the 


were combined 


resolution. The Doppler broadening was small and an 
upper estimate was used for it. Table I shows the factors 
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lic. 8. N“(a.a)N" differential cross sections near the 2.35 
and 2.37-Mevy resonances. Target thicknesses <1.5 kev. 
2. Segré, Experimental Nuclear 


Physics (John Wiley & Sons, 
Inc., New York, 1953), Vol. 1, p. 243. 
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Epr(lab) 
Mev 


1.533+0.003 


I", ( lab) 
kev Mev-cm 


0.060" 3.6 


E> Mev 
excitation 
in F'8 


yx 10-4 
- ?* XX jua h? 


0.09 


5.613 


(For J=1) 


1.620+0.003 


0.2 


0.17 5.681 


(For J=1) 


2.165+0.003 


0.25 7.6 


0.18 6.105 


(For J =3) 


2 


2.353+0.005 


~ 20) ~O0.5 6.251 


(For J =3) 


2.375+0.005 


~2 


9 ~().02 6.269 


* IT, extracted from data depends on J value assumed. (A smaller/larger J would permit a larger,//smaller [). These values are probably accurate to 


~30%. The same remarks apply to 7,2 and to 7)? X4(ua,/h?). 


+ Calculated using 4.421 as the energy difference between N'*+a and the ground state of F!4, 


contributing to the experimental resolution for the 1.62- 
Mev resonance. 
The experimental results are shown in Figs. 4-12. 


IV. ANALYSIS AND DISCUSSION 
A. N"(a,a)N" Data 


The formalism used in the analysis of the data is the 
Wigner-Eisenbud one-level formula for the case of the 
elastic scattering of a spin-zero projectile by a nucleus 
of spin one. The formalism and notation used here is the 
same as that used by Herring,’!* and by Galonsky and 
McEllistrem'™ and is not reproduced here. Only one / 
value is assumed to contribute to a particular compound 
nucleus state. There was no evidence in our work for the 
incorrectness of this assumption which was made mainly 
for the sake of simplicity of analysis. The rapid variation 
of the penetrability at the low energies used here works 
in favor of the assumption. For instance, at £,= 1.53 
Mev, the Wigner limit on reduced width gives (for 
dg=4.8X10~' cm) an observed width [',<0.71 kev for 
/=1. In order to conserve parity, the next / value 
permitted is /=3. However, for /=3, T,<0.016 kev. 
This factor of ~45 in maximum observed widths can 
be said to strongly discriminate against, but not forbid, 
the higher / value. 

The theoretical cross sections obtained by means of 
the above formalism were folded in with the experi- 
mental resolution to obtain the curves shown below in 
Figs. 5-7. The values of T, and resonant energy Er were 
idjusted to give the best fit to the data for the / value 
selected. The / value was determined by the shape of 
the resonances and their behavior at the various angles. 
The theoretical absolute cross sections thus obtained 
were then normalized to the off-resonant experimental 
cross sections. This involved decreasing the theoretical 
cross sections by ~ 2% near 1.53 and 1.62 Mev, and by 

1.5°7, near 2.17 Mev. These decreases are consistent 
with our assigned systematic errors. Hard-sphere phase 

‘LD. F. Herring, Phys. Rev. 112, 1217 (1958). 

*A. Galonsky and M. T. McEllistrem, Phys. Rev. 


1955) 


98, 590 


shifts were not included in the calculation as they are 
very small at these energies. 

The back-angle survey shown in Fig. + shows only the 
2.17-Mev resonance. The later data (Figs. 5-7) in this 
energy region were taken with thinner targets, and are 
discussed below. 

1. Resonance at 1.533 Mev (Fig. 5). The behavior of 
this resonance is well accounted for by an assignment of 
/=1 to the incoming a particles and a laboratory width 
of T,~60 ev, which is 10% of the Wigner limit. The 
solid curves were obtained by assuming J=1 and 
Er=1.533 Mev. Different J values change the peak 
height of the theoretical cross-section curve, but the 
experimental resolution is so large compared to the true 
resonance width that we cannot distinguish between 
J=0, 1, or 2. For J/=0 the data could be fit by a larger 
I,, for J=2 a smaller IT, would suffice. The shape of the 
cross-section curve quite well determines the / value to 
be /=1 even though J cannot be determined. Penetra- 
bility arguments show that we need only consider / 
values up to /=3. 

2. Resonance at 1.620 Mev (Fig. 6). The theoretical fit 
is for =1, J=1, T,=200 ev, Ep=1.620 Mev. This 
value of I’, is 17% of the Wigner limit. Again, /=0 or 
2 are not excluded by the data and imply a larger or 
smaller value of Ty, respectively. We can assume /<3 
since the Wigner limit on the reduced width gives 
[',<26 ev for /=3. However /=0 or 2 gives the wrong 
shape. The fit at ¢.m.= 140°46’ is not good, but not bad 
enough to preclude the assignment of /=1. If the 
resonance were /=3, the theoretical cross-section curve 
would be much flatter at 140°46’, which would be more 
in agreement with the data. However, such behavior 
would imply that the resonance was mainly /=3, and 
such a resonance would look qualitatively like the one 
shown in Fig. 7 and hence would not tit our data. 

3. Resonance at 2.165 Mev (Fig. 7). The assignment 
of /=3 to the a particles forming this resonance gives a 
good fit to the shape of the cross-section curves at all 
angles studied. The solid curves assume /=3, J=3 
Er=2.165 Mev, 200° ev, 
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Fic. 9. O'8(He®,He*)O"* back-angle differential cross section. 


The solid curve is the Rutherford cross section. 


The large scatter of 


the data points at the back angle results from uncertainties in subtraction of a background tail of the elastic peak. 


= 30% of the Wigner limit. Again, by use of a different 
I, one can still fit the data with J=2 or 4. 

4. Resonances at 2.35 and 2.37 Mev. Figure 8 shows 
our data on the 2.35- and 2.37-Mev resonances. These 
data were taken mainly to check Herring’s'® tentative 
assignment of /= 3 for the 2.35-Mev resonance and were 
taken with thinner targets than those used in his work. 
From the behavior at all angles of this resonance an 
assignment of /=3 is indicated, confirming Herring’s 
assignment. This can be seen by comparing the shape 
of the /=3 resonance at 2.165 Mev in Fig. 7 with the 
first resonance in Fig. 8. (The shapes will be very 
similar since the energies are close together.) The 
possibility of /=2, mentioned by Herring, is eliminated 





~ 


_- RUTHERFORD 
CROSS SECTION 


n 


@ 0% (He®, He®) oF 
4 O%(He,a,) 0% 
@(LAB)= 90° 


1 
e 


\ 

\ 
1 
| 
| 
\ 


: 
% 
| 2 
ae 


He®)0” MB/SR 


a 


GZ (cm) O%(He',a,)0° MB/SR 


3 











23 24 
E,g(LAB) MEV 
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taneously at @(lab)=90°. @(lab) of 90 
100°52’ for the elastic scattering 


a)O' data taken simul 
corresponds to 0c.m 


by the back-angle data, since an /=2 resonance would 
be an almost pure dip. Our data on the 2.37-Mev 
resonance are consistent with Herring’s assignments 
of /=0. 

The N'4(a,a)N"™ results are summarized in Table II. 
The positions of the 1.533- and 1.620-Mev levels agree 
well with those found from N'(a,y)F!® work by Price? 
and Phillips.* The assignment of J/=1~ for the 1.525- 
Mev level by Almavist ef al.!® is consistent with our 
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N'4+Het AND O'*+He? DIFI 
assignment of /=1, J=0, 1, or 2. The suggested assign- 
ment'* of J = 1~ for the 1.620-Mev level is also consistent 
with our assignment of /=1, J=0, 1, or 2. The 2.165- 
Mev level was not seen by previous y-ray work, but 
was seen by Hinds and Middleton‘ in the F!*(He*,a) F'® 
reaction. Figure 13 compares levels in F'* found by 
them with levels found in the present work. The levels 
at 5.785 and 6.137 Mev excitation in F'S were not seen 
in our work and hence their [x1 kev. The assignment 
of T=1 to the 2.353-Mev level (6.251-Mev excitation 
in F'8) by Warburton'® is contradicted by our data. 
Since the [, of this level is near the Wigner limit and 
both N'' and the alpha are T=0, only T=0 is permitted 
for the F'8 level if isobaric spin is a useful quantum 
number. 


B. O'6+He? Data 


The back-angle elastic scattering survey is shown in 
Fig. 9. Fig. 10 shows our 90° (lab) data for both elastic 
scattering and the (He*,a) reaction. Figure 11 shows the 
elastic scattering data at 6(c.m.)=90°. The broad reso- 
nance structure in the (He’,a) reaction has been seen 
earlier by Bromley ef al.!7 In view of the previously 
mentioned background difficulties for the back-angle 
elastic He*® data no theoretical fit was made; however, 
the smallness of the excursions from Rutherford is not 
unreasonable. We see evidence of the start of another 
resonance where the cross section begins to rise above 
2.9 Mev. 

Bromley ef al. have interpreted the resonance struc- 
ture in the O'®(He*,He*)O” ground-state alphas as 
arising from interference between two levels in Ne!® of 
the same parity. Our elastic He* data show destructive 
interference with Rutherford scattering near @(c.m.) 

-90° (Figs. 10-12). Therefore an even /-value assign- 
ment is required for the He’® particles forming the com- 
pound states in Ne'’, and hence the parity of this two- 
level combination is even. 

The Wigner-Eisenbud one-level formula for the case 
of the scattering of particles of spin 3 by target nuclei of 
spin 0 was used to interpret our data and compare them 
with Bromley’s. The formalism and noiation is the same 
as that used by Olness ef al.8 and is not reproduced here. 
For an interaction radius we took 1.45(16!+ 33) x 10-8 
cm=5.73X10-* cm. 

The solid curve in Fig. 10 shows the theoretical cross 
section calculated for a single level with /=0, J=}*, 
l,=300 kev, Er=2.36 Mev, and the ratio of elastic 
width to total width [,,/f!=0.11. These later values 
are reasonably close to those of reference 17. Here Er 
is the resonant energy, taken as the energy for which the 
resonant phase shift is 90°. Erg=E,+A), where Ay, is 

16 E. K. Warburton, Phys. Rev. 113, 595 (1959). 


‘7D, A. Bromley, J. A. Kuehner, and F. Almqvist, Nuclear 
Phys. 13, 1 (1959). 


18 J. W. Olness, W. Haeberli, and H. W. Lewis, Phys. Rev. 112, 
1705 (1958). 
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He*)O'* angular dis- 
tributions at Exe3 
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2.373 Mev. The ratio 
of differential cross 
section to the 
Rutherford cross 
section is plotted. 
The solid curve at 
2.373 Mev repre- 
sents the theoretical 
angular distribution 
calculated for the 
resonant parameters 
J =}*, T,=300 kev, 
Er=2.36 Mev, and 
T,./F,=0.11. 
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the level shift defined in reference 18. The level shift A, 
and IT’, were assumed energy independent. The value 
of A, depends on the / values of all the proton partial 
widths [ widths for the reaction O'*(He*,p) F'§ to various 
states of F!8]. These were unknown, but since )> T, 
~ 170 kev,'’ a rough estimate shows that the level shift 
could be around 100 kev. The other resonance does not 
make a contribution to the curve in Fig. 10 if we take 
Bromley’s value of T,./T,=0.01 since the resonant 
scattering amplitude is multiplied by T',./T'. The fit of 
the theoretical curve in Fig. 10 to the data is satisfactory 
in view of our neglect of the energy variation of T,, Ay, 
and effects arising from higher resonances. The angular 
distribution at 2.373 Mev in Fig. 12 was calculated 
assuming the above values for the broad resonance. The 
narrow resonance would not be expected to show up in 
the angular distribution. We see no evidence in our 
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Fic. 13. Compari- 
son of the levels 
found by Hinds and 
Middleton (the 
cross-hatching repre- 
sents their quoted 
uncertainties) from 
the F!9(He?,a) F! re- 
action with those 
found from our 
N**+<a elastic scat- 
tering data. 


(Eq=2.370) 6.264 
(Eq=2.351) 6249 


(Eq *2.165) 6105 


EXCITATION ENERGY IN F'8 


(Eq*!.620) 5.68! 
(Eq *1.525) 5.607 
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Pasce ILI. Summary, O'*+ He?* 


Tre r,° 
Excitation® I,(c.m.) Elastic He* proton 
in Ne’? kev) width +y,2x10~" widths 
(Mev) Total width (kev) (Mev-cm) y.2X jua/h? i 7 (kev) 


10.405 : 33 10 0.233 
10.457 , 0.45> 0.8» 0.019% 


taken at 8.419 Mev in Ne". 
rere not deter i from our data, but are from Bromley ¢ al., reference 17 
miley et al., reference 17. 


elastic scattering data for the existence of the narrow _ peak is attributed to interference from higher levels. In 
2.42-Mev level.!7 order to make the angular distribution fit the data 

The magnitude of the dip in the angular distribution —_ better at back angles (i.e., to make o/or at 180° ~ 1.04) 
data at 2.373 Mev determines the value of [,,./f, for we would require a large change (around 10°) in the 
the broad resonance to be 0.11. [This value is also resonance phase shift. This would ruin the fit to the 
necessary for a fit to the excitation function at @(c.m.) excitation function as it would require a downward 
= 100°52’ (Fig. 10)..] The peak which would be expected change of about 40 kev in the resonant energy. We can 
at @(c.m.)~60° (Fig. 12) is not present in our data. conclude that the experimental points are high from 
Such a peak must occur very near this angle and with _ either background effects or effects of higher resonances. 
very nearly the magnitude shown on the theoretical The results of the O'*+He* work are summarized in 
curve for a pure S-wave resonance. The absence of this Table III. 
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Alpha Particles and Protons Emitted in the Bombardment of Au'’’ and Bi*’® 
by C”, N™, and O’° Projectiles*? 


HarOoLp C. Britrt AND ARTHUR R. QuiINTON 
Yale University, New Haven, Connecticut 
(Received June 12, 1961) 


Angular distributions, energy spectra, and absolute cross sec 
tions have been measured for alpha particles emitted in the bom- 
bardment of Au’? and Bi®* by C#, N'™, and O'* projectiles at 
bombarding energies of 10.5 Mev/nucleon and for the C+Bi 
reaction at reduced energies of 8.7 and 7.1 Mev/nucleon. Angular 
distributions and absolute cross sections have also been measured 
for protons from the C+Bi and O+Bi reactions at bombarding 
energies of 10.5 Mev/nucleon. It was found that, from the angular 
distributions and energy spectra, it was possible to separate the 
contributions from direct and evaporation processes. The direct 
alpha particle results suggest that the principal direct process 


INTRODUCTION 

HEN heavy nuclei are bombarded by heavy ions, 

the nuclear reactions that are induced are of 
two general types. First, there are the compound-system 
processes which include fission and the evaporation of 
light particles. Competing with these compound-system 
processes are various direct processes. In these heavy- 
ion reactions, the major direct processes involve the 
breakup of the incident projectile and/or the transfer 
of one or more nucleons between the projectile and the 
target nucleus. 

In previous papers!” the results of an investigation 
of heavy-ion-induced fission reactions have been re- 
ported. Similar measurements have also been made by 
Gordon ef al.’ These results showed that for target 
nuclei in the region of gold the fission cross sections were 
significantly less than the estimated total reaction cross 
sections. At bombarding energies of 10.5 Mev/nucleon 
these results were consistent with the hypothesis that 
the cross section that is not taken up by fission went 
into direct projectile breakup type reactions. This was 
consistent with the large cross sections that have been 
obtained for the emission of heavy direct particles 
(Z>2) in the O+Al ‘4 and O+<Au ® reactions. Meas- 
urements on the evaporation of alpha particles in the 
()+ Au reaction’ have also indicated a large probability 

* This work was supported by the U. S. 
Commission. 

+ Part of a dissertation presented by Harold C. Britt in partial 
fulfillment of the requirements for the Ph.D. degree of Yale 
University. 

t Sterling Predoctoral Fellow; now at Los 
Laboratory, Les Alamos, New Mexico. 

'H. C. Britt and A. R. Quinton, Phys. Rev. 120, 1768 (1960). 

>A. R. Quinton, H. C. Britt, W. J. Knox, and C. E. Anderson, 
Nuclear Phys. 17, 74 (1960) 

§G. E. Gordon, A. E. Larsh, T. 
Phys. Rev. 120, 1341 (1960). 

4(, E. Anderson, W. J. Knox, A. R. Quinton, and G. R. Bach, 
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involved is the breakup of the incident projectile in an interaction 
with the surface of the target nucleus. At the 10.5 Mev/nucleon 
bombarding energies the cross sections for the emission of direct 
protons and direct alpha particles are found to be about 10% 
and 25-35°(, respectively, of the calculated total reaction cross 
sections. The evaporation cross sections depend strongly on the 
excitation energy available in the compound system. The evapora- 
tion energy spectra can be fitted by an expression of the form 
exp(—E,/T) and the results yield an average level density 


parameter, a=22+2 Mev’, for these reactions. 


for the emission of direct alpha particles which presum- 
ably came from the breakup of the incident projectile. 

Thus, by quantitatively investigating the character- 
istics of alpha-particle and proton emission in these 
heavy-ion-induced reactions, it should be possible to 
obtain information on both the direct and evaporation 
processes. Furthermore, by combining these results 
with the previous results on fission and the emission of 
direct heavy particles, information on the reaction 
mechanisms should become available. 

In this experiment measurements have been made 
on the angular distributions, energy spectra, and abso- 
lute cross sections for the emission of alpha particles 
in the bombardment of gold and bismuth by carbon 
and oxygen projectiles at bombarding energies of 10.5 
Mev/nucleon and for the C+Bi reaction at reduced 
energies of 8.7 and 7.1 Mev/nucleon. Measurements 
have also been made for the N+ Au reaction at a bom- 
barding energy of 10.5 Mev/nucleon. For protons, 
measurements have been made on the angular distribu- 
tions and absolute cross sections for the C+Bi and 
QO+Bi reactions at bombarding energies of 10.5 
Mev/nucleon. These reactions and bombarding en- 
ergies are the same as were used in the previous fission 
experiments.’ 


EXPERIMENTAL PROCEDURE 


This experiment was performed with a detector con- 
sisting of a proportional counter backed by a CsI 
scintillation counter. The proportional counter meas- 
ured the rate of energy loss (dE/dx) of any incoming 
particle while the scintillation counter measured its 
energy (£). This system and the scattering chamber 
which was used have been described in detail elsewhere.*® 
Because of the gamma-ray background in the scintil- 
lation counter it was advantageous to use as small a 


Between Complex Nuclei (John Wiley & Sons, Inc., New York, 
1960), p. 263. 


§C. E. Anderson, A. R. Quinton, W. J. Knox, and R. Long, 
Nuclear Instr. and Methods 7, 1 (1960). 
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CsI crystal as possible. For this reason, most of the 
alpha-particle data were taken using a 1-mm thick 
CsI crystal. This was thick enough to stop the most 
energetic alpha particles but would not stop all of the 
protons. The data on the proton emission from the 
C+Bi and O+Bi reactions were taken using a 7¢-in. 
CsI crystal. 

Energy spectra for the alpha particles and protons 
were obtained by analyzing the E pulses from the scin- 
tillation counter. The particles were identified by gating 
the analyzers with appropriate portions of the dE/dx 
spectrum from the proportional counter. The dE/dx 
pulses were sorted in a four-channel analyzer and the 
outputs of the four channels were used to gate four 
100-channel analyzers which simultaneously analyzed 
the pulses from the £ counter. With appropriate settings 
for the channel widths for the four-channel dE/dx 
analyzer it was possible to obtain a good separation 
between protons, alpha particles, and any heavier mass 
particles. In a typical case the widths could be adjusted 
so that channel No. 1 contained high-energy protons 
separated from noise, channel No. 2 contained high- 
energy alpha particles separated from low-energy pro- 
tons, channel No. 3 contained only alpha particles and 
channel No. 4 contained any heavier mass particles. 
Thus, the proton and alpha-particle pulse-height spectra 
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could be obtained simultaneously, by reconstruction 
from the spectra from the four 100-channel analyzers. 

For the alpha-particle experiments, an energy calibra- 
tion was obtained using a He! beam and observing 
elastically scattered alpha particles. Several calibration 
peints were obtained by reducing the He* beam energy. 
During a run the system was periodically checked for 
drifts by observing the elastically scattered heavy ions 
and by use of a ThC, ThC’ alpha-particle calibration 
source. For the proton experiments the system could be 
calibrated using recoil protons from a polyethylene 
target. 

The beam was monitored by collecting it in a Faraday 
cup which was connected to a current integrator. Abso- 
lute cross sections were determined by normalizing to 
Rutherford scattering at small angles as has been de- 
scribed in the previous paper.! The absolute cross sec- 
tions determined by this method are estimated to be 
accurate to about 10%. 

The targets used were a 2.5-mg/cm® gold foil and 
a 5.8-mg/cm? bismuth foil. The bismuth foil was pre- 
pared using the method that has been previously de- 
scribed for the preparation of thin carbon films.® 
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Fic. 2. The laboratory angular distributions for alpha particles 
emitted in the oxygen and nitrogen induced reactions. Individual 
points are estimated to be accurate to about 10% 


9G, Dearnaley, Rev. Sci. Instr. 31, 197 (1960 





BOMBARDMENT OF Au!9? 





Eig = 126 Mev 
E igh £126 Mev 
E.op 7 105 Mev 
Ejay * 85 Mev 


2° 


meet 


it 


($f), 0°" "Kusction ) 


2 
2 


ew ey 


j 








1 4 i rl 1 1 rn i 1 
o 20° 40° 60° 80° 100" 
Sian 





120° 


Fic. 3. The laboratory angular distributions for direct alpha 
particles emitted in the carbon induced reactions. Characteristic 
error bars are shown at the side. 


RESULTS 
A. Angular Distributions 


Figures 1 and 2 show the angular distributions for 
alpha particles emitted in the carbon-induced reactions 
and the oxygen- and nitrogen-induced reactions, re- 
spectively. These angular distributions show the charac- 
teristics of two different mechanisms which can lead to 
alpha-particle emission. At forward angles do/dQ in- 
creases very rapidly with decreasing angle and is de- 
pendent only on the type and energy of the projectile, 
indicating the presence of some type of direct process. 
However, at far backward angles do/dQ is relatively 
independent of angle, and the values of the cross 
section obtained from the various reactions are depend- 
ent on the excitation energy available in the compound 
system. In this case then, an evaporation-type process 
is the likely mechanism. This division is also suggested 
by the observed energy spectra. At far forward angles, 
the energy spectra are broad with the peaks at energies 
near the energy of an alpha particle moving with the 
velocity of the incident projectile. On the other hand, 
the spectra observed at the far backward angles peak 
near the classical Coulomb barrier for the compound 
system. 

Because of the high excitation energies the angular 
distributions of evaporated alpha particles should be 
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Fic. 4. The laboratory angular distributions for direct alpha 
particles emitted in the oxygen and nitrogen induced reactions. 
Characteristic error bars are shown at the side. 


symmetric about 90° in the center-of-mass system if it 
is assumed that the phases of the levels are distributed 
randomly. Using this it is then possible to separate the 
contributions from these two processes. This was done 
by obtaining the angular distributions for the evapora- 
tion alpha particles from the data taken at far backward 
angles and then subtracting from the observed total 
angular distributions. The resulting angular distribu- 
tions for direct alpha particles are shown in Figs. 3 and 
4. For the 10.5-Mev/nucleon beams, the direct compo- 
nent, (do/dQ)p.1., is found to increase approximately 
exponentially with decreasing angle and to within the 
accuracies of the points the C+Bi and C+ Au reactions 
yield the same results. Also the O+Bi, O+Au, and 
N-+Au results are all the same to within the accuracies 
of the points, but it is interesting to note that the same 
exponential cannot be used to fit both the carbon results 
and the oxygen and nitrogen results. It is also interesting 
that the reduced-energy C+ Bi results follow the same 
exponential at large angles but fall off at small angles; 
the angle at which they join the 10.5-Mev/nucleon 
curve increases with decreasing energy. 

The laboratory angular distribution for protons 
emitted in the C+ Bi and O+ Bi reactions are shown in 
Fig. 5. These results show that the evaporation cross 
sections are greater for protons than for alpha particles 
but that for the direct particles, the reverse is true. 
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Fic. 5. The laboratory angular distributions for alpha particles 
and protons emitted in the C+Bi and O+Bi reactions at bom- 
barding energies of 10.5 Mev/nucleon. Individual pionts are 
estimated to be accurate to about 10°. 


The angular distribution for direct protons is shown in 
Fig. 6. In this case the results from the carbon and 
oxygen reactions can be fitted by the same curve and 
the angular distribution is less sharply peaked forward 
than for the direct alpha particles. 


B. Cross Sections 


From the angular distributions shown above, total 
cross sections were determined for the production of 
alpha particles and protons by the two processes. These 
results are given in Table I. The total evaporation 
cross sections are estimated to be accurate to about 
10%. The total direct cross sections were determined by 
subtracting the estimated evaporation cross sections 
from the total cross sections for the production of alpha 
particles or protons. These cross sections were deter- 
mined in each case from the experimentally observed 
laboratory angular distribution. A large part of the 
uncertainty in the total direct cross sections is due to 
the uncertainty in the extrapolation of the angular 
distribution to 0°. The uncertainties quoted are those 
of the absolute values of the cross sections and since 
the extrapolations of the angular distributions were all 
made in a similar way, the relative accuracies of the 
direct cross sections are probably somewhat better 
than these estimated uncertainties indicate. 
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ANALYSIS AND DISCUSSION 
A. Evaporation Angular Distributions 


The method described above for separating the angu- 
lar distributions for the alpha particles from direct and 
evaporation processes yields the angular distribution 
of direct alpha particles quite satisfactorily. However, 
the angular distributions that are obtained for the 
evaporation alpha particles are not accurate enough to 
yield any additional information on the evaporation 
process. This is essentially because the anisotropies in 
the evaporation angular distributions are small because 
of the relatively small rotational energies involved in 
these reactions. For example, for the 10.5-Mev/ nucleon 
C+Au reaction the observed anisotropy, HW’(180°) 
(90°), in the center-of-mass angular distribution is 
1.20+0.20. From the evaporation theory as presented 
by Ericson” to first order in cos*@, the angular distribu- 
tion should have the form 


W (0)—~1+ (mgR?/ 7) (Exot 


2T\ ost, 


where R, j, and T are the radius, moment of inertia, 
and temperature of the compound nucleus, respectvely, 
and £yo is the rotational energy. Using a rigid-body 
moment of inertia this predicts an anisotropy of 1.09. 
Previous results on the evaporation of protons and alpha 
particles in the O+Ni reaction neutrons from 
various heavy-ion reactions” have yielded anisotropies 
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Fic. 6. The laboratory angular distribution for direct protons 
from the C+Bi and the 0+ Bi reactions at bombarding energies 
of 10.5 Mev/nucleon. 


T. Ericson, Advances in Physics, edited by N. F. Mott 


(Taylor and Francis, Ltd., London, 1960), Vol. 9, p 
Secs. 3 and 4. 

"1 W. J. Knox, A. R. Quinton, and C. E 
120, 2120 (1960). 

” H. W. Broek, Phys. Rev. (to be published 


425; see 


Anderson, Phys. Rev. 





BOMBARDMENT OF Au!8? 
that were somewhat greater than those predicted using 
rigid-body moments of inertia. To be consistent with 
these previous results the anisotropy for the 10.5 
Mev/nucleon C+ Au reaction should be of the order of 
1.3 to 1.4. Thus, because of the large uncertainty, the 
experimental anisotropy is consistent with either the 
previous results or the value predicted using a rigid- 
body moment of inertia. Similar results are obtained 
from all of the other angular distributions of evaporated 
alpha particles and protons. 


B. Evaporation Cross Section 


The cross sections for the evaporation of protons are 
found to be about 50% greater than for the evaporation 
of alpha particles. This is the same as the ratio of 
protons to alpha particles that was observed previously 
for the O+Ni reaction.!' However, the actual cross 
sections are a factor of 20-40 less than those observed 
for the O+Ni reaction. This is to be expected because 
the larger barriers and lower temperatures, for these 
reactions with heavy targets, inhibit charged-particle 
evaporation. 

For the reactions studied the ratio ca,evap/ oe, Which 
is the probability for evaporation alpha-particle emis- 
sion, was found to vary smoothly with the initial 
excitation energy for the compound nucleus as is shown 
in Fig. 7. The abscissa £* is the maximum energy 
available to an alpha particle evaporated from the full 
compound nucleus and was calculated from Cameron’s 
mass tables.'* These results show that the probability 
of alpha-particle emission is strongly dependent on the 
energy available. This indicates that, in 
most cases the alpha particles are emitted early in the 
de-excitation cascade. The fact that the points from the 
carbon- and oxygen-induced reactions fall on the same 
curve gives some indication that the probability of 
alpha-particle emission is not strongly dependent on 
the angular momentum of the compound system. One 
effect that is expected, due to the large angular mo- 
menta, is the lowering of the level density because of 
the energy that must be tied up in collective rotation. 
For these heavy compound nuclei the moments of 


excitation 


TABLE I. The total cross sections for the production of alpha 
particles and protons by direct and evaporation processes for the 
reactions studied. 


E,av Oa, evap Tp, D.1 
Reaction (Mev) (b (b (b 
C+Bi 126 0.073 0.85+0.15 
105 0.030 0.41+0.10 
85 0.015 0.18+0.05 
C+Au 126 0.12 O0.83+0.15 
N+Au 147 0.16 0.56+0.10 
O+Au 168 0.22 0.54+0.10 
O+Bi 168 0.13 0.58+0.10 


0.21+0.06 


0.26+0.09 


8 A.G. W. Cameron, Chalk River Laboratory Report CRP-690, 
AECL-433, December, 1958 (unpublished). 
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Fic. 7. The variation of the ratio of the total experimental 
evaporation alpha-particle cross sections to the estimated total 
reaction cross sections with the maximum energy available to 
an alpha particle evaporated from the initial full compound 
nucleus. The estimated total reaction cross sections are obtained 
from reference 14 


inertia are large, so that the energy tied up in rotation 
becomes relatively small. In the 10.5 Mev/nucleon 
C+Au and O+Au reactions the average rotational 
energies are 6.6 and 11.5 Mev, respectively, if rigid- 
body moments of inertia are used and the average 
angular-momentum is taken from Thomas’ calcula- 


tions."* Actually, the average rotational energy may 


even be somewhat lower than this since the large 
probability of direct interactions should decrease the 
probability of forming compound nuclei in the grazing 
collisions which lead to the highest angular momentum 
states. This angular momentum effect which amounts to 
the lowering of the excitation energy by an amount 
equal to the average rotational energy would not be 
seen in the results presented in Fig. 7 because of the 
uncertainties in the evaporation cross sections. Another 
angular momentum effect that might be expected to 
show up in these results is an increase in the alpha- 
particle emission probability because of a lowering 
of the Coulomb barrier due to a distortion of the com- 
pound nucleus in the high angular momentum states. 
However, these results indicate that this effect must 
also be relatively small. 


C. Evaporation Energy Spectra 


Because of the large moments of inertia and the high 
excitation energies for the compound nuclei formed in 
these reactions, the etiect of the large angular momenta 
on the cross sections and angular distributions of the 
evaporated alpha particles was found to be small. 
Similarly, the effect of the large angular momentum 
on the shape of the energy spectra is also small and can 


4 T, D. Thomas, Phys. Rev. 116, 703 (1959), 
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essentially be neglected. This neglect of the angular 
momentum can be justified for two reasons. First, as 
is seen from the angular distributions, the alpha particles 
are emitted approximately isotropically, so that, on 
the average, the angular momentum of the compound 
nucleus is about the same after the emission as it was 
before. Secondly, since the excitation energies are much 
greater than the spread in energy across the emitted 
alpha-particle energy spectrum, to a good approxima- 
tion the temperatures of all the compound nuclei left 
after the evaporation are the same. By use of these two 
approximations the expressions” for the level density 
of a compound nucleus with angular momentum reduce 
to the form" for the level density of a compound nucleus 
with zero angular momentum. 

Therefore, if the angular momentum is neglected, 
from the simple evaporation theory” the energy dis- 
tribution of the evaporation alpha particles can be 
written as 


N(E) « Eo.(E)w(E,*—E), (1) 


where E is the energy of the emitted particle, F,* is 
the maximum energy available to the emitted alpha 
particle, ¢.(£) is the inverse cross section for the ab- 
sorption of an alpha particle of energy E by the residual 
nucleus in an excited state of energy £,*—£, and 
w(E,*—£) is the level density in the residual nucleus. 
For a Fermi gas model of the nucleus the level density 
can be written as 


exp[ 2(aE*)!] 
ee (2) 
#54 


Because of the exponential, for these large excitation 

energies the energy dependence in the denominator 

can be neglected, yielding the familiar expression, 
w(E*) « exp[2(aké*)! ]. (3) 


For these reactions E,* is much larger than the spread 


in energy across the spectrum of emitted particles. 
The emitted alpha particles have energies that are 
close to the Coulomb barrier energy so that 


E,*— Be>E— Ba, ( }) 


where B, is the Coulomb barrier energy for an alpha 
particle entering the residual nucleus. Because of this 
the level density expression can be approximated by 
expanding the argument of the exponential in a Taylor 
series about (E,*—B,) and keeping only the first-order 
term. If this is done Eq. (1) becomes 

N(E) « Eo (E)e*'T, (5) 
where 

T=((£.*—B,)/a}! (6) 
is the temperature of the residual] nucleus. The Fermi 
gas model also predicts that the level density parameter 
a should be of the form 
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Fic. 8. The experimental center-of-mass energy spectra for 
evaporation alpha particles from the O+ Bi and C+<Au reactions 
at laboratory bombarding energies of 10.5 Mev/nucleon. 


where ¢ is a constant. A survey of previous evaporation 
experiments indicates that e« should be about 10 
Mev+ 20%.” 

For several reasons it should be expected that the 
results obtained in these heavy-ion reactions would fit 
the predictions of the simple evaporation theory, based 
on a Fermi gas model of the nucleus. First the excitation 
energies involved are large so that the Fermi gas model 
should be appropriate. The strong dependence of the 
evaporation probability on the excitation energy should 
insure that most of the observed evaporation alpha 
particles come from compound nuclei with excitations 
near the maximum or, in other words, that the evapora- 
tion alpha particles are emitted very early in the de- 
excitation cascade. Also, the results presented above 
indicate that because of the heavy targets, any angular 
momentum effects should be small. Because of the high 
excitation energies and heavy targets, any shell effects 
should also be small so that the results obtained from 
the different reactions should be comparable, even 
though slightly different compound nuclei are involved. 

Thus, the average temperatures of the residual com- 
pound nuclei can be obtained from the observed energy 
spectra for the evaporated alpha particles if the inverse 
cross sections are known. The inverse cross sections 
that were used in the analysis of the results were the 
total reaction cross sections for alpha particles that have 
been calculated by Igo,'® using an optical model poten- 


1° G. Igo, Phys. Rev. 115, 1665 (1959). 
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tial that was determined from an analysis of alpha- 
particle elastic scattering data. For the reactions studied 
here the Coulomb barriers that are predicted by Igo, 
using this potential, agree with the peak energies for the 
observed center-of-mass energy spectra to the accuracy 
with which the peaks could be determined. The experi- 
mental center-of-mass energy spectra for the evapora- 
tion alpha particles from the C-++Au and O+Bi reac- 
tions are shown in Fig. 8. The alpha-particle Coulomb 
barriers predicted by the optical mode] calculations are 
20.7 and 21.9 Mev for the C+Au and O+ Bi reactions, 
respectively. 

The temperatures of the residual nuclei were de- 
termined for each reaction from the data taken at angles 
that were far enough back so that there was no signifi- 
cant contribution to the energy spectra from the direct 
alpha particles. This was done by analyzing only the 
energy spectra taken in the region where the laboratory 
angular distributions showed da /dQ to be approximately 
constant. For each reaction, laboratory energy spectra 
were measured for several laboratory angles in this 
region. These spectra were each transformed to the 
center-of-mass system. Then for each spectrum 
\(E)/Eo.(£) was plotted versus /£ on a semilog scale 
using for .\(£) the experimental points of the energy 
spectra. Then for each reaction the average temperature 
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Fic. 9. The temperature plots obtained from the center-of-mass 
evaporation alpha-particle energy spectra for various reactions 
at bombarding energies of 10.5 Mev/nucleon. The data taken at 
various angles have been normalized so as to appear on a single 
plot for a given reaction. 
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Fic. 10. The variation of the temperatures obtained from the 
evaporation alpha-particle energy spectra for the various reac- 
tions studied. The quantity £,* is the maximum energy available 
to an alpha particle evaporated from the initial full compound 
nucleus. B, is the Coulomb barrier for alpha-particle emission from 
the initial full compound nucleus. 


of the residual nucleus was determined from the best 
straight-line fit to the semilog plot for the data from all 
the appropriate angles. Some examples of these plots 
are shown in Fig. 9. In Fig. 9 the data taken at different 
angles have been normalized so that each reaction ap- 
pears as a single plot. From these results it is seen that 
the shape of the center-of-mass evaporation energy 
spectrum is independent of angle as is expected from 
the evaporation theory. It can be seen from these 
results that the shapes of the evaporation energy spectra 
show the predicted exp(— //T) dependence. 

Figure 10 shows a plot of the experimental tempera- 
tures versus (£,*—B,)!. Within the accuracies of the 
points these results can be fitted by the expression given 
in Eq. (6). These results give a value for the average 
level density parameter, a, of 224-2 Mev or for a of 
the form a=A/e a value for « of 9.54+1 Mev. This 
value for € agrees well with previous experiments which 
have indicated that ¢« should be about 10 Mev+20%."” 

For the O+Au reaction, the temperature that was 
obtained was 2.15+0.2 Mev. This agrees quite well 
with the value of 2.00.3 Mev that was estimated for 
the initial temperature from the energy spectra of 
neutrons emitted from this reaction.” 


D. Direct Alpha-Particle Energy Spectra 


Experimental energy spectra for the direct alpha 
particles were determined by subtracting the contribu- 
tions due to the evaporation alpha particles from the 
observed spectra. The evaporation alpha-particle en- 
ergy spectra were determined from the data taken at 
far backward angles, as has been described previously. 
The direct alpha-particle spectra were found to be very 
broad and peaked at energies which were, in general, 
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Fic. 11. The center-of-mass energy spectrum for direct alpha 
particles from the C+ Au reaction at a c.m. angle of 43° for a 
bombarding energy of 10.5 Mev/nucleon. The solid curve is the 
calculated energy spectrum described in the text. The error bars 
shown are typical. 


below the energy of an alpha particle that is traveling 
at the beam velocity. An example of the direct alpha- 
particle energy spectra is shown in Fig. 11. The peaks 
of the energy spectra were found to increase in energy 
with decreasing angle, and at small angles the peak 
energy approached the energy of an alpha particle that 
is emitted with the beam velocity. For example, for 
the full-energy C+ Au reaction the velocity of an inci- 
dent C” nucleus was 10 Mev/nucleon in the center-of- 
mass system and the peaks of the direct alpha-particle 
energy spectra were found to decrease from 9.3 Mev/ 
nucleon to 7.0 the center-of-mass 
angle increased from 33° to 64°. 

From these energy spectra and also from the angular 
distributions, which were found to be independent of 
the target but dependent on the type and velocity of the 
projectile, it appears that the major process involved 
in the emission of the direct alpha particles is the 
breakup of the incident projectile. If the alpha particles 
come from the projectile it is possible to consider the 
velocity spectrum of the outgoing alpha particles as 
arising from a vector addition of a velocity v to the 
velocity V of the incident projectile, yielding a result- 
ant velocity V’ for the outgoing alpha particle. If there 
is no strong interaction between the alpha particle and 
the target nuclei, then one might expect that the alpha 
particles should be distributed approximately isotropi- 
cally in the rest system of the projectile. For a given 

v|, if »/V is small, this corresponds to the alpha par- 
ticles being emitted with approximately constant proba- 
bility throughout a cone about the incident projectile 
direction. Then for a given distribution for the magni- 
tudes of v, one can predict the energy spectrum of the 
outgoing alpha particles. Since the observed energy 
spectra were found to peak somewhat below the energy 
of an alpha particle with the beam velocity, this model 
would give an approximately correct description of 
the process if this lowering of the peak energy is due to 
an inelastic energy loss by the projectile before it breaks 


Mev/nucleon as 
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up. Then the decrease in peak energy with increasing 
angle would indicate that the average energy loss in 
inelastic processes increases with decreasing impact 
parameter, which is not unreasonable. 

For a given vv it is easily shown that the resulting 
energy spectrum for the outgoing alpha particle is 
rectangular in shape and extends between maximum 
and minimum energies which are dependent on the ratio 
7/V. Using this it is then possible to predict the energy 
distribution of the outgoing alpha particles for any given 
distribution, P(v), for the magnitudes of the velocity 
v of the alpha particle in the system of the projectile. 

Using the above development, attempts were made to 
fit the observed energy spectra for the direct alpha 
particles from the C+ Au reaction using several differ- 
ent types of velocity distributions P(v). These velocity 
distributions were of the form 1/2, exp(—1?/2°), 
vexp(—v/t), and v exp(—t?/x*). In order to fit the 
observed spectra, it was necessary to take for the inci- 
dent projectile velocity V the velocity of an alpha 
particle at the peak of the observed energy spectrum. 
Since this velocity is somewhat below the incident beam 
velocity of 10 Mev/ nucleon, this procedure is essen- 
tially equivalent to assuming that the projectile loses 
some energy inelastically before breaking up as was 
pointed out previously. It was found that the best 
fit was obtained for a velocity distribution of the form 

P(v) «  exp(—v?/1"). 
For this distribution the agreement between the calcu- 
lated and the observed energy spectra was very good, 


as is shown for one case in Fig. 11. It was necessary to 
use different values for the projectile velocity V for 
the spectra taken at different angles because of the shift 
of the peak of the spectra with angle. However, it was 
found that within the experimental accuracies all of 
the spectra from the C+Au reaction could be fitted 


using the same value for v7. For the C+Au spectra 
the value of 1%? needed was about 0.25 Mev/nucleon. 
If P(v) is interpreted as the velocity distribution of 
alpha particles inside the carbon nucleus, then this 
would indicate that the average energy of an alpha 
particle in a carbon nucleus is about 1 Mev. However, it 
probably should not be expected that the P(v) distri- 
bution obtained really quantitatively corresponds to the 
distribution of velocities for an alpha particle inside the 
projectile since the breakup appears to be caused by a 
nuclear interaction. Because of this, the observed P(v) 
distribution probably results from combining the ve- 
locity distribution for alpha particles inside the pro- 
jectile with some external velocity distribution charac- 
teristic of the breakup process. Therefore, not much can 
be learned from this one value for 2 2, but it might be 
possible to obtain some information on the breakup 
process from the trend in the values of 2%? needed to 
fit the energy spectra of protons, alpha particles, and 
heavier particles from these breakup reactions, and 
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also from the dependence of 2,” on the type of projectile. 
Unfortunately, there were not enough data taken in 
this experiment to study the dependence of 2? on the 
type of particle emitted or the type of projectile in- 
volved in the breakup. It is, however, impressive that 
the energy spectra of the alpha particles emitted in 
these direct reactions can be fitted by these simple 
considerations using reasonable parameters. These re- 
sults rather conclusively indicate that the direct alpha 
particles are coming from the projectile. 


E. Direct Alpha-Particle Angular Distributions 


For an alpha particle liberated by projectile breakup, 
if its energy when traveling at the beam velocity is 
much greater than its binding energy in the projectile, 
and if it does not interact strongly with the target 
nucleus, then one might expect it would continue ap- 
proximately on the Rutherford trajectory of the in- 
coming projectile. If the alpha particles do follow the 
original Rutherford trajectories then it is possible to 
correlate the angle of observation with a distance of 
closest approach, fmin, for the nuclear collision from 
the following relationship: 


Tmin= (Z22€7/2Es.m \[esc(0/2)+1], 


where Z and g are the charges on the target and pro- 
jectile, E..., is the center-of-mass energy of the pro- 
jectile, and @ is the center-of-mass scattering angle. 

By use of the above expression it is then possible to 
transform the angular distributions to the form 
do/fimindfmin VETSUS Tmine This quantity do/fmindtmin 
can be thought of as a measure of the probability of 
breakup at a given distance of closest approach. In 
this form the angular distributions should be approxi- 
mately independent of the energy of the projectile. 
This type of analysis has been previously used in the 
analysis of the angular distributions obtained in heavy- 
ion experiments involving the transfer of a single nucleon 
between the projectile and the target nucleus.'®:'? For 
these single-nucleon transfer experiments this simple 
model is probably much more quantitatively appli- 
cable than for the emission of direct alpha particles, 
since the nuclear interaction involved is not as violent. 

By use of the above relationships the experimental 
angular distributions, which were shown in Figs. 3 
and 4, for the direct alpha particles were transformed 
to the form do/fyindfmin VETSUS Pin. These results are 
shown in Fig. 12. For the carbon-induced reactions this 


distribution peaks at about 12f which corresponds very 
closely to the sum of the radii for the projectile and the 
target nucleus if a radius parameter ro=1.5f is used. 
\lso within the experimental accuracies the results for 
the C+Bi reaction at the three bombarding energies 
used can all be fitted by the same curve apart from a 
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Fic. 12. The variation of the probability for the production of 
direct alpha particles with the classical distance of closest ap 
proach for the collision. The horizontal error bars represent the 
angular acceptance of the counter used in these experiments. 


cross-section normalization factor. The facts that the 
results show the probability of emission to be greatest 
for a grazing collision and that the variation with frimin 
is independent of the bombarding energy indicate the 
qualitative applicability of this simple model to this 
From the results shown in Fig. 12 it can be 
seen that the probability distribution for the oxygen- 


process. 


and nitrogen-induced reactions has a slightly different 
shape than for the carbon-induced reactions and peaks 
at about 10f. The significance, if any, of the peak being 
at a smaller value of r,,in for the oxygen and nitrogen 
reactions is not clear. This dif.erence might be related 
to the fact that for the carbon reactions it is possible 
that some of the alpha particles observed may come 
from the emission of Be’ and its subsequent breakup 
into two alpha particles. This process might be expected 
to enhance the probability of alpha particles coming 
from collisions at larger impact parameters. This dif- 
ference in peak positions could also indicate that it is 
more difficult to break off an alpha particle from an 
oxygen or nitrogen projectile than from a carbon 
projec tile. 

The distributions shown in Fig. 12 are much broader 
than those which are obtained in the single-nucleon 
transfer experiments.'®!7 However, because of the ne- 
glect of the effects of the breakup process and the inter- 
action of the alpha particle with the target nucleus on 
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the trajectory of the emitted alpha particle, it is prob- 
ably not possible to attach much physical significance 
to the detailed shape of the do/r,,indrmin distributions. 
It is more reasonable to consider this type of analysis 
as a method for taking the gross Coulomb orbit effects 
out of the angular distributions. Then, from the varia- 
tion of the do/rmindfmin distributions with the type of 
projectile and the type of particle emitted, one might 
hope to obtain some information on the characteristics 
of the breakup process. It should be remembered that 
this approach, in the simple form used here, is only 
applicable for the case where the projectile and the out- 
going direct particle have the same values for Z/M. 


F. Direct Alpha-Particle Cross Sections 

The cross sections obtained for direct alpha-particle 
and proton emission have been listed previously in 
Table I. The large magnitudes of the cross sections ob- 
served indicate that the projectile breakup process in- 
volves predominantly a nuclear interaction rather than 
being a Coulomb breakup process. Calculations by 
Hansteen'* on the cross sections expected for the 
Coulomb breakup of C™ projectiles indicate that for 
these reactions and energies the cross sections should 
be of the order of a few millibarns, but the observed 
cross sections are of the order of hundreds of millibarns. 
The fact that the cross sections for the production of 
direct alpha particles are much greater than for the 
production of direct protons for the carbon- and oxygen- 
induced reactions probably just reflects the alpha- 
particle structure of carbon and oxygen. If this is true 
then one might expect to observe more direct protons 
from a nitrogen-induced reaction. Unfortunately, at 
present no data are available on protons from a nitrogen 
reaction. 

If an alpha particle is removed from a C” nucleus 
leaving a Be* nucleus it might be expected that two 
more alpha particles would be observed from the decay 
of the Be® nucleus. However, if the breakup of the C” 
nucleus occurs as a result of a close nuclear collision it 
is also possible for the Be* nucleus to be absorbed by the 
target nucleus, and as a result for only one alpha particle 
to be observed. Thus, the fact that the measured direct 
alpha-particle cross sections are about 50% greater for 
the carbon reactions than for the oxygen and nitrogen 
reactions could be due to more than one alpha particle 
being emitted in some of the C” breakups and/or the 
probability of the breakup being different for C than 
for O* and N*™. 

For the C+Bi reactions the direct alpha-particle 
cross sections are found to increase rapidly with increas- 
ing bombarding energy. For the three energies studied, 
the dependence of the cross section on the bombarding 
energy is the same as that predicted by Kaufman and 
Wolfgang" from their grazing contact model for multi- 
nucleon transfer reactions. 


‘8 J. M. Hansteen, Nuclear Phys. 19, 309 (1960). 
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There seems to be no correlation between the direct 
alpha cross sections and either the binding energy of an 
alpha particle in the projectile or the Q value for the 
(heavy ion, alpha particle) reactions. The cross sections 
which have been obtained by Kaufman and Wolfgang!’ 
for the multinucleon transfer reactions also do not show 
a correlation with the Q values for the reactions 
involved. 

CONCLUSION 


From these results and the previous fission results! 
it is possible to begin to understand some of the general 
characteristics of the reactions between heavy ions and 
heavy nuclei. For the reactions studied it is found that 
the major competing processes are fission, the evapora- 
tion of neutrons, and a direct process involving the 
breakup of the incident projectile. Because of the large 
Coulomb barriers it is found that the probability of 
evaporating charged particles is small. 

These processes can be classified into the two general 
categories of compound system and direct processes. 
It appears that the competition between these two types 
of processes is dependent primarily on the impact 
parameters involved in the collisions. For small impact 
parameters it appears that a full compound nucleus is 
usually formed by the complete amalgamation of the 
projectile and the target nucleus. Then the subsequent 
de-excitation of this compound nucleus can be satis- 
factorily described in terms of the statistical compound 
nucleus theories. On the other hand, the direct pro- 
jectile breakup reactions occur in interactions between 
the projectile and the surface of the target nucleus and, 
thus, involve the larger impact parameters. These reac- 
tions would then leave residual nuclei that are excited 
to energies considerably below the excitations involved 
in the full compound nucleus reactions. 

The probability of evaporating alpha particles is 
found to increase rapidly with the excitation energy 
available in the compound system, so that it is reason- 
able to assume that the alpha particles are emitted from 
the full compound nucleus at the beginning of the de- 
excitation cascade. The evaporation alpha-particle en- 
ergy spectra agree well with the predictions of the sta- 
tistical evaporation theory based on a Fermi gas model 
of the nucleus. The temperatures which are obtained 
give a reasonable value for the average level density 
parameter for these compound nuclei and the tempera- 
ture for the O+Au reaction agrees well with the value 
previously obtaihed from neutron measurements.” Be- 
cause of the high excitation energies and the large mo- 
ments of inertia for the compound nuclei it is found that 
the effect of the large angular momenta involved in these 
reactions on the evaporation angular distributions and 
the emission probabilities is small. 

These results indicate that the major process in- 
volved in the emission of direct alpha particles is the 
breakup of the incident projectile. It is possible to fit 
the energy spectra by assuming that the alpha particles 
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come from the incident projectiles and receive a small 
additional velocity component as a result of the breakup. 
An analysis of the angular distributions, assuming that 
the alpha particles follow the classical Coulomb orbits 
of the incoming projectiles, yields reasonable results 
and indicates that the direct alpha particles come 
primarily from the breakup of the incident projectile 
in a grazing collision with the target nucleus. The cross 
sections for the production of these direct alpha particles 
are found to increase rapidly with the bombarding en- 
ergy and to be of the order of 25% to 35% of the esti- 
mated total reaction cross sections for the 10.5 Mev 

nucleon bombarding energies. 

The cross sections which have been obtained in this 
experiment and the previous fission experiment! exhibit 
several interesting properties. For the 10.5 Mev/nucleon 
bombarding energies it is found that to within the esti- 
mated accuracies the sum of the fission and the direct 
alpha-particle cross sections is equal to the estimated 
total reaction cross sections.'* This then supports the 
previous conclusion! that for these energies the cross 
section not leading to fission is taken up by direct 
reactions. However, for the reduced-energy C+ Bi reac- 
tions this sum is significantly less than the estimated 
total reaction cross section which gives some indication 
that here the probability of de-exciting the full com- 
pound nucleus by particle evaporation without fission 
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occurring becomes appreciable. For the O+ Au reaction 
where results are available® on the cross section for the 
emission of heavy direct particles it is found that this 
cross section is the same as the cross section for the emis- 
sion of direct alpha particles to within the estimated 
uncertainties. For this case the sum of the fission and 
the total direct cross sections is 2.9+0.3 b as compared 


to 2.3,b for the estimated total reaction cross section. 
This may indicate either that more than one particle 
is emitted in a typical breakup or that the residual 
compound nuclei left after the emission of a direct alpha 
particle have a large probability of fissioning. It is found, 
for the carbon- and oxygen-induced reactions, that the 
cross sections for the production of direct alpha particles 
are much greater than for the production of direct pro- 
tons, which probably just reflects the alpha particle 
structure of carbon and oxygen. However, for the 
evaporation particles the cross sections are about 50% 
greater for protons than for alpha particles. 
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Stability of Nuclear Octupole Deformation 


ILA Dutr AND PARESH MUKHERJEE 
Saha Institute of Nuclear Physics, Calcutta, India 
(Received June 19, 1961) 


The effect of octupole deformation on the single-particle energy levels of Nilsson has been investigated 
by an exact diagonalization method, and the total single-particle energies for a number of rare-earth and 
actinide nuclei are calculated. It has been found that while in the rare-earth region a stable octupole de 
formation is possible energetically, the favored shape for the actinide nuclei is the familiar prolate spheroid 


HE possibility of an octupole type of nuclear 

deformation was suggested by the systematic 
occurrence of odd-parity rotational] levels in even nuclei 
in the neighborhood of radium.' Strutinski? pointed out 
that the mixing of single-nucleon states of opposite 
parity in a pear-shaped nucleus tends to stabilize such 
a deformation. One way of examining the stability of 
octupole deformation of a particular nucleus is to 
calculate the single-particle energies in a model potential 
whose equipotential surfaces run parallel to the nuclear 
surface, and to add the single-particle energies for the 
particular configuration. One of course assumes that 
the total energy is first minimized for the spheroidal 
potential, in the manner used by Mottelson and 
Nilsson.* The validity of this method has been discussed 
recently by Lee and Inglis.‘ Although the neglect of 
residual two-particle interactions is not by any means 
justified in such calculations, it is hoped that the 
essential conclusion will remain unaffected even after 
such detailed calculations. Lee and Inglis® calculated 
the single-particle energies in a pear-shaped potential 
superimposed on a spheroidal harmonic oscillator 
potential. The total energy for a pear-shaped nucleus 
was found to be slightly greater than that of a spheroidal 


thus This calculation 
improved by us® by introducing I-s and F terms into 
the Hamiltonian, that the 


octupole shape is not favored energetically in the radium 


one, making it unstable. was 


and it was seen stable 
region. 

In both these works the additional energy due to 
the 


order perturbation method. In our work we used 


octupole deformation was calculated by second 


Nilsson’s wave function for the perturbation calcu- 
lations and neglected the effect of V2 mixing. Thus, 
the above-mentioned works cannot claim a great deal 
of accuracy and the problem of the stability of the 
octupole type of deformation has still remained open. 
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The recent discovery’ of E3:Coulomb excitation of 
the 3— state in Th®” by O'* nuclei indicates further 
the possibility of such octupole deformations. The need 
for an accurate calculation is thus essential, and here 
we shall present the result of the exact diagonalization 
of the single-particle Hamiltonian in 
potential. 


a pear-shaped 
The Hamiltonian we have used is‘ 
H vear= — hwy (V?—r*) 
+ Xtigr?{ [— $ (4/5) 'q+ 
x9: 3 1407) !asV 10( Ay eo V a0( Ge) 


+ (a a2) V 2I-s 


5/649) (a;7a2/X) | 


o(Ay) |- uP}, (1) 
where the parameters uw and X are taken from Nilsson.! 
In diagonalizing (1) we have chosen the following 


representation : 


V// \) 


where | Vil,s.) are the eigenkets corresponding to the 
spherical limit (a.=4;=0). 

The Hamiltonian (1) is solved for a 0.62, which 
roughly corresponds to most of the stable spheroidal 
deformations of the nuclei under consideration, and for 
different values of a; ranging from 0 to 0.1. In Eq. (2) 
the summation over .\, the principal quantum number, 
includes states up to .V=6, which is sufficient for most 
of the nuclei under review. The highest order matrix is 
then 28X28 for } 7: These matrices are diagonalized 
by the URAL electronic the Indian 


Statistical Institute, Calcutta. 


computer of 


An examination of the eigenvalues shows that in the 
region Z (or .V) 
levels are depressed in energy as a; is increased. For 
Z (or N)>90, there are only eight such levels. So in 
the rare earth region both the proton and neutron core 
of the nucleus may show stability towards octupole 
deformation. In the actinide region, although the proton 
core may show such stability, the outer neutron core 
will have a tendency to make the pear shape unstable. 
The total single-particle energies for those nuclei, which 


40 to 86, some fifteen single-particle 
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The total single-particle energies for various rare-earth nuclei as a function of the octupole parameter a;. (b) The 
total single-particle energies for various actinide nuclei plotted against the octupole parameter a 


have stable spheroidal deformation a, around —0.62, total energy will again increase due to the volume- 
are plotted against a; in Figs. 1(a) and 1(b). The — preserving term in the Hamiltonian (1). 

combinations of single-particle levels that have been The total-energy curves in the actinide region show 
chosen to calculate such total energies give the lowest — a different trend. The stable shape favored energetically 
energy at each a3. From the figures it is obvious that corresponds to a;=0, making the pear shape unstable. 
some of the rare-earth nuclei have equilibrium values However, for these heavy nuclei, inclusion of states for 
of a; lying above 0.1. It is expected that at large a3 the .V 27 may profoundly alter these conclusions. 
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Polarization in 217-Mev p-n and p-p Scattering* 
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(Received June 29, 1961) 


In a continuation of a general study of the nucleon-nucleon interaction, the polarization in 217-Mev 
quasi-elastic p-n scattering from deuterium was measured by CD+2-C subtraction. These data cover the 
angular range 40°-120° (c.m. system) and are in fairly good agreement with the predictions of the phase- 
shift analysis of Breit e¢ al. The polarization in elastic p-p scattering was measured in the angular range 
30° to 90° (c.m. system) at an energy of 210 Mev using a liquid hydrogen target, and from 60° to 120 
(c.m. system) at 217 Mev using CH.—C subtraction. These two measurements are in agreement over their 
common angular range but differ somewhat from the earlier measurements of Baskir ef al. The data are 
somewhat better fitted by the predictions of the boundary-condition model of Bryan, Saylor, and Marshak 
than by the latest phase-shift analyses of Stapp, Moravcsik, and Noyes, and of Breit et al. The polarization 
in 217-Mev quasi-elastic p-p scattering from deuterium was measured over the angular range 60° to 110° 
(c.m. system) by CD:—C subtraction; these data agree with our elastic p-p polarization results within the 
statistical precision of the measurements (about 1.5%). 


I. INTRODUCTION 


LASTIC nucleon-nucleon scattering at energies 

below the pion production threshold has been ex- 
tensively investigated during recent years. The ultimate 
objective of this research is to determine unambig- 
uously, under the usual assumption of charge independ- 
ence of nuclear forces, the scattering matrix for each of 
the two nucleon-nucleon isotopic spin states. The p-p 
interaction has been studied far more thoroughly than 
the n-p interaction, first because the results give direct 
information on the isotopic triplet system, and second 
because #-p scattering experiments are more difficult 
to perform than the corresponding p-p experiments. 
The elastic p-p scattering experiments performed at 
this laboratory and reported in the literature include 
measurements of the differential cross section at 240 
Mev,! the polarization at 130, 170, and 210 Mev,? and 
the triple scattering parameters R, A, and D at 213 
Mev.** The interpretation of these data is not yet in 
completely satisfactory form, but has been much im- 
proved during the past year; both the predictions of the 
modified phenomenological potential model of Bryan 
et al.,° and the partial wave analyses of Stapp ef al.* and 
of Breit ef al.’ are in good agreement with the experi- 
mental results at energies near 210 Mev. It appears that 
only slight improvements in the experimental and 
theoretical methods are needed to yield a unique and 
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accurate set of phase shifts (or, equivalently, a unique 
scattering matrix) for the p-p system at this energy. In 
order to obtain similarly precise knowledge of the n-p 
interaction (and, by using the results of p-p scattering 
experiments, to obtain the scattering matrix for the 
isotopic-spin singlet system) one must perform a mini- 
mum of six independent scattering experiments covering 
the entire angular range,* or a larger number of experi- 
ments covering a limited angular range. Most of these 
experiments, particularly the triple scattering experi- 
ments, are very difficult with present techniques. 

As has been recognized for some time, it is possible to 
circumvent some of the difficulties encountered in 
performing elastic n-p scattering experiments by study- 
ing instead the quasi-elastic scattering of protons from 
neutrons bound in deuterium. The principal advantages 
of this approach are these: 


(1) The ultimate precision of such measurements is 
considerably higher than is possible in elastic n-p 
scattering experiments, because the polarized proton 
beams have a higher polarization and better energy 
definition than the best available polarized neutron 
beams. 

(2) The measurements can be performed at the same 
energy at which p-p scattering experiments are per- 
formed, thus in one way simplifying the interpretation. 


Unfortunately, however, the interpretation of quasi- 
elastic scattering experimerits is much more difficult 
than for free nucleon-nucleon scattering, and no one 
has succeeded in rigorously relating the quasi-elastic 
scattering results to the free nucleon-nucleon scattering 
parameters. It is believed, however, that under certain 
conditions the and scattering 
processes are nearly identical. For example, Kuckes 
et al.» have made detailed measurements of the polariza- 
tion in quasi-elastic p-p scattering from deuterium at 
143 Mev and from 60° to 90° (c.m. system); within the 
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POLARIZATION IN 217-MEV\ 
few percent statistical errors of the measurements, their 
data agree with the 143-Mev elastic p-p polarization 
data of Palmieri ef al.!° We have measured the quasi- 
elastic p-p polarization at 217 Mev by a method similar 
to that of Kuckes ef al., and have made two sets of 
elastic p-p polarization measurements. These measure- 
ments are described in this paper in Secs. I-IV; they 
also indicate that the elastic and quasi-elastic p-p 
polarizations are nearly equal. On the other hand, it 
appears from calculations by Phillips" that the polariza- 
tion in quasi-elastic -p scattering in deuterium at 
angles near 180° (c.m. system) differs somewhat from 
that found in free n-p scattering. One would, however, 
expect final-state interactions to be particularly im- 
portant in this case, since the two protons are left after 
the collision with small relative kinetic energy. In view 
of the above considerations (and pending the develop- 
ment of a rigorous theory of the three-body interaction) 
we expect that the quasi-elastic scattering experiments 
will at least give results sufficiently close to those for 
elastic n-p scattering to be of use in the initial searches 
for a partial wave analysis in the isotopic singlet state. 
The results of these analyses will then be subject to 
correction when sufficiently accurate elastic scattering 
experiments are completed. 

We describe in Sec. V of this paper the first in a series 
of experiments in quasi-elastic p-n scattering from 
deuterium, the measurement of the 217-Mev polariza- 
tion at angles of 40° to 120° (c.m. system) in 10° steps. 
The measurements were performed by counting the 
proton and neutron recoils in coincidence, using CD» 
and CHpy targets and taking the difference in yield. 
Similar experiments have been performed at Harvard 
at 143 Mev by Kuckes and Wilson” and at Berkeley at 
310 Mev by Chamberlain ef al.” Although p-n triple 
scattering experiments are in progress at this laboratory, 
the present experiment is the only one completed at 
this energy; it is thus premature to attempt an analysis 
of the type discussed earlier. Our results are compared 
in Sec. VI with predictions of Hull et al.,“ which are 
based on phase-shift analyses derived from results at 
other energies. 


II. ELASTIC p-p POLARIZATION—FIRST METHOD 


The polarized beam, which is produced as shown in 
Fig. 1, has been described in detail previously.’ The 
beam polarization is 0.89+0.02, the mean energy at the 
point indicated by T» in the figure is 217+2 Mev, and 
the maximum intensity at that point is about 108 
protons per second in an area 2 cm wide by 7 cm high. 


0 J. N. Palmieri, A. M. Cormack, N. F. Ramsey, and R. Wilson, 
Ann. Phys. 5, 299 (1958). 

"R, J. N. Phillips, Proc. Phys. Soc. (London) 74, 652 (1959). 

2 A. F. Kuckes and R. Wilson, Phys. Rev. 121, 1226 (1961). 

'3Q, Chamberlain, E. Segre, R. D. Tripp, C. Wiegand, and T. 
Ypsilantis, Phys. Rev. 105, 288 (1957). 

4M. H. Hull, Jr., K. E. Lassila, H. M. Ruppel, F. A. McDonald, 
and G. Breit, Phys. Rev. 122, 1606 (1961). 
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Fic. 1. Equipment for producing the 217-Mev, 89% polarized 
proton beam. The monitor is an air-filled ionization chamber. The 


experiments described in Secs. II, IV, and V were performed with 
the target at the position marked T>. 








An air ionization chamber which intercepts the polarized 
beam ahead of the wedge magnet is used as a monitor. 
The effective mean direction of the polarized beam at 
the target position was determined by a procedure 
similar to that used in earlier experiments.’ The beam 
intensity distributions at T. and at a point P 195 cm 
further along the beam were measured by scanning the 
beam with a small scintillation counter telescope con- 
taining copper absorber. The beam axis was then defined 
to be the line passing through the centroid of the distri- 
bution at T, and a point displaced from the centroid of 
the distribution at P so as to correct for the bending of 
the protons in the magnetic fringe field of the cyclotron 
and bending magnets. Both the centroids at T, and P 
depend somewhat on the energy threshold set by the 
absorber in the scanning telescope. For example, the 
centroid at T. shifted by 0.5 mm as the minimum 
energy was increased from 100 to 185 Mev, and by 1 mm 
for an increase from 185 to 212 Mev. Thus there is some 
correlation of energy with position of the beam trajec- 
tories in the region of T», the significance of which will 
be discussed shortly. In order to align the second 
scattering apparatus, we chose a beam axis correspond- 
ing to an energy threshold of 185 Mev; this axis was 
preserved in space by means of an optical cathetometer. 

For the measurement of elastic p-p polarization by 
the method described in this section, we detected in 
coincidence both recoil protons from CH, and C targets 
and computed the hydrogen yield from the difference 
in yield; both targets had an areal density of 0.12 g/cm? 
of carbon, and were normal to the beam axis. The mean 
energy of protons scattering in the center of the CHe 
target was 217 Mev. The second-scattering targets and 
detectors, which we shall call the polarimeter, were 
mounted on a horizontal table which could be rotated 
yy 180° about a horizontal axis coinciding with the beam 
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axis, thus interchanging “‘left”’ and “‘right’”’ detectors. 
As is well known, this method minimizes spurious 
asymmetries resulting from errors in setting the in- 
cluded angle between detectors, inhomogeneous targets, 
and nonuniform counters. One proton was detected by 
a plastic scintillation counter 90 cm from the target, and 
the other by a triples scintillation telescope, the last 
counter of which was also 90 cm from the target. The 
dimensions of all four counters were approximately 
5 cmX15 cmX0.6 cm, so that each detector had an 
angular acceptance of about 3° in the scattering plane; 
because of angular correlation effects, the angular 
resolution function for coincident protons was some- 
what narrower. Except for the targets and the detector 
for the second proton, the experimental] layout for this 
experiment was identical to that for the quasi-elastic p-n 
experiment; the layout for the latter experiment is 
shown in Fig. 2. 

A copper absorber placed before the third telescope 
counter established the range threshold for one proton. 
The choice of this absorber thickness is dictated by two 
considerations: the dependence of effective misalign- 
ment errors on the range threshold, and the most 
desirable range threshold to be used in the quasi-elastic 
p-p scattering experiment. The relation of misalignment 
error to the range requirement stems from energy- 
position correlation of the beam in the target region. As 
explained above, the effective beam center at the target 
may shift by as much as 1.5 mm if one changes the 
energy threshold of incident protons from 100 to 212 
Mev. If the beam were essentially monoenergetic, a shift 
of this magnitude would correspond to a spurious 
asymmetry of only 0.005. In our initial measurements of 
the asymmetry, we chose an absorber thickness for the 
polarimeter triples telescope corresponding to a mini- 
mum energy of approximately 212 Mev; the results 
showed deviations from the expected antisymmetry of 
the polarization about 90° (c.m. system) corresponding 
toa misalignment of approximately 10 times the amount 
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Fic. 2. Particle detectors, targets, and rotating table for quasi- 
elastic p-n polarization measurements. The antiscattering slit 
prevented the particle detectors from viewing the pole faces of the 
wedge magnet. For p-p polarization measurements the anti- 
coincidence counter, brass absorber, and neutron counter were 
removed and a thin scintillation counter was used to detect the 
recoil protons 
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TABLE I. Polarization in /-p scattering. 





He CH2-C CD:2-C 

6 210 Mev 217 Mev 217 Mev 
30° 0.312+0.009 

40° 0.319+0.011 

50° 0.303+0.010 

60° 0.240+0.009 0.246+0.010 0.222+0.014 
70° 0.163+0.008 0.153+0.009 0.164+0.016 
80° 0.084+0.007 0.079+0.008 0.098+0.014 
90° —0.002+0.007 0.014+0.011 0.000+0.014 
100° —0.090+0.009 -~-0,079+0.015 
110° —0.153+0.010 —0.155+0.015 
120° 0.218+0.011 


predicted above. This apparent contradiction was 
satisfactorily resolved by taking into account the 
energy-position correlation and the kinematics of p-p 
scattering, as explained below. 

About 2-3% of the incident polarized protons have 
energy below 212 Mev; because of the dispersion of the 
wedge focusing magnet, these low-energy protons strike 
the target to the left of the centroid of the beam distri- 
bution. Thus a low-energy proton, in order to be de- 
tected in the triples polarimeter telescope, must scatter 
through a larger angle, and thus lose more energy, when 
the triples telescope is to the right than when it is to the 
left. If the range threshold established in the triples 
telescope is too high, the polarimeter will detect the 
low-energy component with much greater efficiency 
when it scatters to the left than when it scatters to the 
right ; the resulting spurious asymmetry is much larger 
than that computed on the basis of the small shift in 
centroid of the entire beam. The only way to eliminate 
this effect is to set a sufficiently low range threshold; on 
the other hand, as will be discussed later, it is desirable 
to set the range threshold as high as possible in per- 
forming the quasi-elastic scattering measurements. Since 
we wished to select the same range requirement for all 
of the experiments, we made a series of elastic p-p asym- 
metry measurements at each angle to determine the 
dependence of the spurious asymmetry on the range 
threshold. It was found that, as the range threshold was 
increased, the asymmetry was constant within statistics 
until a certain thickness of absorber (which we call the 
critical absorber) was reached, beyond which the asym- 
metry changed rapidly ; the direction of this change was 
correctly explained by the above considerations. The 
final data for this experiment and the quasi-elastic p-p 
and p-n measurements were taken with absorbers §-in. 
thinner than the critical absorber. 

The electronic circuits were designed for both p-p and 
p-n scattering measurements; they are shown later in 
block form (see Fig. 5). Random coincidence rates 
(which in this case were no more than 0.5% of the true 
rates) were obtained by delaying the signal from one 
proton detector by one cyclotron rf period, or 50 nano- 
seconds (nsec), with respect to the signal from the other 
detector. The yield from carbon was at most 3% of the 
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hydrogen yield. The asymmetry in scattering through 
angles of 60° to 120° (c.m. system) was measured to 
better than 1%. At angles less than 60°, and greater 
than 120°, an appreciable spurious asymmetry would 
be introduced by the deflection of the low-energy recoil 
proton between the target and the detector; in addition, 
for large angles, the critical absorber thickness could not 
be reached (i.e., the telescope itself would impose too 
severe a range requirement). 

The results are listed in Table I. The angles listed 
there are the c.m. system scattering angles of particles 
accepted by the triples telescope. The errors quoted in- 
clude only statistical errors and the uncertainty in the 
initial beam polarization. We believe the errors resulting 
from actual misalignment of the polarimeter and 
mechanical deformations contribute less than 0.004 to 
the asymmetry, while the possible error from the range 
threshold effect discussed above is less than 1%. Upon 
comparison of these results with those of Baskir ef al., 
interpolated to the same scattering angles, we found 
substantial disagreement at 60° and 70° (c.m. system) 
angles. Although we were not able to explain this 
discrepancy, we noted that the methods used in.the two 
experiments were different in several important respects. 
It therefore seemed worthwhile to perform additional 
measurements of the elastic p-p polarization in a manner 
similar to that used by Baskir ef a/. These are described 
in the following section. 


III. ELASTIC p-p POLARIZATION—-SECOND METHOD 


In this arrangement, the second scattering target was 
a 9-cm diameter liquid hydrogen cylinder, and only one 
recoil proton was detected. As illustrated in Fig. 3, the 
polarized beam first passed through a jg-in. lead 
scatterer, or diffuser, which was placed at the T» posi- 
tion of Fig. 1. A liquid hydrogen target was placed 125 
cm from the diffuser. Protons of about 215 Mev suffered 
multiple scattering of about 2° rms in the lead diffuser ; 
this effectively eliminated any correlation of direction 
or energy of protons with position at the hydrogen tar- 
get position. The beam striking the target was defined 
by two slits, and the polarimeter detectors were pro- 
tected from slit edge scattering by a wider third slit. 
The mean energy of protons scattering in the middle of 
the target was 210 Mev. In this case the polarimeter axis 
was aligned on the line passing through the geometrical 
centers of the two defining slits. After the asymmetry 
measurements were concluded, the centroid of the beam 
distribution at the position of the liquid hydrogen 
target was found to be displaced by 1.5 mm from the 
polarimeter axis. Most of this discrepancy was explained 
by the deflection of the beam in the fringe fields, and 
the resulting spurious asymmetry was calculated to be 
less than 0.004 at all angles. Instead of realigning the 
apparatus and repeating the experiment, we corrected 
the measured asymmetries for this small misalignment. 

The hydrogen-scattered protons were detected by two 
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identical triple scintillator telescopes placed at equal 
angles to the “right” and ‘“‘left” on a horizontal table ; 
the table could be rotated by 180° about a horizontal 
axis aligned with the beam axis. The third counter in 
each telescope was the defining one; it had dimensions 
2.5 cm X 10 cm X0.6 cm, and was at a distance of 120 cm 
from the target center. Copper absorbers were placed 
just before the defining counters ; the absorber thickness 
at each angle was chosen to correspond to a point on 
the “flat” portion of the range curve for scattered 
protons. In this case, there was no reason to suspect any 
spurious asymmetries related to the range threshold of 
the detectors. The triple coincidences were formed in 
Garwin coincidence circuits,’ and all types of random 
coincidence rates were negligible. Background scattering 
rates were measured by taking runs with the target 
empty; these rates as compared with the hydrogen 
scattering rate, were about 20% at 30° (c.m. system), 


10% at 40° (c.m. system), and 7° 


© at larger angles. 
The net hydrogen yield was calculated from the 

difference of the target-full and target-empty rates. 

This is not strictly correct, since some of the empty 


target rate comes from particles which would have lost 
energy in the target, had it been full of hydrogen, and 
thus would not have been counted. We estimate, how- 
ever, that the error in the asymmetry resulting from 
such an effect is less than 0.002. The asymmetry was 
computed from the counting rates of each telescope in 
the left and right position, and the two values, which 
always agreed within statistics, were averaged. 

The results are listed in Table I and shown in Fig. 4; 
the indicated errors include statistical errors, uncer- 
tainty in the beam polarization, and a small estimated 
error to allow for instrumental uncertainties. It will be 
that the results for elastic p-p polarization as 
measured by this method and by the first method, de- 
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Fic. 3. Equipment layout for free p-p polarization measurements 
, taken with a liquid hydrogen target. 


165 R. L. Garwin, Rev. Sci. Instr. 24, 618 (1953). 
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Fic. 4. Polarization in p-p scattering. The solid circles are 210- 
Mev free $-p data from a liquid hydrogen target, and the open 
circles are 217-Mev quasi-elastic p-p data from CD2-C subtraction. 
The triangles represent the previous data of Baskir et al.2 The 
dotted curve is an average of the predictions of the Livermore b 
phase-shift solution and the Yale YLAM solution®7; these polari 
zation predictions are nearly identical and are combined for clarity. 
Likewise, the solid line is an average of the Yale YRB1 and the 
Rochester® polarization calculations. 


scribed in Sec. I, are in good agreement within the 
quoted errors. Although the measurements refer to 
slightly different energies (210 and 217 Mev), we expect 
from the calculations of Breit ef al.’ that the polarization 
should not differ by more than 0.007 at the two energies. 
Since this amount is smaller than the average errors, 
the agreement is to be expected. 


IV. QUASI-ELASTIC p-p POLARIZATION 


The polarization in quasi-elastic p-p scattering from 
deuterium was measured in nearly the same geometry 
as that described in Sec. II. Both recoil protons from 
CD, and C targets were counted in coincidence; both 
targets had areal densities of 0.12 g/cm? of carbon. One 
may predict the correlation angle between the two 
protons by assuming that the neutron (or ‘‘spectator”’ 
particle) is at rest after the collision, and by taking into 
account the binding energy of the deuteron; this angle 
is very nearly 86.5° at all scattering angles we investi- 
gated. We measured the angular correlation function by 
setting the angular position of the polarimeter triples 
telescope and varying the angle of the single-counter 
detector. Measurements were made with the triples 
telescope detector placed in the proper position for 
quasi-elastic scattering at 50° and 90° (c.m. system), 
and in both cases the correlation function was found to 
be approximately 10° wide and peaked near the ex- 
pected included angle of 86.5°; the included angle 
between detectors was therefore set at this value 
throughout the experiments. 
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When one speaks of a quasi-elastic scattering event, 
one normally means an event in which the spectator 
particle has very much smaller recoil energy than do 
either of the other two particles. On any reasonable 
grounds, we expect such events to resemble the elastic 
scattering events more closely than those in which the 
spectator particle has relatively large energy ; we there- 
fore wished to choose the parameters of the experiment 
so as to favor their detection. The three-body kinematics 
are completely determined by specifying the scattering 
angles of any two particles and the energy of one of 
them. Thus, if one sets a lower limit on the energy (or 
the range) of one of the two recoil protons, one sets an 
upper limit on the energy of the spectator neutron. It 
then follows that the higher the range threshold set on 
one proton (in this case by the absorber in the triples 
telescope detector), the lower will be the maximum 
neutron recoil energy. As was mentioned earlier, we had 
already established upper limits on the allowable triples- 
telescope absorbers chosen so as to avoid introducing 
spurious asymmetries. An absorber }-in. less than the 
critical absorber (defined in Sec. II) corresponds to 
maximum neutron recoil energies ranging from 6. Mev 
at 120° (c.m. system) scattering angle to 12 Mev at 60°. 
These limits seemed reasonable, since at all angles the 
lower-energy recoil proton had at least six times the 
maximum energy of the spectator neutron. The meas- 
urements reported here were made using the same 
absorbers as were used in the p-p scattering experi- 
ments; several measurements were also made with less 
absorber, with no significant difference in results. 

There are several possible causes of spurious counts 
other than random coincidences (3% of CH yield) and 
carbon yield (15% of CH2 yield). The most important 
ones are elastic p-d scattering, quasi-elastic p-n scatter- 
ing, and scattering from the hydrogen in the CH, 
contamination of the CD, target. In this experiment the 
angular resolution of the polarimeter detectors was 
sufficient to exclude p-d elastic scattering events. The 
yield from quasi-elastic p-n scattering events contrib- 
uted negligibly to the measured asymmetry since both 
detectors had very low neutron detection efficiency and 
the n-p and p-p asymmetries at this energy do not differ 
by more than 15% at any of the angles investigated. 
The scattering from the small CH: impurity (0.3%) is 
likewise of no consequence, since the elastic and quasi- 
elastic polarizations are known to be nearly equal. 

The results, for c.m. system scattering angles of 60° 
to 120° taken in 10° steps, are tabulated in Table I. 
(The scattering angle corresponds to the position of the 
triples telescope for “ideal” quasi-elastic scattering, i.e., 
when the spectator particle has zero recoil energy.) It 
is seen that, within the experimental errors, the data are 
antisymmetric about 90° c.m. system), and are in agree- 
ment with the elastic p-p polarization data. The data 
are also shown on Fig. 4; here the points at 70° and 80° 
(c.m. system) are obtained by taking weighted averages 
of P(6) and — P(r—8@). 
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V. QUASI-ELASTIC p-n POLARIZATION 


The polarization in quasi-elastic p-m scattering from 
deuterium was measured using much of the same 
apparatus employed for the p-p scattering experiments. 
The proton and neutron recoil particles from CD» and 
C targets having areal densities of about 0.12 g/cm? of 
carbon were counted in coincidence; the difference in 
yield was attributed to scattering from the neutron. As 
shown in Fig. 2, the single-counter proton detector 
which was used in the experiments described in Secs. II 
and IV was replaced by an anticoincidence counter (P), 
followed by a brass absorber, which in turn was followed 
by a large volume plastic scintillation counter designed 
for efficient neutron detection. The neutron counter 
scintillator was a cylinder of 11 cm diameter, and was 
either 30 cm long (for measurements at 60° or greater 
scattering angles) or 7.5 cm long (for measurements at 
40° and 50° (c.m. system). The center of the scintillator 
was approximately 110 and 80 cm from the target in the 
case of the long and short counter, respectively. The 
scintillator was viewed by an RCA-7046 photomultiplier 
tube which was magnetically shielded by three con- 
centric ;’g-in.-thick mumetal shields extending 15 cm 
beyond the ends of the photomultiplier tube. This 
assured that the gain of the photomultiplier did not 
change by more than 2% when the polarimeter was 
inverted; the resulting spurious asymmetry due to 
change in gain was less than 0.004. The brass absorber 
placed just ahead of the neutron detector scintillator 
was chosen to be thick enough to stop at least 97% of 
the recoil protons from the target. The anticoincidence 
counter, a circular disk of scintillator 0.6 cm thick and 
12.5 cm in diameter, had a counting efficiency for 
protons of better than 99.59%. The probability of count- 
ing protons was therefore expected to be negligibly 
small compared with the neutron counting efficiency. 
For experimental verification of this assumption, we 
observed that the apparent p-n coincidence rates from 
C and CH» targets were indistinguishable. 

As in the p-p scattering measurements, the range 
threshold on the recoil proton was determined by 
choosing copper absorbers in the triples telescope § in. 
thinner than the critical absorber thickness. As ex- 
plained in Sec. IV, this established an upper limit on the 
spectator particle energy (in this case, the spectator 
proton). At proton scattering angles greater than 40° 
(c.m. system), the energy of either detected particle 
was at least six times the energy of the spectator proton, 
but at 40° (c.m. system), where the average neutron 
energy is approximately 25 Mev, it was just possible to 
detect events for which the neutron energy was only 
4.5 times that of the spectator proton. 

The electronics circuits are shown in block form in 
Fig. 5. A triple-coincidence signal was formed from the 
triples-telescope proton detector; this signal was then 
placed in coincidence with the neutron detector signal, 
and in anticoincidence with the counter P signal, using 
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Fic. 5. Electronic circuits for p-n polarization measurement. 
For the ~-p measurements the anticoincidence input was dis- 
connected and the recoil proton counter pulses went into the delay 
box DN. All asymmetry data were computed from the ‘‘Gated N”’ 
rate. 


a fast Berkeley’ coincidence circuit. The output signal 
of the Berkeley coincidence circuit opened a gate which 
passed the neutron counter signal, attenuated in 
attenuator Ay’. The gated signal was then applied to 
an integral pulse-height discriminator, whose output 
was counted. The setting of attenuator Ay’ was chosen 
so that the threshold of the discriminator, rather than 
that of the Berkeley coincidence circuit, determined the 
minimum detected neutron counter pulse. Before taking 
data at each angle, the counting rate was measured as a 
function of the attenuation Ay. At all angles of scatter- 
ing, we were able to find a range of values of Ay over 
which the counting rate varied by no more than about 
2% per db change in attenuation. The attenuator Ay’ 
was then set to a value in the middle of this range. 
Although, under these conditions, the counting rate was 
not sensitive to changes in gain of the neutron counter, 
we guarded against spurious asymmetry from change 
in gain by inverting the polarimeter at frequent in- 
tervals. We believe that no appreciable errors in the 
asymmetry were introduced by dead times, pile-up, or 
counting losses in the electronic circuitry. 

Of all the possible forms of background, the only 
appreciable ones were random coincidences between the 
neutron detector and proton detector (<20% of the 
CDz yield) and the carbon yield (<15% of the CD» 
yield). The random coincidences were measured by 
counting with the neutron counter delayed relative to 
the proton detector by 50 nsec; since the cyclotron 
intensity was very stable during these runs, this sub- 
traction method was quite satisfactory. 

The p-n polarization data are presented in Fig. 6 and 
Table II. The results are for angles from 40° to 120° 
(c.m. system) scattering angles. The quoted errors 
included statistical errors, the uncertainty in the beam 
polarization, and an estimated error to account for 
alignment uncertainties. 


VI. CONCLUSIONS 


(1) It appears from Fig. 4 that our elastic p-p polari- 
zation data are in agreement with those previously 


16 University of California Lawrence Radiation Laboratory 
Report UCRL-3307 Rev., File No. CC3-9 (unpublished), 
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Fic. 6. Polarization in 217-Mev quasi-elastic p-n scattering from 
deuterium. The curve shows the polarization predicted by the 
phase parameter solution YLAN3 of the Yale group.“ 


reported by Baskir ef al.” from 30° to 50° (c.m. system) ; 
near 60° and 70° (c.m. system) our polarizations appear 
to be significantly smaller than those measured by 
Baskir. We cannot explain the discrepancy, but believe 
that the present data are not substantially in error since 
they show zero polarization at 90° (c.m. system). 
Figure 4 also shows the polarizations theoretically 
predicted by the Bryan-Saylor-Marshak® (BSM) 
boundary condition model, the Stapp-Moravcsik- 
Noyes® (SMN) phase shift solution, and the Yale’ 
YLAM and YRB1 phase shift solutions. The BSM and 
YRB1 predictions give a good fit to our data, while the 
YLAM and SMN curves lie above our data near 60° 
and 70° (c.m. system). However, these phase shift 
solutions were computed before the present polarization 
data become available, and it is conceivable that small 
changes in the phase shifts might lower the polarization 


near 60° without altering the theoretical fit to the 
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TaBLe ITI. Polarization in 217-Mev quasi-elastic p-n 
scattering from deuterium. 


0» P 
40° 0.469+0.028 
50° 0.460+0.031 
60° 0.372+0.041 
70 0.258+0.033 
soe 0.032+0.036 
90 0.069+0.032 
100° 0.124+0.029 
110° 0.184+0.029 
120° 0.170-+-0.030 


experimentally observed R, AA, 
this energy. 

(2) The quasi-elastic p-p polarization is equal to the 
elastic p-p polarization within the statistical error of 
approximately 1.5%; one may therefore hope that the 
elastic p-n polarization does not differ from the observed 
quasi-elastic polarization by more than our 4% statis- 
tical errors. 


and D parameters at 


(3) In Fig. 6, the quasi-elastic p- polarization data 
are compared with the theoretical polarization predic- 
tions of Hull e¢ al." The data appear to lie significantly 
below the theoretical curve at 40° and 50° 
and slightly below it at larger angles. 


c.m. system) 
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The information content of a track is analyzed with respect to the prime track-variable 


g and to the 


particle velocity on which g depends. Quantities are operationally defined that are applicable to emulsion, 
bubble-chamber or cloud-chamber tracks inclined with arbitrary dip angles. The theory is developed of 
the projected linear structure of such particle tracks. Previously derived connections between the true 
value of g and measurable track features are reviewed. A new and independent estimate of g based on the 
mean blob length is introduced. The two independent quantities, mean gap length and mean blob length, 
each yield measurements of g. These are combined into an estimate of maximum likelihood. It is argued 
that in a practical sense this exhausts the information content of the track. The statistical error of this 
result is evaluated. It is found that correct utilization of the information in the measured blob lengths 


greatly reduces the error. Suggestions are made regarding technique for the reduction of error in ¢ 


and in 


particle masses estimated from grain-density measurements 


I. INTRODUCTION 


N exact treatment of the statistical structure of 

particle tracks in nuclear-research emulsions 
recently was attempted.’ Many of the proofs appear to 
be valid also for bubble tracks and tracks in Wilson 
chambers, and they have had considerable experimental 
verification.?-§ 

In this paper we recapitulate these results and find 
additional track quantities. Then we construct a 
likelihood function of the grain (bubble, droplet) infor- 
mation in the track. This function yields the expectation 
value of the grain (bubble, droplet) density, and also 
measures the statistical reliability of the result. By 
means of it we learn what are the optimum conditions 
for observation. 

In the case of emulsion, the linear density, go, of 
silver-halide crystals that develop is the primary track 
variable. In a bubble chamber, gy represents the linear 
density of sites on which bubbles grow, and in a cloud 
chamber it is the linear density of points on which 
liquid condenses. (By “grain” hereafter we shall mean 
the quantity whose density is go irrespective of which 
of these instruments was used.) 

It is assumed that the conditions of observation do 
not change along the track. No variations of the 
sensitivity, illumination, are considered, and 
possible distortions of the track not discussed. In this 
paper, too, we limit the investigation to the linear 
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track structure. Further information is contained in 
the track width, in the delta rays, and in the scattering. 
Moreover, it is sometimes possible to decrease the 
effective track saturation by letting track elements 
diffuse radially before counting them. These techniques 
are left for other theoretical studies. 

The connection between the grain density and the 
particle velocity usually is an empirical one. The 
dependence on velocity is strong. The grain density 
over a wide range tends to be proportional to the 
inverse square of the velocity. 

The problem now posed is how best to determine go 
from the measureable features of the track granularity. 
Besides this immediate goal, we seek criteria for the 
improvement of emulsion quality. We wish to know, 
in general terms, how to alter the emulsion in manu- 
facture to increase the information density attainable. 
The parallel problem in bubble chambers is how to 
adjust the temperature, the age of the tracks, the 
amount of expansion, and the optics so as to obtain 
the optimum bubble-image size as well as bubble 
density. In a Wilson chamber, the gas pressure, the 
expansion ratio, and the age of the tracks are among 
the variables, the adjustment of which also can optimize 
the information density existing in track photographs. 


II. STATISTICAL GEOMETRY OF 
PARTICLE TRACKS 


In this section we review and supplement operational 
definitions and mathematical results of reference 1 
that are needed for this analysis. 

A track is seen as a somewhat indefinite locus of 
grain images distributed generally along the path of the 
particle that produced it. The grain centers are dis- 
placed by small random amounts from the most 
probable particle trajectory. The images generally are 
not all of the same size. Some grains occult others or 
fuse with them. Owing also to imperfect optical reso- 
lution, clusters of several unresolved grains may be 
present in the image of a track segment. Such clotting 
of the grain images always causes a loss of information 
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about the grain density, but by analysis we can greatly 
reduce the information loss in partially saturated tracks. 

Let (x/2)—6 be the angle between the direction of 
motion of the particle and the line of sight. Then 6 is 
the “dip angle” in unprocessed emulsion. (Since all 
particle trajectories are inclined more or less, we shall 
from the outset treat the general case of tracks with 
arbitrary dip angles.) For the analysis, let the track 
grain images be projected on a plane perpendicular to 
the line of sight. All measurements are to be made in 
this plane. 

A “resolution distance” a is defined as the minimum 
distance between centers of two grain images at which 
they can be resolved into two objects separated by a 
gap. If c is the distance, projected on the most probable 
particle trajectory, between the centers of consecutive 
track grains, and if this exceeds the resolution distance, 
a gap of length c—a is said to exist in the track. The 
grains are not all of the same size, but a mean value a 
of the resolution distance exists. The quantity a is also 
called the mean grain diameter, but it has more signifi- 
cance than this name implies. When referred to emul- 
sion, for example, the effects of several diverse quanti- 
ties are lumped in this parameter. Among these are the 
original halide crystal size, the amount of physical 
development sustained by the silver grains, and the 
optical resolution of the observer-microscope instru- 
ment. When certain equipment is used, a is even 
affected by the reaction time of the observer. 

A “cluster of class C;’”’ is a segment of track bounded 
by gaps with lengths exceeding /, and in which no gap 
longer than / exists. The density H(/) of such clusters 
is also equal to the average number of gaps with lengths 
exceeding / in unit track length. The cluster density 
when /=0 has the special name “blob density” or 
“gap density.”” The blob density is symbolized by 
B=H(0). 

An important measureable track quantity is the 
lacunarity L. This is the average fraction of the track 
segment that consists of gaps. Thus 


* dH 
L=-- f -1—dl. (1) 
dl 


The quantity 1—Z is known as the track opacity. 
It was shown, as a fundamental result of reference 1, 
that the density of clusters of class C; is 


H (1) =ge-#(e+, (2) 


where / is the projected gap length, g= go secd, and gy 
is the value that would be found for g were the track 
not inclined. 

The original treatment was carried out for primary 
emulsion grains that were traversed by the moving 
particle. Because of the finite noninterpenetrating 
volumes of the silver-halide crystals, this proof required 
close analysis. The extension to secondary grains, the 
positions of which are in effect unrestricted, was an 
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obvious step. In bubble- and cloud-chamber tracks the 
g sites are almost dimensionless, and have a Poisson 
distribution. For them, Eq. (2) also applies. 

Inclination of the’ track shortens most gaps and 
closes some entirely. Typically, a grain center is 
displaced from the particle trajectory. This makes it 
possible for a gap to appear in an inclined track that, 
in accord with the definitions above, would not have 
been counted as a gap were the track not inclined. 
The effect of the inclination on a track of grain density 
go is to produce a grain structure pattern in its pro- 
jection that is statistically equivalent to that in an 
uninclined track having a grain density g. This exactness 
of the correspondence between the structure of the 
projection of the inclined track and a flat one of higher 
grain density was not brought out in reference 1. 

The same track with different optical resolution will 
have an observed structure corresponding to a changed 
value of a, but, of course, g remains unaltered. The 
theory of the track structure must contain this invari- 
ance. 

The gap density in the track’ projection is 


and the lacunarity is 
ga (4) 


Quantities like Z and B that depend on g are often 
referred to as ionization parameters. Several other track 
quantities also have simple expectation values. For 
example, that for the number of grains per blob is e?*. 
The expression 1—e~%* for the track opacity is also 
the probability for no gap to be left between successive 
developed grains. While these expectation values are 
exact, the complete distribution function of L or B 
can be derived only approximately by introducing a 
blob model. (See Appendix.) 

The product (a+/)H(l) is a universal function of 
(a+/)g. Any observation of H(/), therefore, is a measure 
of g. 

The expectation value, (/), of the gap length is equal 
to 1/g. If the measured mean gap length is designated 
l, we are led to an important estimate of the grain 
density which we shall call g;: 


n=1/l. (5) 


A new result of this work is the utilization of the 
mean blob length to estimate g. The expectation value, 
b), of the blob length is (e7’—1)/g. A second important 
estimate, ge, therefore can be derived from the observed 
mean blob length 6b: 


(e724—] )/ £2 b. (0) 


The numerical relation between g and the mean blob 
length is given in Table I. 

For what follows it is essential that go be independent 
of g;. Their relationship, therefore, must be elaborated. 
For gi and g2 to be independent, it is necessary that no 
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Taste I. The important track quantities are tabulated as functions. of the track lacunarity. The table also relates them to each 
other. The quantity Ao,?/g gives: (a) the error for the maximum likelihood solution using model 1 for os, (b) the maximum likelihood 
solution using model 2, and (c) the error when g; alone is measured. The corresponding values of w and are also tabulated. 


‘ ag aB (b)/a @ 
~ 0.00 2 0.0000 — -~ 0.000 
0.05 2.9957 0.1498 6.342 0.143 
0.10 2.3026 0.2303 3.908 0.212 
0.15 1.8971 0.2846 2.987 0.271 
0.20 1.6094 0.3219 2.485 0.326 
0.25 1.3863 0.3466 2.164 0.376 
0.30 1.2040 0.3612 1.938 0.425 
0.35 1.0498 0.3674 1.769 0.471 
0.40 0.9163 0.3665 1.637 0.517 
0.45 0.7985 0.3593 1.531 0.561 
0.50 0.6932 0.3466 1.440 0.604 
0.55 0.5978 0.3288 1.369 0.646 
0.60 0.5108 0.3065 1.305 0.688 
0.65 0.4308 0.2800 1.250 0.728 
0.70 0.3567 0.2497 1.201 0.769 
0.75 0.2877 0.2158 1.158 0.808 
0.80 0.2231 0.1785 1.120 0.848 
0.85 0.1625 0.1381 1.079 0.886 
0.90 0.1054 0.0949 1.054 0.925 
0.95 0.0513 0.0487 1.027 0.963 
1.00 0.0000 0.0000 1.000 1.000 


information about the blob lengths be obtainable from 
the gap lengths, and that the blob lengths suffice for a 
measure of g when no knowledge exists of the gap 
lengths. These conditions are satisfied. When one 
measures the gap lengths, he gains no information 
about the blobs. A measured blob length, therefore, is 
entirely new information. Moreover, the value gz can 
be calculated from the mean blob length while making 
no reference to the gap lengths or to the length of the 
track segment (which contains both the gap and blob 
lengths). 

A peculiarity of the exponential gap distribution is 
that, if all gaps are ‘shortened by the same amount, the 
mean gap length remains unaltered. It follows from 
this circumstance that whatever the distribution of the 
amounts by which gaps are shortened, the mean gap 
length is unaffected. This is a very useful deduction. 
It means, for example, that the growth of grains and 
bubbles and displacements caused by their crowding 
do not affect the mean gap length. This quantity 
l= L/B, therefore, is an excellent measure of g when 
there are many gaps in the track. Such a measurement 
also does not require knowledge of a. On the other 
hand, when the grain density is high, it is the mean 
blob length that contains most of the grain-density 
information. To use it, however, the quantity a must 
also be known. 





(a 


Combined g; and g» 
g, alone 


) Model 1 (b) Model 2 (c) 
Ao,?/g p w Ao 2/¢ p Ao,?/g 
ae 0.00 0.000 - 0.000 2“ 

2.86 0.350 0.139 2.30 0.361 20 

2.12 0.472 0.202 2.02 0.495 10 

1.81 0.553 0.255 1.70 0.587 6.67 
1.63 0.614 0.304 1.52 ).659 5.00 
1.51 0.664 0.349 1.40 ).717 4.00 
1. 0.706 0.392 1.31 0.765 3.33 
1.35 0.742 0.435 1.2 0.805 2.86 
1.29 1.774 0.476 1.19 0.840 2.50 
$25 0.803 0.517 1.15 0.870 2.22 
1.21 0.828 0.558 1.12 0.896 2.00 
1.17 0.851 0.599 1.09 0.918 1.82 
1.15 0.873 0.640 1.07 0.937 1.67 
ae 0.893 0.682 1.05 0.953 1.54 
1.10 0.911 0.724 3 0.966 1.43 
1.08 0.928 0.768 2 0.977 1.33 
1.06 0.944 0.812 1.01 0.986 1.35 
1.04 0.960 0.857 1.01 0.992 1.18 
1.03 0.973 0.903 1.00 0.997 1.11 
1.01 0.986 0.951 1.00 0.999 1.05 
1.00 1.000 1.000 1.00 1.000 1.00 


An estimate gz of the grain density is found from 
the blob density: 
IBa 


Bb. 


ne 
Another, gz, is obtained from the lacunarity: 


gL=— (InL)/a. 


The estimates gz and gy, are combinations of g; and gz. 

Long blobs are distributed exponentially. Their 
distribution is approximately ge~“’dd in the interval of 
blob length between 6 and 6+db. The blob coefficient, 
g, is related to an estimate, g,, of the grain density by 


g 


£q/(e77—1—ag,). 


. joe 


A measurement of g, contains part of the information 
IN Qo. 
The gap coefficient, 


which we designate gy, is 


go=InL A (h)/A (ls) )/ (e—h). (7) 
Although this fact was not known at the time that it 
was introduced, g, also is an estimate of the true grain 
density. It contains part of the information in g,. 

As g is varied, B passes through a maximum, Bmax, 
when ag=1, so that 


a (eBrnax) . 


(8) 


A measurement of Bmax under normal observing 
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conditions is a correct procedure for determining a, at 
least for tracks with g~a™'. Another measure of a is 
a=—(L/B) \lnL—an important formula. 

The cluster lengths or blob lengths have a somewhat 
more complex behavior than the gap lengths. The 
probability that the next 7 developed grains that follow 
a developed grain will leave no gap is (1—e~*”)’. The 
mean length of a blob consisting of j7+1 grains takes 
the form a+ j8, where 6 is the average length added to 
a blob by the addition of a grain. Then the expectation 
value, (0), of 6 is' 


(b)=at (e77—1)2, (9) 
and 


B= (e**— 1—ag)/g(e*7—1) (10) 


since (b)= (e**—1)/g. 

Let the distance parallel to the particle path between 
the centers of the first and last grains in a blob be x. 
The frequency with which blobs of 7+1 grains occur 
relative to those with 7 grains is 1—e~**. Therefore, 
the fraction of blobs having b—a greater than x varies 
like e 

There are two kinds of linear structure elements, 
blobs and gaps, that alternate in a track segment. The 
elementary track cell is comprised of a blob and an 
adjacent gap. The track is generated by a repetition of 
this unit. The length of a cell is a random variable 
equal to the sum of two random variables: the blob 
length and the gap length. The distribution function 
of each depends on g. Their observed distributions 
provide all the information regarding g. 

In the course of this work it was surprising to discover 
that the whole information content of the gaps resided 
in the mean gap length. Thus the mean gap length is an 
example of a sufficient statistic in the terminology of 
Sir Ronald Fisher, who in 1920 first found this most 
efficient estimate.’ A sufficient statistic contains all the 
information in the observations from which it is de- 
rived. The mean gap length is such a statistic because 
the gap lengths have an exponential distribution (see 
below). The estimate g; derived from the gaps, there- 
fore, completely exhausts their information content 
relative to g. The variance of g;, based on .V cells, has 
the irreducible minimum of g*/.V. 

The situation with respect to the blob lengths, on the 
other hand, has complicating elements. The blob-length 
distribution function depends on the grain-size distri- 
bution, and even for idealized models, an analytic 
blob-length distribution is difficult to derive. One may 
deduce, however, that the blob-length distribution falls 
exponentially for long blobs, and when g is large, the 
distribution is approximately exponential. The blob 
lengths contain the bulk of the track information only 
when g is high, but when it is high, the mean blob 
length approaches a sufficient statistic. Now, in addi- 
tion, if a large number of blobs are used to make the 
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estimate of 6, by the central limit theorem,” 6 will 
approach a Gaussian distribution. Its distribution 
function then is written 


(.V3/(2r)'ox) exp —.V (b—(6))?/ 20%? J, 


where o;7 is the variance of 6, and .V is the number of 
cells in the track segment. This expression describes 
the distribution of 6, given (6), or the distribution of 
(b), given a measurement, 6. The distribution of 
expectation values is assumed to be such that @ priori 
every (b) is equally probable. 

Since the distribution function of 6 is intractable for 
any except artificial models, the calculated moments of 
b beyond the first must be approximations. The variance 
of 6, however, is a readily observed quantity. Moreover, 
o,/a is a function of the lacunarity that may be meas- 
ured on any tracks. We therefore can choose to consider 
both a and o;/a as calibration data describing the 
instrument. 

The mean blob length and mean gap length provide 
independent and efficient'' estimates go and g; of g. 
We now wish to combine them so as to obtain the best 
estimate of g. 


Ill. MAXIMUM LIKELIHOOD ESTIMATE OF 
GRAIN DENSITY 


We have distribution functions for the gap lengths, 
and for the mean blob length. Then the Jikelihood 
function" of the configuration of gaps and blobs 
observed in .V cells can be constructed as follows: 


1p V} \ — N(b—(b))? 
r——| Je exp| — 03! Jes | (11) 
Ch ar I 20" 


where /; is the length of the ith gap. The sufficiency of 
the mean gap length as a statistic now is easy to prove. 
We have merely to replace }>," 1; by Vl. The only gap 
information that appears in the likelihood function 
then is /. 

A particular value of g in Eq. (11) maximizes P. 
When V is sufficiently large (see Appendix B), this 
value, g’, is the one of maximum likelihood. The function 
P also estimates the probability that a value of g 
other than the mode could be the true value. Any 
desired confidence intervals quoted with a 
knowledge of this function. 

Let W=InP. Then the 
likelihood is dW /dg 


can be 


condition of maximum 


Q, or 


— b—(b) db 
— J+} 


0. 
o, dg 
since 
(b)= (e*®—1)/g, d(b)/dg 


= (1—e%"-+-age*")/g". 
Vethods of Statistics (Princeton 
1946) 

22, 700 (1925). 


1H. Cramér, Mathematical 
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Also 
l=1/g,, and b= (e%2—1)/go. 


The two estimates g; and ge are supposed to differ 
little from each other, so that a solution g’ of Eq. (12), 
valid through the first order in gsa—gi=e, will suffice. 
The solution is the linear combination 

g’ = weit (1—w)g2= g2—we, (13) 
with 


w L?(InL)? ao\? 
i—e (i= wee a ) 

The weighting of g; and go is not critical, and any 
reasonably good measurement of L may be used in the 
expression for w. 

When an empirical value of o, has not been obtained, 
a theoretical estimate must be used. In the Appendix, 
limits between which oy lies have been estimated for 
any physical tracks. One estimate based on a completely 
random grain spacing in the blob has been made by 
Stapp.” This model we shall designate model 1. In 
reference 1, o,? was obtained for a completely ordered 
spacing. The results using this model, designated model 
2, are also given. All real tracks should exhibit blob- 
variance behavior intermediate between these extremes. 
The more inclined the track, the better it should be 
approximated by model 1. 

Equation (13) provides a best estimate of g’. It 
remains to calculate its reliability. The second deriva- 
tive of W with respect to g provides a measure of the 
width of the probability peak. The likelihood function, 
Eq. (11), approaches a Gaussian as NV becomes large. 
For a Gaussian, the variance of g’ is given by 


og" = — (PW /dg*), (14) 


at the maximum of W. We adopt this expression for 
the error. Then we find for a track length A, 


Ao,?/g' (=1/p)=o/L. (15) 


This function, corresponding to the theoretical limits 
(model 1 and model 2) for o;?, is also included in Table 
I. In order to demonstrate the substantial gain effected 
by introducing the mean blob length, a column is also 
given that is the calculated uncertainty remaining in 
the grain density when the mean gap length alone is 
used. It can be seen that a very important amount of 
information has been salvaged by utilizing the blob 
information—especially in near-saturated tracks. More- 
over, the required measurements are of types that are 
efficiently made with automatic track analysis equip- 
ment. The requirement that NV be large (say 10 or more) 
for the Gaussian to represent well the mean blob length 
distribution, seldom limits the applicability of the 
theory. 

In the error estimates, no allowance has been made 
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for the uncertainty of a or for systematic errors of 
other sorts. For minimum error, the calibration meas- 
urements of a and a» are to be made, independently of 
g, and g» on other track segments. If a faulty measuring 
technique is employed, —(L/B) InL(=a) may vary 
with the dip of the track. In other circumstances a 
could depend slightly on g. For example, in a bubble 
chamber the energy required to produce the bubbles 
might so lower the temperature in the vicinity of a 
saturated track that the bubble size is reduced. For 
these reasons it is good technique to make the cali- 
bration measurements on tracks similar to the one in 
which g’ is to be measured, and, of course, with the 
identical equipment. If no separate estimate of a is 
available, the likelihood function can be considered to 
depend on g and a. Then its maximum as a function of 
both parameters may be found. There is generally a 
loss of information when such a procedure is necessary, 
however. 

To measure 6, one could observe only the track and 
gap lengths along with the blob density. Then 6 would 
be estimated from (1—L)/B. A wise check would be 
to measure the blobs themselves, because measurement 
errors can tend to be systematic. This should especially 
be done if g; and ge fail to agree as well as expected. 

The results of reference 1 giving statistical errors in 
ionization parameters were based on inexact assump- 
tions and are superseded by these results. 

The possibility that the instrument sensitivity may 
vary with track position, particularly with depth, has 
previously been mentioned. This effect must be elimi- 
nated by empirical correction. Each estimage of g 
requires multiplication by a factor f(r,g), where r 
represents the point coordinates. As indicated, f may 
also be a function of g. 

Some numerical data drawn from grain, bubble, and 
droplet measurements are now cited in order that the 
reader may be oriented as to orders of magnitude. 

For Ilford K.5 emulsion, using optics of high numer- 
ical aperture, a is about 0.48 micron. At the minimum 
of ionization g~ 2000/cm (5000, perhaps, if the emulsion 
is hypersensitized). In K.5 emulsion g saturates at a 
value of 60 000-70 000 per centimeter for singly charged 
particles. 

In a propane bubble chamber a can be about 0.03 cm, 
and at the minimum of ionization, g may be 20-30/cm. 
In a bubble chamber g does not saturate, but for 
g>100/cm the lacunarity becomes very low. 

On a photograph in which a cloud-chamber track 
image is reduced to ;5 actual size, a~10~* cm, and at 
the minimum of ionization, g is perhaps 250/cm on the 
film. There is no saturation of g in a cloud chamber and 


'8 A. Ahmadzadeh, Lawrence Radiation Laboratory Report 


UCRL-9527 (unpublished). Quite another approach to this 
problem was taken by Ahmadzadeh in this document which since 
has been withdrawn. His form of the likelihood function of g 
makes redundant use of gap data and consequently weights the 
data incorrectly. The form of the likelihood function itself is an 
approximation which underestimates the error in the result. 
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the droplets can be allowed to diffuse. When droplets 
are individually countable, the present methods of 
analysis do not provide any additional information, 
but the diffused image of the track then limits the 
accuracy of a curvature measurement. 


IV. MASS ESTIMATION 


A principle of mass-ratio determination that uses 
grain-density information alone is the following: 

Segments of track having the same initial and 
terminal grain densities have lengths in proportion to 
the masses of the equally-charged particles that 
produced them. 

A corollary is: If tracks of stopping particles of 
equal charge have equal mean grain densities, the 
track lengths are proportional to the particle masses. 

As an application of the preceding theory: we shall 
apply this corollary. Let the track of a particle that 
comes to rest be broken into segments of equal projected 
lengths. Such segments are to be short enough so that 
the average grain density in one of them is negligibly 
different from that at its center. For protons in emulsion, 
a length of about 100 microns might be suitable. We 
let the segment length be unity in what follows. 

The grain densities in different parts of a track are 
not known equally well. They must be weighted by 
their reciprocal variances. Thus, for ” uninclined seg- 


ments, 
nf’ ; 1 
Qotn = ( ) /z ( ) . { 16) 
i\o, 2, 1 a," 


The expression (g’/ a, 
nated p,; and the measured g’ in this cell is g,’ 
from Eq. (15), 


for the ith cell can be desig- 
Now 


(g’ Og’) = fo WwW (17) 


pL 


where L, and w; are the measured values in the ith cell. 

Suppose that when the particle mass is known we 
symbolize the grain density by y and reserve g for the 
grain density in the track of the particle of unknown 
mass. Then for a known particle, the weighted mean 
grain density, Yo, in the terminal » cells (length, 
> 1" secé,) of its track is 


n(Z secé ) .s cosé /=(*). (18) 


Here the argument (}>_," secé,) of the function 7, is 
the track length and, as for go, the subscript zero 
indicates that the quantity is the calculated value for 
an uninclined track. The angle 6, is the inclination 
angle of the track in the ith cell. The average of 7 
for many particles we designate (Yo)av- Each average 
is understood to be made for a fixed argument. 

The track of an unknown particle is also to be 
segmented into portions of unit projected length. The 
available length is broken into n’ segments like those 
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comprising the track of the particle of known mass. In 
each interval, g and 6 are measured. Then p cosé and 
p/g are determined. Using these numbers we calculate 
a single number, 


- 4 ((? 
n( = se, ) > p cose /=( ). 


To apply the corollary condition above, the value of 
¥o or (Fo)av is tabulated or graphed as a function of its 
argument. Then we find ) 
makes 


(19) 


what value of secd, 


] s 
equal to seco ;). 


F0(>. secé6,) or 4 


Go(> 


When go and ¥o are equal, the ratio of the track 


lengths, 
Zz. secd ik secé., 


is the estimated ratio. The mass-ratio limits 
corresponding to a confidence interval of +r standard 
deviations are found from the following condition: 


mass 


G(X sec) = F(X 


‘(p g;) 


l 


This error estimate neglects the energy-loss straggling. 
Means for mass estimation 

density with multiple scattering or curvature in a 
magnetic field have been developed, and are especially 
valuable if the partic le fails to come to rest. The result 
is always improved if the properly weighted combina- 
tion of g; and gs is used in preference to another estimate 
of g. Of course, it may not be necessary to segment the 
tracks of high-velocity particles if the velocity changes 
little in the observed portion of the track. On the other 
hand, it could be advisable to segment tracks in bubble 
or cloud chambers when the track-to-camera distance 
and the track aspect change along the track. 


that combine grain 
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MATHEMATICAL APPENDIX 


A. Blob Length Variance 


Let yi, ¥2, °-:, ¥n be the projections on the particle 
path of the distances between successive grain centers 
in a blob. The expectation value of y, is (y), and its 
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variance is o,*. The mean square blob length is 


x 


ian > (atyityer ri )?)(1— e792)" 


x 


ya 5 ni 1l—e yan 


tr 
t(y)"e ab 3 n?(1—« 


n=) 


The mean blob length also can be calculated: 


va 


or - (att ye4 


+ +yn))(1—e-#2)" 


x 
at(ye7* FY n(l—e 


Then o,2=(b?)—(b)* can be found, and in general, 


+ e29a(1—e-¥a)(y)?, 


This formula neglects the variance of the diameter of a 
single grain, which could be included as an added term, 
but is hardly justified. Stapp’ has made calculations 
based on a model in which the grain centers have a 
Poisson distribution, and in which each grain has the 
diameter a. To avoid interpenetration of the grains, 
they can be thought to be displaced from the particle 
trajectory. For this model we calculate 


(y)=B8= (1/g)[1—age-*9/ (1—e-*”) ], 


y*) =[2(1-e av — qge*") — a’ gr¢ av] eli—e-**), 


] 


o,*= (1 g)[1—a ge «9 /(1—e @)?], 


When expressed as a function of the lacunarity, the 
quantity o,7/a* then can be written (1—L?+2ZL InL) 
L?(InL)?. 

Stapp’s model (model 1) permits the maximum 
variance of y. The noninterpenetrability of crystals in 
emulsion and the finite size of bubbles in a bubble 
cluster tends to reduce this variance. Barkas' calculated 
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a, for a model (model 2) in which the term containing 
o,? was omitted. This yields for o;?/a® the expression 
(1—L+L InL)*/( 1? (InL)?(1—L) ]. 

The two models probably represent opposite ex- 
tremes, and in actual tracks intermediate behavior 
should be observed. The results of numerical calcu- 
lations for these models are included in Table I. 


B. Gaussian Approximation Error 


Let m be the number of grains in a typical blob. The 
expectation value, (m), of this number is e*’, and an 
estimate M derived from the mean length, 6, of NV 
blobs is e*’. For model 2, the distribution function, 
P(M,(m)) of (m) can be written down exactly. It is 


P(M <m)) 


((m)—1)¥O-D /(m)N™, 


In this expression M is a sufficient statistic. 
We put M—(m) 


V (b—(b))?/20,2 


e. Then 


Then also the distribution function P(M1,(m)) can be 
developed in powers of ¢. It takes the unnormalized 
form 
V(2M—1)é 
O(M \e exp(——¢/ 205 t 
; 3M?(M —1)? 
M(M—1)/N. 

Whereas the modal value of (m) is M, the presence 
of the second term in the brackets indicates that the 
mean value of € is not zero. This term measures the 
deviation’ of the model 2 distribution function from 
the assumed Gaussian. The mean value of € is approxi- 
mately — (2M —1)/.V. On the other hand, its statistical 
uncertainty, ¢.=[M(M—1)/N]}, always exceeds the 
above systematic effect when \ is greater than 4 
+[1/M(M—1) ]. 

When M is small, V must be large, but then the 
weight given the blob information is negligible. The 
Gaussian, therefore, is probably always a satisfactory 
approximation for \>4. Model 2 describes the real 
blob structure well enough so that this result can be 
applied with confidence. 


with o2 
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Coulomb Field Effects on the Decay of Bound Polarized Muons* 


W. R. Jonson, R. F. O’CoNNELL, AND C. J. MULLIN 
University of Notre Dame, Notre Dame, Indiana 
(Received June 23, 1961) 


The influence of the Coulomb field on the decay of a polarized muon from the K shell of a u atom is 
considered. Analytical results valid to order a3Z? are presented for the total decay rate and for the electron 
angular distribution. Formulas valid to order a?Z? are given for the energy spectrum of the emitted electron. 


I. INTRODUCTION 


ECENTLY several computations’ of the decay 

rate of muons bound in the K shell of mesonic 
atoms have been carried out in an attempt to reconcile 
the existing theory*-* with experiment.*~® The calcu- 
lations of Uberall, based on a second Born approxi- 
mation wave function for the electron and a first-order 
muon K-shell wave function, give the total decay rate 
to order a?Z* and the electron spectrum (for unpolarized 
muon decay) accurately to order aZ. Gilinsky and 
Mathews, using the Sommerfeld-Maue wave function 
for the electron together with a modified Coulomb 
wave function for the muon, have determined numeri- 
cally the influence of finite nuclear size as well as 
Coulomb field effects on the decay. 

The purpose of this paper is to give accurate ana- 
lytical expressions for the influence of the Coulomb 
field alone on various aspects of the muon decay. Since 
the influence of nuclear size on the decay is apparently 
small” for light nuclei, such effects presumably can be 
treated on perturbations on the present results. 

In Sec. II we shall discuss the wave functions used in 
describing the electron and muon, and we shall write 
down the matrix element for the decay. Section III is 
devoted to a direct computation of the total decay rate 
and the corresponding electron angular distribution. 
The results obtained are correct to terms of relative 
order a*Z* inclusive. Formulas are presented in Sec. IV 
for the electron energy spectrum. Graphs of the 
electron’s energy spectrum are given for several values 
of Z. 


II. THIRD-ORDER MATRIX ELEMENT FOR 
MUON DECAY 


Gilinsky and Mathews! show that the decay rate for 
polarized negative muons may be written 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 
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5 T. Moto, M. Tanifuji, K. Inoue, and T. Inoue, Progr. Theoret. 
Phys. (Kyoto) 8, 13 (1952), 

*C. E. Porter and H. Primakoff, Phys. Rev. 83, 849 (1951). 

7W. A. Barrett, F. E. Holstrom, and J. W. Keuffel, Phys. Rev. 
113, 849 (1951). 

8A. Astbury, M. Hussain, M. A. R. Kemp, N. H. Lipman, 
H. Muirhead, R. G. P. Voss, and A. Kirk, Proc. Phys. Soc 
(London) 73, 314 (1959). 

*D. D. Yovanovitch, Phys. Rev. 117, 1580 (1960) 

10H. Uberall, reference 2, p. 372. 


dp dk 
Ac -8@ f f P(p,k,@), (1) 
(2r)? J (2r)8 


1 ” 
P(p,k,CQ)=>> —N NCH.) — H'5,4 |, (2) 
se 1297 


where 


with H=(—p-—k, i(w—k)), and 


Nex f aeCd.(0)y.09,(0) 20 r (3) 


where a= (1+75)/2. In the above formulas p represents 
the nuclear recoil momentum, k is the electron’s 
momentum, w is the energy of the bound muon, ¢ is a 
unit vector directed along the muon spin axis, and }°s, 
denotes the summation over electron spins. The range 
of integration in Eq. (1) is limited by the energy- 
momentum conservation laws. 

The muon is to be described by an exact relativistic 
Coulomb wave function. The matrix element will be 
expanded to terms of relative order a*Z*, inclusive, 
after its evaluation. In particular," 


¥,(t)=Ni(2Qur)e-"[1+i(A/2m)a-F Jur, (4) 


where wu; is the plane wave spinor for a free particle of 
zero momentum and spin direction ¢. In Eq. (4) 


1 1+y7 i 1—y\} 
SE aa ee a 
(4m)3 ar (2y+1) ity 


p=maZ, and y=w/m=(1—a°Z")!. 


The electron, which is treated as an extremely 
relativistic particle throughout, is described by a 
modification of the Sommerfeld-Maue wave function”: 
valid to order a®Z*. We set 


Ve=Vsutd.t+Wa, (5) 


where the Sommerfeld-Maue wave function is written as 


Vs nt 


and where y, and wz represent corrections to ¥sm of 
orders a?Z* and a®Z*, respectively. In Eq. (6) 


“H, A. Bethe and E. E. Salpeter, Quantum Mechanics of 
One- and Two-Electron Atoms (Springer-Verlag, Berlin, 1957), 
p. 69. 

2 W. R. Johnson and C. J. Mullin, Phys. Rev. 119, 1270 (1960 

3 W. R. Johnson, T. A. Weber, and C. J. Mullin, Phys. Rev 
121, 933 (1961), 


)*iipe—***(1—ie- Vk/2r)F, (6) 
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YECAY OF BOUND 


iF (iv, 1, i(kr+k-r)), with v=aZ and 


N2|?= (xv/sinhrv)e*’. 


In Appendix A we shall show that Ya may be omitted 
from the computation to order a*Z*. We may therefore 


write 


Nome Vet f deur) ie*e-t 
a:Vx A 
XFu,f 1-1 Jroa( +i—a: 
2r 2m 


r)y,aur+O(aitZ! 


Using Eq. (14) of reference 12 
integral in Eq. (7) to order a®Z 


V.=NiN 


to evaluate the last 
, we find 
tL yoa(lo' +10") +e-ly.a 
ty aa: I.+a,y,aa;1;; Jur, 
Io! = —(8/au)I’ 
ral’ 
AA 
Io lim 
p(p- k—16) 
the limit is to be taken after integration over p). 


I, —(1 


I, = (u/2m)¥ ,/, 


2)¥ «1, 


L 


a) 
[tas 
OR Op; 4, 


‘ if (iy, 


with 


y fia r)(2or)y"e'PF 
and 
I fia ere*R"* 


In Appendix B we shail show 
may write 


1,7(kr+k-r)), 


Fs (ty, 1, i(kr+k-r)). 


that to order a*Z* one 


with 


21 {(u(1—iv)/D,}+[Liv(u—ik)/ De J}, 


where 
T= (4/D,)(D,/ Dz) 


¥i(x) denotes the first polygamma function, Di= p’+ ’, 
and D.= p+2p-k—2iku+wu. Performing the 


O} eTa- 
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tions indicated in Eqs. (11), (12), and (13), one finds 


1,=v/{(—p+iuk)/D.}, (19) 


bu 
I{{—p(1—iv)/D, ]—[Liv(p+k)/D2)}, (20) 


m 


ma 5, 2(pipj—iukip,) 


= ] = 
2m | D, DD, 


2(pi— mk.) 5] 
-O(atZ*). (21) 
D2 J 


where k=k/k. The principal value of the function is to 


be understood in Eq. (18): therefore 


167° p+2p-k+. 
x(- vr+2y tan“! ) (22) 
2pk 


D? 

V,N, can be decomposed into 7 
will contribute to order a’Z*. Corre- 
spondingly P(p,k,{) may be written 


The expression > 


terms which 


1 
P(pko) (23) 
{Sar 


Ey aluating the relevant 
finds 


traces and summations one 
O ye LT (3x 
wp cosd— p*) 4pk cosé 

—2wp cosd— 2p? cos’0— p*) ], 


—4twk 


+-cosa(w?— Ax k— 


-4+pk cosé 


(24a) 
1 1,*(3w?+4h k— 2 poor? 
»\ 1 : 
2(w—k)C(p+k) i 2-1,’ 
ete 
tSpk cosé+ 2p cos‘0-- p ) 
1,2-1,*(2k + 2ku 
(p-T,k-1*+c.c. 


l 
-— 2 bw cosé 


tpk cosb+ p*) 
p cosé+ k) |, 
as lik — tpk cosé + 2 pu cos0— p*) 
+ cosal_2(w?—4kw—4 pk cosd— p*)k- Tok: 1. 
2(p cosé+w)(p I.*k-L+cc.)+L-L*(4wk 
v4 tpk cosé-4 2 pw cosé + 2p* cos é- p*) 1, 
(Iok-1,*+c.c.) (p?+2pk coso+4wk—3w*) 
—2(w—k) (Lop: I, rc. +-cosal_2(p 
+ lop a ee lik u +- 2 pk cos6 
2 pu COSé- p Tok" rc. 


(24b) 


(24c) 


cosé 1h) 


+ p cosd Top: L*¥+c.c.)+(p—w*+stke 
+ t pk cos0) (Lok I mc. Tok-I he 


+ tok cosd—2wp cosé4 p 


T COSQ 


vk) —2wk(k 


+2(k- Tk: T*+c. 
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Os= (Jol i;*+c.c.)(— 2wkkik ;—w(2k-—w)8,;) 
+cosa (Io; *+c.c.)[(4w*—6wk) Rk; 

+ (2wk—w*)6;;], (24g) 
where cosd=)-k and cosa=¢-k. To simplify Eqs. (24) 
we have used the fact that v-@ will reduce to v- Rk cosa 
(provided vy is a linear combination of p and k) after 
the integration over the azimuthal angle of p. In the 
expressions for Qs; and Qs» only those terms which can 
possibly contribute to order a*Z* have been retained." 


Ill. MUON DECAY RATE AND ELECTRON 
ANGULAR DISTRIBUTION 


Taking into account the energy-momentum conser- 
vation laws, A‘ may be written 


G*| V,/|7| Noi? 6 
A . po J aco) f pdp 
VOR? ! 
x f acosa) f RdkQi, (25) 


“ 
W here 


Rinax= (w’— p*)/2(wt p cosé). 


The angular distribution of electrons with respect to 
the muon spin direction is 

dA =4(R+S cosa)d (cosa). (26) 
Performing the integrations in the order indicated in 
Eq. (25) gives analytical results for R and S rather 
simply ; however, since the k integration is performed 
first one determine the electron 
lirec tly. 

To perform the integrations indicated in Eq. (25) 
me expands the various Q; in Laurent series in k& and 
integrates term by term. Setting kmax=(w/2)(1—WE 
 (1+XE cos), with £=p/u and A=y/w=aZ,/y, one 
is able to construct a Taylor series in A*& and in 
AE cosé. The p integration is replaced by an integration 
over the dimensionless variable & extending from 0 to 
1/X. For large values of £ each term in the integrand 
behaves as A™E-" for m+n26. It follows that the 
upper limit of the £ integration may be replaced by 
+x to order a®Z*. Since odd powers of p and cosé 
occur together in the expressions for QV; and in Rymax it 
follows that odd powers of aZ (up to order a®°Z® where 
the upper limit of the £ integral becomes \ dependent 
must vanish. The various elementary integrations are 
carried out, with results which are given in Table I 
We have denoted by R the common factor 


cannot spectrum 


_ Gw* |N,|2].N2/? 
R= e-F, (27) 


192%’ Ti 


‘An expansion in powers of k has been made for 
explained in the discussion following Eq. (26 


reasons 


O'CONNELL, 
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TABLE I. Contributions to the decay and angular 
distribution parameters. 


k R, R S,/R 





0 1 — 2d?+ (5/3) vA+ (2° /6)r* 4[ 1 — (14/3)A\2+-3vA+ (27/6)1 
—(1—y) (1+ 2y,(2 1—y)(1+2y,(2)) ] 
+Ol(a'Z* Ol(atZ! 

1 O(aiZ*) Ola'Z* 

2 (1/4) (y?/m?) +O(a'Z! aL 1/12) (y?/m? O(atZ 

3 (10/3) vA+O0(atZ! }L2vA ]+O(atZ! 

4 —A(p/m)+O(atZ! 40 (5/3)A(u/m) J+O0(atZ! 

5 O(atZ* O(atZ* 

6 O(a8Z! O(abZ 


which when expanded to third order in aZ gives 


R= Ry{l—3e2Z?— (or? 6)v+ (1—y)[4$+2y,(2) ]}, 


where the vacuum rate Ry =G?2m'5, 1927". 
Adding the terms in Table I and taking Eq. (28 
into account, we find 


R= Ry(1- beZ 


S=—4Ry(1—3e°Z")+O0(a'Z! (30 


+O(aiZ+), (29 


The expression for R is seen to agree with the second 
order expression obtained by Uberall. It is of interest 
to note that the assertion made by Uberall!® (essentially 
that y, may be treated to first order, provided (Qy is 
neglected in the evaluation of R) is seen to be verified. 
The corresponding simplification is not permissible for 
S as is easily seen by comparing the coefficients of cosa 
in Qs and (>. 

The rates given in Eqs. (29) and (30) have a some- 
what weaker Z dependence than the corresponding 
numerical results of Gilinsky and Mathews. This is 
surprising, since qualitatively nuclear size effects may 
be accounted for by replacing Z by Ze: <Z. 

IV. ENERGY SPECTRA OF THE EMITTED ELECTRON 

One may write 

PA 


=4(wrtws cosa)k*dkd (cosa ; 3] 


where wr and ws are the spectral functions associated 
with the decay rates R and S. Using the previously 
mentioned fact that odd functions of p and cos@ occur 
together in the Q,, one may show that 


GIN,|?|N.|? 6 ¢ 
, | pd p 


< [ d(cos@)O bs { 3 


where cos69= (w°— p*)/2pk—w/ p. 
Performing the indicated integrations and keeping 


i) 


16H. Uberall, reference 2. p 306 
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only those terms which contribute to order a?Z?, we find 


9 


iced 7 
UR= Ja+a(- —-+ 26 tan—'y+ (tany)* 
4 


1 a 4 


os ® Tv 
= —) +2*(n( +)-" 
y+1 3 (+1) 4 x x 


4 1 6 ll y 
+ ( a oe ee ena ) tan y+ 
3y¥+1 (+1)? 6 y+ 


7 y x 2 
rs —+—-+-(tan—!y)*+ 2b(tan-y)? 
18 (y’+1)? 12 3 


9 


Dy im 1 3 r 
~ ( — (tan ‘yt ) + pin(t +) (—+ )a 
x\4 2 4 6 
I 2x 
—b |In2+—-¥( 2»)) |(s- 20) -Wn( 4+) , (33) 
: 3 


G*m* | 8 1 
—+—\ 


4 | 
12413 (y?+1)? 


1—2x 2x 2 
42 —+nf{ 4+ +(1—2x){ 2—- }n 
3—2x 3 = 
4 13 y u...9 | 
. (34) 
6 (v+1)74! 


for simplicity the 


We have introduced following 
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Fic. 1. The electron energy spectrum s?w for unpolarized 
muons for several nuclei. 
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Fic. 2. The spectrum of the angular distribution parameter 
k*ws for several nuclei. 


notation: 


n=n/2+tan'y, d=n+6. 


In Eq. (33) W(x) denotes the Spence function.!® 

The first-order term in wp agrees with the spectrum 
deduced by Uberall. The functions k’wr and kwg are 
plotted’? in Figs. 1 and 2. The graphs for k’wr and 
k°ws at Z=0 have been included for comparison 
purposes. One sees by taking the limit \— 0 in Eqs. 
(33) and (34) that the corresponding formulas are 


Wro= (G2m/122*) (3m—4k), 


(35) 


wso= (G2m/122*) (m—4k). (36) 
It is easily shown that 
Ry wd wr(y) 
( ) = (1— rw Jay (37) 
a 8 . 1/X w s(y) 


Performing these integrals, one verifies the expressions 
obtained in Eqs. (29) and (30). 


'6 A. Ashour and A. Sabri, Math. Tables and Aids to Computers 
10, 57 (1956). 

‘7 The formulas for k®wr and k?ws became slightly negative in 
the region k>1,2m. This is explained by the fact that in this 
region the first- and second-order terms vanish and that some, 
but not all, of the third-order terms remain. If all third-order 
terms had been retained the spectral functions would have 
vanished to order a‘Z‘. In plotting the graphs we have neglected 
the small negative terms in this region 
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APPENDIX A 


The contribution to V, from ¥z may be written 
(Al) 


One sees from reference 13 that ¥« possesses an asymp- 
totic expansion in &r of the form 


a Z* 
hy? | 


where /® is a term of order a®Z*. Since the dominant 
contribution from this term will occur with k~w/2, 
and since the factor r’e~#” in the integrand peaks at 
r=2/u, the wave function Ya may be replaced in 
Eq. (Al) by 


Wa N2o* tie 24 O(aZ }. (A: 


RraZ f® (0, p)e-ia2 


The resulting integral is of order a‘Z* and therefore 
may be neglected. 


APPENDIX B 


dr 
’ _ — . 
I’=(2¢)? gv—leip-t—erf 
r 


and introducing 


Writing 


one deduc es 
I’ 
in the well-known 


The spatial integral is carried out 
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‘ > ivel 
manner to give’® 
I'(y)2! 
I’ = (20) 


2ri 


p+ (u—ix) 
x( : 
pe +2p-k—2ik(u—ix) 


) . (B4) 
+ (u—1x)* 


(1/x)[1+ (1—y) Inx ]+0(atZ*), 


Expanding, 
i 
one can rewrite J’ in the form 


I’ = (20) [1 (y)i-7/ 207 J4a J+ (1—y)J (BS) 


where 


Or ax 
n=f 
. xp tanta 


p+ (u-ix 
x( 
pe+2p-k—2ik(u—ix)4 
(2ni/D,)(D,/D 


dx Inx 


0° 
r= f 
. x p?+(u—ix) 


ss > 
Jo SL P+ (uts)’ 


p+ (u 
xin( 
(u+¢)?—2ik(u 


1 
) ; (B7) 
c -2p-k+ 7’ 


An expansion valid to order a®Z* has been carried out 
in the last term. The scalar integrals in Eq. (B7) are 
series in k. Retaining 


evaluated and expanded in a 
only those terms which will result in contributions to 
order a®Z*, one obtains the result quoted in Eq. (16) 
of the text. 

418A. Sommerfeld, Alombau und Spektrallinien (Friedrich 
Vieweg und Sohn, Braunschweig, 1939), Vol. Il, p. 461 
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Elastic Scattering of Photons by Protons. I* 


J. W. DeEWrre, MARTIN FELDMAN, V. L. HIGHLAND, AND RAPHAEL LITTAUER 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received June 19, 1961) 


The results of some preliminary measurements on the elastic scattering of photons by protons are re 
ported. In the region of the (3,3) resonance and immediately above, our measurements join smoothly with 
those previously reported at lower energies. The scattering cross section shows a peak in the vicinity of 
300 Mev. There is indication of a cos@ term in the center-of-mass angular distribution 


E report the results of some observations on the 
proton Compton effect, i.e., the elastic scattering 
of photons by protons: 
yt+p- p’ ty’. (1) 
This reaction appears to be adequately described by a 
modified Klein-Nishina formula! below the threshold 
for meson production; above this threshold, however, 
mesonic processes dominate the scattering. By making 
measurements in this region, it can be hoped that im- 
portant information about the meson-nucleon system 
can be obtained.?* 

Observation of reaction (1) above the meson threshold 
is made more difficult by the presence of neutral 
photopions, 

y+p— p' +2 p't+y7'+7", 2) 
whose production kinematics resemble those of reaction 
(1), and whose decay photons can have energies as high 
as that of the elastically scattered quantum. Reaction 
(2) has a cross section about two orders higher than 
that of (1). 


EXPERIMENTAL METHOD 


The photons to be scattered were obtained in the form 
of a beam of bremsstrahlung from the Cornell 1.2-Bev 
electron synchrotron. The machine energy was adjusted 
so as to produce a photon spectrum with a selected 
upper limit W for each run. Discrimination in favor 
of reaction (1) relied on two factors: First, measure- 
ments were carried out at such angles that the recoil 
protons from (1) were of longer range than any that 
could be produced by (2), given the maximum incident 
energy Wo; second, the angular correlation between the 
scattered photon and the recoil proton was studied. This 
correlation is exact (determined by experimental geo- 
metric factors) for reaction (1), but is smeared out 
by the decay kinematics of the neutral pions from 
reaction (2). 


Our apparatus is shown in Fig. 1. A beam of brems- 


* Supported by joint contract of Office of Naval Research and 
the U. S. Atomic Energy Commission. 

1L. G. Hyman, R. Ely, D. H. Frisch, and M. A. Wahlig, Phys. 
Rev. Letters 3, 93 (1959); references to earlier work are listed in 
this paper. 

2 A. P. Contogouris, Phys. Rev. 124, 912 (1961). 

3G. Bernadini, A. O. Hanson, A. C. Odian, T. Yamagata, 
.. B. Auerbach, and I. Filosofo, Nuovo cimento 18, 1203 (1960) ; 
earlier references are given in this paper. 


strahlung, suitably collimated, passed through a cylin- 
drical liquid hydrogen target* 5.7 cm in diameter; the 
total flux was monitored by a Quantameter.® Photons 
and protons emerging from the target were detected in 
time coincidence by counter telescopes as shown. 

The photon detector consisted of a lead glass 
Cerenkov counter C® viewing the target through a 
rectangular aperture in a 15-cm lead wall. Behind the 
aperture, and covering its edges, was a scintillation 
counter A whose function was to veto counts due to 
charged particles, including conversion electrons from 
the edges of the lead aperture and the polyethylene 
absorber (inserted to help shield A from soft electrons). 
The pulse height from C was proportional to the energy 
of the photon totally absorbed in the lead glass; pulse- 
height spectra were monitored continuously and served 
as a corroborative check. 

The protons were counted in a telescope of scintilla- 
tion counters (P1—P4) interspersed with absorbers. Two 
range thresholds were simultaneously defined by count- 
ing coincidences P1+ P2 as well as P1+P2+P3. With 
the addition of tapered absorbers R1 and R2, these 


Collimated 
Bremsstrohlung 
Beom 






Leod Defining 
Slit 






\._ Totel Absorption 
\ Photon Counter 
(Leod Glass) 


To Quontometer 


inches 


Itc. 1. Experimental arrangement. 


* Raphael Littauer, Rev. Sci. Instr. 29, 178 

®R. R. Wilson, Nuclear Instr. 1, 101 (1957). 

6 Similar to a counter described by I. Filosofo and T. Yamagata, 
Proceedings of the CERN Symposium on High-Energy Accelerators 
and Pion Physics, Geneva, 1956 (European Organization of Nuclear 
Research, Geneva, 1956), Vol. 2, p. 89, but using four 5-in. photo 
multiplier tubes. See also J. M. Brabant, B. J. Moyer, and R. 
Wallace, Rev. Sci. Instr. 28, 421 (1957). 


1958). 


909 








910 DEWIRE, FELDMAN, 





————T 





Rp(gm-cm Al. eq) 











2+ al 
Ir 4 
ha | L L 1 1 i - 
° 42° 44° 46° 
8, (lab) —> 


Fic. 2. The reaction kinematics for both reactions are shown 
over a narrow sample angular interval. The proton range is 
plotted as a function of its laboratory angle. The parameters on 
the curves are the incident photon energies. The upper shaded 
box represents the range threshold for the Compton channel; it is 
smeared out by the effect of target thickness. Its variation as a 
function of angle is obtained with suitably tapered absorbers. The 
lower shaded box is the smeared-out range threshold for the pion 
channel. If the bremsstrahlung cutoff energy Wo is set at 375 Mev 
in this example, no recoil protons from reaction (2) should be 
detected in the Compton channel. The angular limits of detection 
are defined by the width of the first proton counter P1. 


thresholds were made a function of the proton angle; 
Fig. 2 illustrates how they then serve to define two 
counting channels, of which one is sensitive, in principle, 
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Fic. 3. The upper end of the bremsstrahlung distribution is 


shown for Wo=375 Mev, corresponding to the conditions of 
Fig. 2. The shaded range thresholds for the two channels are re- 
flected as the slanted lines in this diagram. The number of quanta 
contributing to the reactions being observed is given by the area 
under the curve lying to the right of the line. 
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only to protons from reaction (1), while the other de- 
tects those from both (1) and (2). The two channels 
(each taken in coincidence with the photon counter C) 
will be called Compton and pion channel, respectively. 

The reason for the inclusion of a pion channel is 
illustrated by Fig. 3. It is seen that the Compton channel 
is sensitive to only a narrow interval of incident photon 
energies, defined on the lower side by the range threshold 
for recoil protons, and on the upper by the end-point 
of the bremsstrahlung spectrum. Because this interval 
is narrow, errors in the locations of its boundaries have 
severe effects. For example, a 1-Mev error in the end- 
point energy will change the number of selected quanta 
in the bremsstrahlung typically by 5%; similarly, an 
error of 0.1° in the setting of the proton telescope angle 
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Fic. 4. Sample angular correlations between proton and photon. 


All curves apply to @,(lab)=44°. A: Distribution in Compton 
channel, W=300-325 Mev. B: Distribution in pion channel, 
300-325 Mev. C: Compton channel, 350-375 Mev. D: Compton 
channel, 400-425 Mev. The expected angular distributions are 
indicated in each case. 


will change this number by 4%, since the proton angle 
enters, via the reaction kinematics, very sensitively into 
the determination of the lower boundary. Now the pion 
channel is subject to almost precisely the same errors 
since its parameters are tied to those of the Compton 
channel. Hence we can use the known pion cross sec- 
tions’ as a means of calibration. This calibration did, in 
fact, reveal significant (—10% to +40%) systematic 
errors due to deviations in the definition of the brems- 
strahlung boundaries; the detailed source of these errors 
has not, however, been traced. 

For each run, the angular correlation between photon 
and proton was explored. At the lower energies, this was 

7K. M. Watson, J C. Keck, A. V. Tollestrup, and R. I 
Phys. Rev. 101, 1159 (1956). 


Walker 
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done by moving the photon telescope in azimuth. At the 
highest energy, it is advantageous to move the counters 
in the polar direction instead since this results in a 
sharper angular definition for a given solid angle of 
detection.§ 

RESULTS 


[\lustrative correlation functions for the proton and 
photon angles are shown in Fig. +. These show that the 
Compton channel counts predominantly protons from 
process (1), but that some “leakage” from reaction (2) 
does persist. This can probably be explained by the 
scattering of some recoil protons from (2) into a more 
backward angle. The expected correlation functions for 
the two processes are shown on the figure; if we assume 
that these correlations will also hold for counts from 
(2) leaking into the Compton channel, then the con- 
tributions in this channel can be clearly resolved.® 

The coincidence resolving time was 15 nsec; random 
coincidences were monitored and corrected for (<2). 


Paste I. Angles, energy intervals, and 
differential cross sections observed. 


Scattering 


angle W da/dQ (c.m.) 
c.m.) (Mev) 6» (lab) 6, (lab) (10-"! cm? 
75 300-325 51.5 60.5° 1.80+0.16 
300-350 51.5 60.5 1.95+0.26 
oO) 275-300 43.5 76.5 1.58+0.11 
300-325 44.0 75.6 1.43+0.09 
350-375 44.0 73.8 1.33+0.13 
400-425 44.0 72.2 1.20+0.17 
120 300-315 29.2 106.6 2.06+0.21 
60 725-775 57.5 39.0 0.34+0.3 


Empty-target counting rates were measured and sub- 
tracted (<10%). As a check, some excitation functions 
for the two counting channels were observed by varying 
the bremsstrahlung end-point energy in small steps. 
Although the statistical accuracy obtained in this check 
was not high, the results were consistent with the inter- 
pretation that reactions (1) and (2) were responsible 
for the observed counting rates. Finally, the pulse 


’ For reasons of convenience, we decided to move the proton 
telescope, and to move it straight up and down instead of in an 
arc about the target. The resulting variation of the effective 
azimuthal angle (by 0.25°) implies a rather severe error in the 
measurement of the angular correlation. This unfortunately turns 
out to have invalidated the results from the Compton channel at 
that energy; what meager data remain are taken from the pion 
channel only, where [because reaction (1) is not being observed 
at the end point of the bremsstrahlung spectrum] the variation 
of azimuthal angle has a much less pronounced effect. 

' This assumption is unlikely to be strictly correct, since the 
chief process of leakage presumably comes from recoil protons 
more forward, and hence pions more backward, than the selected 
angles. However, errors introduced by this effect are likely to be 
small. We have in all cases simply averaged the forward and back- 
ward off-angle counts to obtain the best estimate of the pion 
contribution. 
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Fic. 5. 90° c.m. differential scattering cross section 
as a function of incident photon energy. 


height spectra in photon counter C were monitored; 
within the energy resolution of this counter, agreement 
with the expected spectra was observed. 

Differential cross sections for elastic scattering meas- 
ured by this technique are summarized in Table I and 
Figs. 5 and 6. The stated errors are computed from 
statistics and the uncertainty in the 7° cross section’ 
used for calibration. No systematic errors are included, 
but these are believed to be comparatively smaller. 
Figure 5 shows the cross sections at 90° in the center-of- 
mass as a function of incident photon energy. Some 
lower-energy data obtained by Bernadini ef al. are in- 
cluded on the plot. Although the errors are too large to 
permit a detailed interpretation, it is seen that the 
scattering cross section follows the general course of 
the photopion production cross sections in the region 
of the (3,3) resonance. Figure 6 shows the variation of 
the 312-Mev cross section with angle over the limited 
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range accessible to us. It must be emphasized that the 75° 
point has not been normalized to the neutral photopion 
cross section, since the short range of recoil protons from 
that reaction at this angle prevented them from being 
observed in our telescope. The observed angular dis- 
tribution suggests the presence of a cos?@ term, as ex- 
pected on theoretical grounds.? 


CONCLUSION 


rhe results presented here are, 
garded only as preliminary. The calibration procedure 


evidently, to be re- 


VOLUME 


HIG 


HLAND, AND LITTAUER 

involving the photopion cross section reveals, in particu- 
lar, that the technique of discriminating between scat- 
tering and pion production events by working close to 
the bremsstrahlung end point is subject to systematic 
errors whose influence cannot be considered as elimi- 
nated until their origin is better understood. At present 
it appears that a more promising technique would be to 
discriminate entirely on the basis of the angular correla- 
tion peculiar to the scattering; 
tions in much better geometry, requiring higher beam 


this involves observa- 


intensities to maintain an acceptable counting rate. 
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The differential cross section for Compton scattering on protons is calculated at various energies it 


region Of ane 


| above the peak corresponding to the 3-3 pion-nucleon resonance. For this, the unit 


S matrix and a set of approximate dispersion relations for the scattering amplitudes is used. Smal 
tures of electric quadrupole in the radiation that produces the first photopion resonance are show! 
the angular distribution significantly. In the region of the second photopion peak the resonant b 


} } 


found to 


I. INTRODUCTION 


NE of the first and most successful applic ations of 

dispersion relations and unitarity of the S matrix 
is on the scattering of photons by protons.'~® It has 
been shown that the basic characteristics of the process 
in the low-energy region can be explained by assuming 
that the main contribution to the absorptive part of 
the process comes from single pion photoproduction in 


1 


the s state (for e+) and in the state of the first resonance. 
Finally, inclusion of the Low amplitude® gives very 
good agreement with the experimental data below 270 
Mev.?® 


Recently, the experimental group at Cornell’ has ex- 


t j program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission. 

1M. Gell-Manr and W. Thirring, Phys. Rev 
95, 1612 (1954 

7R. H. Capps, 

1957). 

3 J. Mathews and M. Gell-Mann, Bull. Am. Phys. Soc. 2, 392 
1957): J. Mathews, Ph.D. thesis, California Institute of Tech 
nology, 1957 (unpublishe« 

‘T. Akiba an 
1958). 

6 |. I. Lapidus and Chou Kuang-chao, Zhur. Eksptl’ i Teoret. 
Fiz. 37, 1714 (1959) [translation Soviet Phys. JETP 10, 1213 
1960) ] 

6G. F. Chew, 1958 Ann 
Energy Physics at CERN 
Geneva, 1958), p. 98. ? 

7M. Jacob and J. Mathews, Phys. Rev. 117, 854 (1960) 

8 L. G. Hyman, R. Ely, D. H. Frisch, and M. A. Wahlig, Phys. 
Rev. Letters 3, 93 (1959) 

J. W. DeWire, M. Feldman, V. L 
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106, 1031 (1957) and 108, 1032 


Theoret Phy S. Kyoto 19, 93 


I. Sato, Progr 


tal International Conference on High 
CERN Scientific Information Service, 


Highland, and R. Littauer, 


ve cle arly reflected on the proton Compton effect. 


tended the existing data well above the energy of the 
first peak. The purpose of the present pape! is 


that 


Lo show 


these results can be well accounted for by the 


basic contributions to single pion photoproduction in- 


cluding that of the second resonance, the contribution 
of two-pion production estimated with the help of the 
3-3 isobar model, and the Low amplitude. Moreover, 
apart from magnetic dipole, small admixtures of electri: 
quadrupole radiation are considered to be reé sponsible 
for the photoproduction at the first resonance. Their 
effect is discussed at the end, where also the results of 
the calculation are compared with the existing experi- 
mental data. 


II. APPLICATION OF UNITARITY 


Provided that we treat the problem to the lowest 
order in the fine-structure constant, the amplitude for 
scattering of photons by particles with spin } can be 


written 


A yy = fil é,€) + foi kxé, k’xé 
+ifs(o, éXé’)+ifs(o, [k’ Ke] X[kXé] 
+ifs{ ok) (k’. é’Xé ok’) b. eX é’ } 


+ifel (o,k’) (k’, é’Xé ob be exe)? 


preceding paper; R. Littauer, J. W. DeWire and M. Feldman, 
Bull. Am. Phys. Soc. 4, 253 (1959); G. Bernardini, Ninth Annual 
International Conference on High-Energy Physics, Kiev, 1959 
(unpublished). , 








ELASTIC SCATTERING OF 
Here é, é’ are the initial and final polarization vectors 
and k, k’ are unit vectors in the direction of the in- 
coming and outgoing photon. The scalar amplitudes 
fi(i=1, 2, ---,6) are, in general, functions of two 
variables, say 


v= (ptp')(k+k’)/4M, A®=(k—-k’)?/4, (2) 


where p, p’ are the 4-vectors of the incoming and out- 
going proton momenta. For forward scattering, v is the 
energy of the photon in the laboratory system. 

The contribution of single pion photoproduction to 
the absorptive part of the amplitudes f;(v,A?) is easily 
calculated through unitarity. In the notation of Chew 
et al. we shall consider the following contributions: 
(a) Eo, for the production of charged s-wave pions 
(due to electric dipole radiation), (b) M1, and Fi, for 
pions produced in the Py+, T=} state (3-3 resonance) 
by magnetic dipole and electric quadrupole radiation, 
respectively, and (c) E,— for pions produced in the 
D;-, T=} state (second resonance) by electric dipole ; 
we neglect any magnetic quadrupole contribution. The 
amplitude for production of a pion in the direction @ by 
a photon (&,é) is then 
A yoxr=iEo, (0,2) +M14{2(G, BXé)—ie, 9X (kX2))} 

+ (i/2)Ex4{ (o,k) (é,4)+ (0,2) (R,g)} 
+iE,[(0,é)—3(0,9) (9,2). (3) 


Direct application of the unitarity of the S matrix in 

the center-of-momentum system gives 

Imfa=k.(| Eoy|?+2) Ee 

Imfe2=ke(2|Mi,4|?—3| £14”), 

Imfes=ke(| Eoy|?— | Eo-|?-+§ | E14|? cosd-), 

Imfes=he(— | Mi |?+73| E+ |? 
+3(Ei4*My4+£4Mi,*)), 

Imfes=ke(—3| Big |?—3 (Ary* Muy +£4M1,*)), 

Imf.6=0. 


2 1 
+3 


14.|* cos6,), 


(4) 


Here @, is the scattering angle in the c.m. system 
(denoted by the index c). The last expressions are in 
agreement with the results of reference 5 as far as 
common terms are considered. 

The photoproduction amplitudes may be determined 
from the experimental values of the total cross sections 
for neutral and charged pion production as well as 
certain simple assumptions. From Eq. (3) and taking 
into account the corresponding isospin states, 

0 y-02°= (8r/3)(2|Mi4|?+3! Buy |?+| Ee-|?), (Sa) 
and 


Oy+2*= (40/3) 


 (3| Boy |?+2| Mis |?+3) Bry |2+4| Eo-|*). 


(5b) 


1G. F. Chew, M. L. Goldberger, F. E. 
Phys. Rev. 106, 1345 (1957). 


Low, and Y. Nambu, 
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We adopt a model similar to that of Peierls and Sakurai"! 
which has been very successful in explaining the main 
features of single pion photoproduction up to energies 
of the third resonance. In the present calculation the 
ratio 


= Ey, M,,| (6) 


will be used as parameter. 


III. DISPERSION RELATIONS AND 
LOW AMPLITUDE 


The behavior of the scalar amplitudes f; as k — 0 is 
determined from the low energy theorem.” To the first 
order in the photon energy we have in the lab system 


fi— —e/M, 
fa—> —(2/2Mk, 
fs — Q, 


fe —> ty, 
fa— —(€/2M?*)(1+g)k, (7) 
fe— (€/2M?) (1+ )k, 


where g is the anomalous magnetic moment of the 
spin-} particle.” 

It has been proved® that for forward scattering the 
amplitudes fi(v)+fe(v), fs(v), fa(v), and fs(v)+fo(v) 
satisfy simple symmetry properties (/;+ fe symmetric, 
the rest antisymmetric) as well as dispersion relations. 
Now, in the c.m. system the scalars f. can be written 
as series of powers of cos#,.. The coefficients of the ex- 
pansion are linear combinations of the partial wave 
amplitudes, which correspond to states with definite 
angular momentum and parity and are functions of the 
c.m. energy only. However, it is easy to see that cos6, 
dependence appears in f; only if quadrupole or higher 
multipole terms are included in the expansion. Conse- 
quently, if we assume that the state corresponding to 
the 3-3 pion-nucleon resonance is essentially due to 
magnetic: dipole radiation, then the amplitudes f; are, 
in a good approximation, functions of the photon 
energy only. 

In the approximation of keeping states with JS3 it 
is possible to derive dispersion relations for certain 
combinations of the partial wave amplitudes.’ From 
these it can be seen that approximate dispersion rela- 
tions hold for fz and fs separately. Since magnetic 
quadrupole does not contribute to our model, the 
partial wave analysis to the order /<$ shows that fo 
and fs are functions of the photon energy only, even 
if electric quadrupole in significant amount is present. 
Equations (1) and (7) suggest then the following form 


1 R, F. Peierls, Phys. Rev. Letters 1, 174 (1958); J. J. Sakurai, 
Phys. Rev. Letters 1, 258 (1958); P. C. Stein, ibid. 2, 473 (1959). 

2 F, E. Low, Phys. Rev. 96, 1428 (1954); M. Gell-Mann and 
M. L. Goldberger, zbid. 96, 1433 (1954). 

13 J. D. Walecka (unpublished) points out that in the c.m. 
system perturbation theory gives an additional term: 


(e2/M)(k /M) (B,é’) (R’2) 
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of dispersion relations in the forward direction": 


2Y" * Im fo(v’)dv’ 
rf = 


us “ry 


Ref.(v)— Ref.(0) 


Refe(v)—1 Refs’ 0 


Taking into account Eqs. 5), and (8) 


obtain the following set : 


we finally 


Im f2(v’) 
f°, 


—yp 


* Imf;(v’) 
P dy’, 
Jig v2 (v2? — p*) 


for j7=3, 4, 5, 6; ototai is the total cross section for pion 
photoproduction. In view of the limiting values of (7) 
the constants C; are given by: 


C3=—(2/2M") Cy=—(e/2M*)(1+¢)" 


C;=0 Ce= (e/2M") (1+), 
and yo is the threshold for meson production in the lab 
system given by 


p(1+p/2M); 11) 


uw is the pion mass. For small p, terms with | £1,/? may 
be neglected in the Im/; of (10); in the subsequent 
calculation £,, has been assumed in phase with M,,. 
For strong cos#@. dependence of the amplitudes fj, the 
partial wave dispersion relations and the multipole 
analysis of reference 5 show how to extend Eqs. (10). 

It has been shown’* that above 100-Mev photon lab 
energy a very significant contribution to Compton 
scattering may come from the Low amplitude, which 
corresponds to y-p scattering through exchange of a 
virtual neutral pion. Provided that the variation of form 
factors with momentum transfer is neglected, the cor- 
responding amplitude is’ 


egM 1 2k? 
A Low — F LM 
Mea wu (ur) W 


' 


X10: (k.—k.’)(k.—k.)- (éXé’). (12) 


where g is the pion-nucleon coupling constant, @ the 


4 One might object to this form of dispersion relation for fe(v). 
However, in the approximation of keeping states with J <3 and 
in the notation of reference 5, & and M2 are not uniquely deter 
mined in terms of R;. In this approximation, a dispersion relation 
of the form of Eq. (8) may be derived for 62+; this gives 
additional support to Eq. (8 


‘6 G. Bernardini et al., Nuovo cimento 18, 1203 (1960 
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fine-structure constant, W the total c.m. energy, and 7 
the lifetime of r° in the virtual process; in the present 
calculation r=10~'® sec which is in 
agreement with both the limits set in reference 7 and 
the existing experimental data on neutral pion decay." 
From the amplitude (12) it is easily seen that the Low 
process contributes to /.5 and f.. only. As regards to 
the sign of this contribution, we general, 
chosen that of reference 7; since some objections have 
been recently raised," we indicate in Fig. 1 (differential 
cross section at @,= 90° 
posite choice. 


has been used, 


have, in 
the effect of making the op- 


IV. CALCULATION AND DISCUSSION 


To include the effect of two-pion photoproduction in 
the present calculation we have made use of the 3-3 
isobar model. According to this, one of the final pions 
and the final nucleon emerge in such a way that they 
are always in a resonant 3-3 state, while the remaining 
meson is produced in an s state with respect to the 
“isobar.” Since the 3-3 state has even parity and the 
pion is pseudoscalar, the three-body system under 
consideration will have odd parity (and total angular 


'6 G. Harris, J. Orear, and S. Taylor, Phys. Rev. 106, 327 (1957); 

R. Blackie, A. Engler, and T. Mulvey, Phys. Rev. Letters 5, 384 

(1960); R. Glasser, N. Seeman, and B. Stiller, Proceedings of the 

1960 Annual International Conference on High-Energy Physics at 

Rochester (Interscience Publishers, Inc., New York, 1960), p. 30; 

A. Tollestrup, S. Berman, R. Gomez, H. Ruderman, ibid., p. 27. 
‘7 L. I. Lapidus and Chou Kuang-chao (to be published) 
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momentum J/= 3). Hence, it is most likely produced by 
electric dipole radiation, contributing thus to the ab- 
sorptive parts of f., and f,;. In the present work it is 
assumed that 

A Seecete™s (13 


Cyr 


the experimental results of Chasan ei al.'’ 
have been used. 

The differential cross section for Compton scattering 
on particles with spin 3 has in the c.m. system the 


form?:!9 


OF Oys2*s 


da/dQ 
Js\*-F: Jal? 
+2! fs *+2) fe 2+4 Re(fs* fet fa*fs) 
+2 cosd, Re(fi* fot fa* fat 2fs* fot 2fa* lot 3 fs" fe 
+-cos"é (3 . ; fs : 
fet fa* fs) ] 


+-2 cos*6, Re(fs*f¢ . 


fil?+3! fol?—43\ fs 


Ts fe > 
A »( 


(14 


provided that f; have been reduced to c.m.™ The re- 
sults of our calculation for p=0, 0.25, and 0.50” are 
presented in Figs. 1-4. Apart from the experimental 
point at 3.12 Mev and @,=90°, which seems to be too 
low, there is fairly good agreement with the existing 
data as well as with certain previous calculations.‘ At 
low energies our predictions at @,=90° are slightly 
above those of reference 7. Figures 2-4 demonstrate a 
clear forward-backward asymmetry at energies before 


18 B. M. Chasan, G. Cocconi, V. 'T. Cocconi, R. 
and D. H. White, Phys. Rev. 119, 811 (1960). 

*L. I. Lapidus and Chou Kuang-chao, Zhur. Eksptl’ i Teoret 
liz. 38, 201 (1960) (translation: Soviet Phys. JETP 11, 147 
(19060). 

19 The dispersion relations in the form of Eqs. (10) are expected 
to be valid in a rather wide range of energies, provided that /; are 
the Breit system amplitudes. However, within error of orde: 
(k./M)?,a similar form holds for f.; as well?~*; this has been utilized 
in the calculations presented in Figs. 1-4. 

2” Large electric quadrupole contribution is excluded from th« 
angular distribution of x° photoproduction. See D. R. Corson, 
Proceedings of the Sixth Annual Rochester Conference on High 
Ienerey Nuclear Physics (Interscience Publishers, Inc., New York, 
1956) 
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and after the peak which is characteristic of 
resonant behavior and is essentially due to electric 
dipole-magnetic dipole interference. 

The effect of electric quadrupole on the calculated 
cross sections is much more prominent in the region of 
the resonance, as one should expect from the model used. 
The angular distribution in that region appears to be 
very sensitive to the quadrupole percentage (more 
sensitive than for photoproduction). Note that the 
cos’@. dependence is not affected significantly from 
changes in the 7° lifetime (Fig. 3). Hence it seems that 
the region of the first resonance in the proton Compton 
effect is very appropriate to determine the exact amount 
of electric quadrupole present in single-pion photo- 
production. The existing data favor a ratio p=0.3-0.4, 
although not in a conclusive way. From Eqs. (5), this 
ratio corresponds to about 19% quadrupole contribution 
to the total photoproduction cross sections; it is very 
probable, however, that p increases with energy. Addi- 
tional information may in principle be obtained from 
the polarization P of the recoil proton, along the 
direction RXk'. At 310 Mev, @.=90°, we find P~ 35% 
for p=0, decreasing by only 8% for p=0.5; however, 
at 0.= 135°, P~ 20% for p=0, decreasing by 50% for 


very 


30° 


iG. 4, Angular distributions at 362 Mev 
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p=0.5. If it is confirmed by further experimental work, 
the presence of electric quadrupole may affect the 
analysis of the data at lower energies and the limits of 
virtual 2° lifetime as determined in reference 7. More- 
over, it will help to understand the asymmetry in the 
angular distribution of ++ photoproduction at high 
energy. 

In a recent paper Minami,” by describing the proton 
Compton effect in terms of shadow scattering due to 
photoproduction of pions, predicts a strong and broad 
peak in the cross section corresponding to the second 
photopion resonance. Although the dispersion relations 
of (10) contain many theoretical uncertainties at these 
energies, we have applied them at 760 Mev. For p=0 
and p=0.25 the differential cross-section in units of 
10-® cm?/sterad is 


correspondingly. This estimation agrees qualitatively 
with the predictions of reference 21 as well as with 
the value (do/dQ.) (90°) = (13.026.0) X10-* cm*/sr re- 


21 Shigeo Minami (to be published). 
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ported from Frascati.” Since the resonant behavior 
seems to be clearly reflected on the proton Compton 
effect, further experimental work in that region will 
add very useful information regarding the character and 
the details of the second resonance. 

In the present calculation the effect of the third 
photopion resonance has been entirely neglected; it is 
not difficult, however, to include it in the calculation 
of Sec. 2. This effect, as well as that of the T=1, J=1 
pion-pion resonance (which enters through double pion 
photoproduction) is certainly negligible in the region 
of the first resonance, but could be very significant in 
that of the second. Even more significant might be the 
two-pion exchange contribution in a Low-type process. 
A practical form of this contribution is now under 
investigation. 
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We assume that the neutron-neutron potential is well-behaved and velocity-dependent. We can then 
apply perturbation theory to find the energy per particle of a neutron gas, in the range of Fermi wave 
numbers 0.5<ky<2 f. The energy through first order is found in closed form, or by a single numerical 
integration. We use two different velocity-dependent potentials adjusted to fit observed nucleon-nucleon 
1§ and 'D phase shifts. In the range of densities 0.5<k;<1 f", our two potentials give nearly the same 
energy/particle (within 0.5 Mev); our values tend to run an Mev below values found by Brueckner e¢ al., 
for the Gammel-Thaler potential. Wider divergences appear at higher densities. Our values, and Brueckner’s 
are higher than those found by Salpeter by a semiempirical approach. A crude estimate of the second-order 
energy for our potentials indicates that perturbation theory converges rapidly in the density range considered. 
Our results suggest that at moderately low densities the energy /particle in a many-body system is insensitive 
to the shape or nonlocal character of the assumed two-body potential. 


INTRODUCTION 


HE neutron gas is a good proving ground for 
many-body calculations for two reasons. First, 
the neutron-neutron potentials are rather well known, 
since they must fit the accurately determined proton- 
proton phase shifts.'! (We assume charge independence, 
and have not corrected for Coulomb effects.) Second, 


* Supported by the National Science Foundation. 

t Now at the Department of Physics, Cornell University. 

1G. Breit, M. H. Hull, K. Lassila, and K. D. Pyatt, Phys. Rev. 
120, 2227 (1960) 


there is no experimental data on the neutron gas, to 
prejudice us for or against any special calculation. 

We are not comparing with experiment, but we have 
two interesting comparisons to make. First, certain 
terms are neglected in any calculational method for a 
many-body problem. We need estimates to show that 
the neglected terms are small in comparison with the 
terms considered. Second, Bég? has discussed whether 
two potentials (one static and the other velocity- 
dependent) which give the same phase shifts in the 


2M. A. B. Bég, Ann. Phys. 13, 110 (1961 
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two-body problem will give identical results in the 
many-body problem. This identity should hold if the 
particles are well separated (i.e., separation distance 
greater than range of the two-body force). We shall 
use perturbation theory to calculate the energy of a 
neutron gas for three different well-behaved velocity- 
dependent potentials.* Brueckner, Gammel, and Kubis* 
have already given values of the energy calculated for 
the static Gammel-Thaler potential with repulsive core. 
Also, Sood and Moszkowski’ have calculated the energy 
of a neutron gas at low densities. Comparisons among 
these different results should give a test of the equiva- 
lence of static and velocity-dependent potentials. (Of 
course, this comparison assumes that each calculation 
method is satisfactory. We cannot prove both the validity 
of the calculational methods and of the equivalence of 
different potentials by one comparison.) 

We also wish to examine the question of the de- 
pendence of the energy of the neutron gas on the as- 
sumed shape of the well-behaved neutron-neutron 
potential. Recently, de Swart and Dullemond® and 
Levinger et al. have found independently that there is 
a shape-independent relation connecting the volume 
integral of a two-body potential with the two effective 
range parameters. Specifically, for a square-well poten- 
tial of infinite scattering length, the volume integral 
S 0(r)@r= (2°/3)(h?/M)b, where 6 is the intrinsic range. 
The coefficient (x*/3) varies by only several percent 
for the six different well-behaved central potentials 
considered: square, Gaussian, Yukawa, exponential, 
Hulthén, and Jost.’ Since the first-order potential 
energy term is dominated by the ordinary integral, 
which is just proportional to the volume integral of 
the potential, we might suppose that the properties 
of the neutron gas would be insensitive to the potential 
shape. This supposition is supported by a comparison 
at moderate densities of the neutron gas energy for 
our two different shapes. 

We would like to make it completely clear that we 
are not using a velocity-dependent potential as a device 
to calculate the properties of the neutron gas for a 
static potential with repulsive core. Instead, we take 
the attitude that there is no firm evidence as to whether 
the two-body potential is static, or velocity-dependent.* 
We choose, arbitrarily, the velocity-dependent case, 
and for this case calculate the energy of the neutron gas. 
If Bég’s and de Swart’s arguments apply we will find 
very nearly the same energy as others find assuming a 


3R. E. Peierls, Proceedings of the International Conference on 
Nuclear Structure (The University of Toronto Press, Toronto, 
Canada, 1960), p. 7. 

4K. A. Brueckner, J. L. Gammel, and J. T. Kubis, Phys. Rev. 
118, 1095 (1960). 

5P. C. Sood and S. A. Moszkowski, Nuclear Phys. 21, 582 
(1960). 

6 J. de Swart and C. Dullemond, Bull. Am. Phys. Soc. 6, 269 
(1961), and private communication. 

7R. Jost and W. Kohn, Phys. Rev. 87, 977 (1952). 

§Q. Rojo and J. S. Levinger, (to be published). 
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static potential. Otherwise, we will have a different 
energy; but our assumption and result may have as 
much relation to physical reality as the calculations 
with a static repulsive core. 

We shall follow Salpeter’s approach’ in using different 
methods for the neutron gas for three different density 
regions: kyb<&1; kyb~1; and ksb>>1. Here ky is the 
wave number at the Fermi surface, and 6 is the intrinsic 
range of the neutron-neutron force. 

In the low density region, where k;b<1, the phase- 
shift approximation should work well. That is, the 
properties of the many-body system are determined 
from the ¢ matrix for an isolated pair. Salpeter has given 
the energy/particle for this region in analtyical form: 
there is no bound state. 

At moderate densities (k;b~1) the Pauli principle 
drastically changes the ¢ matrix from its value for an 
isolated pair. Several different calculational methods 
have been used in this region. Brueckner et al.4 calculate 
the ¢ matrix in the neutron gas, and give numerical 
results for the energy/particle for 0.637<k;<1.27 £7. 
(They, and other authors, quote the radius parameter 
ro=1.912/k;; they treat 1.5<1r)<3.0 f.) Sood and Mosz- 
kowski® treat the low-density edge of the moderate 
density region (k;<0.5 f') by correcting the free-pair 
t matrix for the effects of the Pauli principle. (To facili- 
tate the calculation, they assume a separable potential.) 
They also include the collective pairing effect. Salpeter 
treats the moderate density region (0.637 <k;<1.91 f) 
by extrapolating the Weizsicker semiempirical mass 
formula for nuclear matter to the case of a pure neutron 
gas. His answers are sensitive to the assumed value of 
the symmetry energy coefficient, so he quotes four dif- 
ferent results for different assumptions. He believes his 
case d (highest symmetry energy coefficient, and highest 
energy for the neutron gas) is the most probable, so 
we shall compare with this case. 

In the high-density region (k;b>>1) two new effects 
are estimated by Salpeter. First, the high Fermi energy 
favors the formation of hyperons. Second, the potential 
energy is sensitive to the assumed behavior of the two- 
body potential at small distances. In particular, for 
Salpeter’s assumption of a static repulsive core of 
radius 0.45 f, the potential energy becomes infinite for 
ro=0.25 f, or ky=7.65 f. Salpeter uses the ‘cell 
method” to treat the region 3.2<k;<7.65 f". 

In this paper, we shall confine our calculations to the 
moderate density region 0.5<k;<2.0 f". We note that 
in the low-density region where the phase shift approxi- 
mation is valid, Bég’s equivalence holds in a trivial 
manner. In the high-density region Bég’s equivalence 
clearly fails: e.g., compare the infinite potential energy 
for a static repulsive core (for ky>7.65 f') with the 
finite very high value for our well-behaved velocity- 
dependent potential. We wish to find out how well Bég’s 
equivalence holds in the moderate-density region. 


*F. Salpeter, Ann. of Phys. 11, 393 (1960). 
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r'aBLe I. Singlet-even phase shifts.* 





1§ 

Energy a 3 
20 0.87 
100 0.22 
180 —0.08 
260 0.19 
340 0.20 


Breit Breit 


0.02 
0.07 
0.12 
0.16 
0.18 


0.00 
0.00 
0.01 
0.01 
—0.02 


0.85 
0.45 
0.17 
—0.03 
—0.19 


0.90 
0.40 
0.14 
0.04 
0.20 


0.86 
0.38 
0.14 
-0.03 
0.20 


0.09 
0.11 
0.10 
0.08 


* Our potentials dg, 9g, and 9, are given in Eqs. (1) through (6). The ‘Ss 
ind 'D phase shifts, in radians, calculated for these three potentials are 
taken from references 12 and 13; Coulomb effects are neglected. The phase 
shifts of Breit ¢ al., reference 1, are from their curves YLAM for proton- 
proton scattering. The laboratory energy is given in Mev. 


In this paper, we shall use the perturbation expansion 
of the energy. We assume a well-behaved two-body 
potential so that we can use perturbation theory. It is 
assumed velocity-dependent for two reasons. First, for 
a well-behaved potential, velocity-dependence is needed 
to fit the 'S phase shifts of Breit et al.! Second, a static 
potential J(r), chosen so that J(r) <0, could cause the 
same collapse in the neutron gas that is familiar in the 
nuclear matter problem. The saturation conditions are 
modified slightly, but in any case are not met by the 
approximately Serber character of the empirical two- 
body potential. 

The purpose of this paper is to calculate the first-order 
term in the energy. It is known" that for nuclear 
forces the second-order term E™ is significant at low 
densities (that is, it is comparable to the first-order 
term). On the other hand, due to the effects of the Pauli 
principle, E® is expected to be relatively small at 
moderate densities. We shall later make a crude esti- 
mate of E®, We 
calculate the energy through first order for an arbitrary 
exchange mixture, and later specialize to the particular 
exchange mixture used by Brueckner et al. to facilitate 
comparison with their results. Numerical results are 
given for three different velocity-dependent potentials, 
but it is trivial to calculate the energy for any other as- 


which confirms these conclusions. 


sumptions concerning the shape or exchange character 
of the velocity-dependent potential. 
THE TWO-BODY POTENTIAL 


We choose first a velocity-dependent potential 6, 
developed by Razavy ef al.” with the form 
ta= —VoiJil(r)— 


AX M)p-J.(r)p. 


Here p is the operator —th grad. 


JIiin)=Je(r)=1, r<b, 
. rnb, 


0, r>b; 


Vo=16.9 Mev; A= —0.21; b=2.4 f. 

10H. Euler, Z. Physik 105, 553 (1937). 

!W. J. Swiatecki, Phys. Rev. 103, 262 (1957 

"2M. Razavy, O. Rojo, and J. S. Levinger, Proceedings of the 
International Conference on Nuclear Structure (University of 
loronto Press, Toronto, Canada, 1960), p. 128; M. Razavy, Ph.D 
dissertation, Louisiana State University, 1961 (unpublished 
M. Razavy, G. Field, and J. S. Levinger (to be published) 
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This potential fits the accepted low-energy parameters: 
effective range= 2.65 f and scattering length= — 23.6 f. 
Table I shows that 6, gives |S phase shifts in rough agree- 
ment with Breit’s values; but the calculated 'D phase 
shifts are unsatisfactory, being much too small. 

The potential #3 uses a combination” of square-well, 
delta-function, and Yukawa shapes: 


Og= —VoJi(r)— (WA/Mc)b(r—c)— (A/M )p- Jo(r)p, 
VoJi(r)=51 Mev, 
= —OPEP, 


r<b 
r>b; 
m, £¢: 
OPEP = — 10.83 exp(—0.708 r 


b=1.6f, « 


0.708 r Mev, 


Gat, 1.64. 


This potential has four adjustable parameters, and as 
shown in the table gives a satisfactory fit to the 'S, and 
‘1D phase shifts from 20 to 340 Mev. [The one pion 
exchange potential (OPEP) used for r> 1.6 f, does not 
contain adjustable parameters. | We have not deter- 
mined the effective range parameters for this potential. 

Other work fitting phase shifts with velocity-depend- 
ent two-body potentials has been done at Birmingham 
by Green (private communication) and at Louisiana 
State University by Rojo and Simmons.” Both groups 
used a form similar to Eq. (1 


6,=—Voilr)+ 1/M)[p’o(r)+o(r) p* ). 


We choose, with energies in Mev and lengths in f, 
Vol (r) =[1+4 2w(r) ]{112 exp(—1.4r 
— (h?/M)[w' (r) | 
w(r)=5 exp | —3.6r). 


[It turns out that this complicated choice of J,(r) gives 
a simple form for an ‘‘effective potential” that can be 
used in a transformed Schrédinger equation. | 

Table I shows that @, 
phase shifts, and a fair fit to his 'D phase shifts. This 
potential fits the low-energy parameters: effective range 
= 2.65 f and scattering length = — 23.6 f. 

Each of these potentials is an example of a nonlocal 
potential, expanded in powers of the operator p, with 
terms beyond p* being omitted. This expansion would 
be dubious at very high values of the relative mo- 


gives a good fit to Breit’s 4S 


mentum. However, for our present work with a neutron 
gas at moderate densities, we are interested only in 
moderate values of the relative momentum. We choose 
an expansion up to p* terms that fits the two-body data 
up to 340 Mev (lab system), and then use this expansion 
only for energies appreciably less than this value. 

In this preliminary work, we make a rough guess as 
to the potential in (triplet) odd states: namely, we fol- 
low a simplified form of the potential used by Brueckner 


'8Q, Rojo, Ph.D. dissertation, Louisiana State University, 1961 
unpublished); L. M. Simmons, M. S. thesis, Louisiana State Uni 
versity, 1961 (unpublished 
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et al. in which the attractive potential is weakly attrac- 
tive in odd states (one-tenth that in even states, if the 
same range is chosen), and the repulsive core is the same 
in all states. For our potentials, this suggests taking the 
static term as weakly attractive in odd states, and taking 
the velocity-dependent terms as the same in all states. 
Of course, in a complete treatment one should include 
the tensor and spin-orbit forces in the odd states, and 
adjust the exchange character of the static and velocity- 
dependent terms in our central potentials to fit the 
observed odd phase shifts. 


CALCULATION OF FIRST-ORDER ENERGY 


We use perturbation theory '° with the unperturbed 
Hamiltonian A= p?/2M, and the perturbation é given 
in the previous section. The energy through first order, 
denoted by E, is 


k=(b 1, ? + (P oP), 


® is a determinant composed of plane-waves, so the 
first term is the usual (3)\V7,, where .V is the total 
member of particles, and 7,=#*?k?/2M is the kinetic 
energy at the Fermi surface. [Note that for the neutron 
k,=1.912/ro, where volume Q= (4)rr)*.V 
= 3? NV /ky. | 

The second term is conveniently calculated in four 
parts: the ordinary and the exchange integrals for the 
static and the velocity-dependent terms in the potential, 
respectively. 

The simplest is v(k, 
static term. For each pair of neutrons, we have for 


potential dq of Eq. (1 
(tar Vo 2) f Juinvrar. (8 


For a Serber force, there are §.V* pairs interacting in 
even (spin-singlet) states. The ordinary static term 
per particle for a Serber force becomes 


vp(ks)= — (Vo ok? f Iuiryrar. 


lor a different exchange mixture, the static ordinary 
term contributes ¢c)v») where (Euler) 


gas the 


the ordinary integral for the 


o(r) —Vodi(r) (4) 


o=1+3V_/V,=1.3. 10) 
Here V_/V, is the ratio of static forces (of the same 
shape and range) in odd and even states. Following 
Brueckner et al., we give the numerical value in Eq. (10) 
for V_/V,=0.1. 

The ordinary term wo(k,) for the velocity-dependent 
term is also very easy to calculate. We write the wave 
function in terms of the relative coordinate r=r,—r 
and the relative wave number for a specified pair of 


“J. S. Levinger, M. Razavy, O. Rojo, and N. Webre, Phys 
Rev. 119, 230 (1960) ; 121, 1863(E) (1961). 
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neutrons 


k=3(ki—ky,). 


(11) 


The wave function ¢ is proportional to exp (ik-r). 


Then, for é, and ég, 


(| (—A/M)p-Ja(r)p @ 
— (4h?) /MQ)R? [y.mrar (12) 


We have used po=hk¢@ for the p following J.(r). For 
the p preceding ./2, we have used the Hermitian prop- 
erty of the operator in performing the integration. In 
treating all pairs, we obtain the mean square average 
of the relative wave number which is 


io RS. (13) 


Again considering § .V? pairs, the ordinary term per 
partic le for a Serber force becomes 


(Re) = — (1/209) (h? /M)k +f snyrar (14) 


This equation holds also for a velocity-dependence of 
the form é, of Eq. (5) [replace —AJ2(r) by 2w(r) ]. 
For a different force mixture, we 


use Cowo(k;) where 


3A_/A, (15) 
The numerical value applies to a Wigner character for 
the velocity-dependent term (A_=A,=A). 

If \<0 (as is needed to fit the \S phase shifts) and 
c>0, c.>0, the ordinary terms and kinetic energy 
combine to give: 


rok? M+eyuolk t) + Cow'yk = dok P—a k P+ ask -° (16) 
with coefficients a2, a3, and as each positive. Collapse 
of the neutron gas will not occur. Quantitative calcu- 
lations, including exchange integrals are needed to find 
whether the system is bound. 

The exchange term 2,(k,) for the static part of the 
potential is calculated for a given pair as follows, 


d(r) —Vosilr) of 


— (49 V 0/2 frocinem 2kr)r'dr. (17) 


The usual method of calculation'® involves performing 
the Fourier transform given by Eq. (17), and then 
averaging over the distribution function for k. Because 
of the complicated forms we shall use for /2(r) we follow 
the different route of first integrating over the distribu- 
tion function for k, and then performing the integral 
over r. Using the same factors as in Eq. (9), we have, 

185 LL. C. Gomes, J. D. Walecka, and V. F 


‘L . Weisskopf, Ann. of 
Phys. 3, 241 (1958). 
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ase II. Some useful functions.* 


y) f(y fs(y) 


‘2 


| 
| 


CHAU WN OC! 


0 0 0 
0.0396 0.015 0.011 0.003 
0.272 0.097 0.297 0.027 
0.706 0.27 1.49 0.095 
1.14 0.57 3.07 0.14 
1.30 0.83 1.78 0.16 
1.08 1.06 — 3.65 0.15 

1.19 —19.9 0.11 


0.60 
0.16 1.26 ~31.1 0.047 


* The functions f(y), f2(y), . and /fs(y) are given in closed form in 
Eqs. (19), (21), (24), and (26), respectively. 


for a Serber force, 


ve(ky) = — (Vo 2n) f Juin) fukn r, 


where the function /;(y) is defined by 
fily) = — (12/¥*)siny+ (3/y—12/y5)cosy 
+3/y+12/y. (19) 


For square-well or delta-function shapes, the integral 
of Eq. (18) is easily given in closed form. For a square 
well of range 5, we have 

ve(Ry) = — (Vo/ 2m) fo(2k,b), 


y = 4 cosy y+4 siny bate OSV y 


(20) 


+Si(y)—3/y—4/y*, (21) 


For a different exchange mixture, v, has a coefficient 
c;’ given by 
V..=0.7, (22) 


for V_/V,=0.1. 

The exchange term w,(k;) for the velocity-dependent 
part of @ can also be calculated by two equivalent 
methods. Following the method used above for 2,(k;) 
we have, for a Serber force of form @, or a, 


we(k,)= (h*r sx) f Jains (2k r)dr/r’, (23) 


where the function /3(y) is defined by 


I3(y)= — 30+- 360 y siny 
+ (3y— 144/y+ 360/ y* 
— (36/y+360/,?) (24) 
For i, or #3 with a square-well form for Jo(r) the 
integral of Eq. (23) gives 


we(ky) = (WARP/2xM) fs(2k yc), (25) 


faly) =72/y°+12/y' — 72 cosy/y®—72 siny/y* 


+24 cosy/y’+3 siny/y*. (26) 


The four functions given above are tabulated in 


Table II. 


For the exponential form w(r 8 of 3,, the ex- 
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change integral 


we(ky) = (36*vh?/4rM) f5(2k;/8), (27) 


fo(y) =}y—tany+ (1/y)[(1+4y)In(1+ y*) —3]. (28) 
(ky) of Eq. (23) 
term wo(k;) of 
because in the 
gradient oper- 
when operating 


Note from Tables III and IV that w, 
has a sign opposite to the ordinary 
Eq. (14). This sign difference occurs 
operation (¢(r)|p-J2(r)p\¢(+r)), the 
ator following J» gives a different sign 
on ¢(—r) for the exchange term than when operating 
on ¢(r). However, for the form é,, wo(k;) and w,(k,) 
have the same sign, since p°¢(—r)= P°¢(r). 

For a different force mixture, w.(k;) has a coefficient, 


¢2’ =1—3\_/A,=—2 (29) 
for \_/A,=1. 
Combining, the energy per particle, through 


order, is given by 


E/N =3(#k 2/2M)+ern(k 


first 


q= 1. . 


The function ¢,v9(ky) is proportional to k/ and is nega- 
tive; cowo(R;) is proportional to k,* and is positive. The 
exchange integrals are equal in magnitude to the 
corresponding ordinary integrals at low density 
[v-(ky) =vo(ks) and |w.(ks)| =| wo(ks)| ], but become 
much smaller at high density: 


[lol<« and 


NUMERICAL RESULTS 


The kinetic energy of the neutron gas has the simple 

expression 

3 (WR ?/2M)=12.5k /. (32) 
(Throughout this paper, the wave number ky at the 
Fermi surface is given in f~', and the energy/particle 
is given in Mev.) 

The ordinary integral for the static term [v(k,) of 
Eq. (9) ] evaluated for the potentials é,, #3, and 6, of 
Eqs. (1), (3), and (5) respectively, is given in Table III. 
The ordinary integral for the velocity-dependent term 
[wo of Eq. (14) ] for these three potentials is also given in 
Table III. Note the large spread in the values of wo(k;). 

The exchange integrals [v, of Eqs. (18) and (20), 
and w, of Eqs. (23) and (25) ] were evaluated in closed 
form for square-well and delta-function shapes, and by 


TABLE ITI. Ordinary integrals for potential energy.* 


Potential, Potential iz; Potential @ 


-4.12 ky 
k, 


Static vo(k,) 
Vel.-dep. wo (ky) 


3.02 k, 
0.045 k;5 


—402 k, 


0.64 0.28 k,® 


given in Eq. (9) 
ident term is giver 
?, are given in Eqs | 


® The ordinary integral vo(ks) due to the stati 
the ordinary integral wo(ks) due to the ve 
in Eq. (14). The two-body potentials 4. % 
through (6). 
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numerical integration on a desk computer for the other 
shapes. The results are given in Table IV. 

We substitute the numerical results of Eq. (32), and 
Tables III and IV, in Eqs. (30) and (31) to find the 
energy/particle of a neutron gas vs density. The re- 
sults of E/N for different values of ky are given in 
Table V; we also include values taken from graphs of 
Brueckner ef al.4 and of Salpeter.’ 

At the lowest density considered, ky =0.5 f~', we can 
also compare with Sood and Moszkowski’s’ calculations. 
Using the Gammel-Thaler potential, with an approxi- 
mate correction for the effects of the Pauli principle, 
they obtain 1.6 Mev/particle. They also give two dif- 
ferent estimates of the gap due to the collective pairing 
energy: this lowers E/N to either 1.0 or 1.3 Mev 
particle. At this density our three potentials each give 
2.3 Mev/particle (within 0.1 Mev) which is about a 
Mev higher than the Sood-Moszkowski value. All these 
results are considerably higher than Salpeter’s semi- 
empirical value of 0.3 Mev. The difference between ours 
and the Sood-Moszkowski value is in part due to the 
second-order correction to our result, estimated in the 
next section. 

At k; of 0.637 or 0.75 f', our results for three different 
potentials continue to agree reasonably well with each 
other, supporting the arguments for shape-independence 
of the binding energy at moderate density (ksb<2, 
where 6 is the intrinsic range). The Salpeter value seems 
definitely low, as compared to the others. 

At ky around 1 f, we see a definite divergence among 
the results of our three different potentials. This di- 
vergence is not unexpected, since, for example, the 'D 
phase shift is becoming appreciable for kyb>2, and our 
potential 3, seriously underestimates the 'D phase shift 
in the two-nucleon problem. We should disregard the 
results for d,, and take some sort of weighted mean of 
the results for ég and é,. This weighted mean seems to be 
below the values of Brueckner et al. 

At the highest density considered, k;=2f~', we see a 
divergence among our values for #3 and ¢,: Shape- 
independence is no longer valid. As discussed in the 
Introduction, we would expect to see significant differ- 
ences also between calculations for a velocity-dependent 
potential and calculations for a static repulsive core. 


TABLE IV. Exchange integrals." 


Wave 


number Potential #, Potential 7, 


Ve ky ) We (ky ) 
—0.4 +0.008 
—1.0 +0.06 
-1.7 +0.29 
uP ALS 


-] 
-3.7 +41 


Potential 73 
Ve | ky ) W's | ks) 


—0.3 0.001 

0.6 —0.006 
2 —0.04 
5 —0.29 
J =1,2 


Uh he 


-~0.06 +4 


«ky is the wave-number at the Fermi surface, in f~!. 
integral v, 
exchange integral we(ks) for the velocity-dependent term is given by Eqs 
(23) through (28). The two-body potentials 3g, 33, and 

1) through (6). 


The exchange 
ks) for the static term is given by Eqs. (18) through (21); the 


* : 
vy are given in Eqs. 
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TABLE V. Energy/particle for a neutron gas." 


Our results for potential Brueckner 
Da d dy et al. 


Salpeter 


DPW | 
NPR COONm PD / 
oss 

oo UI ww 


16.3 
27.8 
86.8 


me 
wn 
" “Id bo 


* The wave number at the Fermi surface, ks, is given in f~. All energies 
a 


are given in Mev/particle. Our potentials 9g, 9g, and Dy are given in Eqs. (1) 
through (6); ] 


the energies are through first order in perturbation theory. 
The values of Brueckner e¢ al. are from their graph, reference 4; the values 
of Salpeter are from his curve d in reference 9. 


It is very easy to study other force mixtures. For 
instance, at k;=1 f-, if we use an exact Serber mixture 
for the static term in #3 and keep a Wigner mixture for 
the velocity-dependent term, we have c:=¢:'=1, c2.=4, 
co’ = —2; then E/N =8.6 Mev (cf. 8.1 Mev in Table V). 
The reason for the 0.5 Mev/particle increase is simple: 
we are now considering zero static force in a relative 
p-state rather than the weak attraction used in Table V 
(c:=1.3; c;’=0.7). 

Of course, E/N is independent of the exchange mix- 
ture at very low ky. At ky~2 f", the dependence on the 
exchange mixtures is greater than that shown in the 
above paragraph. 


DISCUSSION 


We shall make a crude estimate of the second-order 
energy £ for our potential é, in order to consider the 
convergence of the Rayleigh-Schrédinger perturbation 
series as applied to the neutron gas problem. This calcu- 
lation of E® is crude in three respects. First, only the 
central force, is considered. Noncentral L-S and tensor 
forces give zero contribution to the first-order energy 
but may be important for E®. Second, we calculate 
only the ordinary term for E®. In this calculation, we 
further neglect the velocity-dependent term and replace 
the square-well by an equivalent Gaussian potential 
[see reference 14, Table VIII | 
—VJi(r) 1.74 f; 


Vo=35 Mev. 


—Vo exp(-— 5?) B- 
(33) 


With these approximations, we merely need to re- 
calculate factors for a neutron use Euler’s 
calculation of £” for nuclear matter. For a neutron gas, 
we find 


gas, to 


E/N = — (c3/25 X52) (MB*/h?) g(x). (34) 
The coefficient c; is given for a Serber force by ¢3= (Vo). 
Here «=k, and the function g(x) is tabulated by Euler” 
and Levinger ef al.!4 

Substituting Vo and 8 from Eq. (33), 


—0.17g(1.74k,;). 
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l'as.e VI. Estimate of second-order energy." 








ky 
kpb<K1 3.8 k/4.2 RF =W% 
0.5 0.17/0.5=35(; 

1.0 0.41/4.2 = 10% 

2.0 0.5/34=2% 


* ks, the wave number at the Fermi surface, is given in f-!; b is the in- 
trinsic range. The second-order energy E®) is estimated crudely in Eq. (35) 

ky) is the ordinary integral for the potential energy, due to the static 
term: see values in Table III. The absolute values of the energies are given 
in Mev. particle 


We follow Swiatecki" in using £“’, (v) as an estimate 
of the convergence of the perturbation series. We take 
the expectation value of the potential (v)~v9(k,s) from 
Table II. E/N is given by Eq. (35). Table VI con- 
firms Swiatecki’s result for the nuclear matter problem: 
perturbation theory converges poorly at low density, 
and well at high density. 

The value £°)~—0.3 Mev/particle gives a crude 
estimate of the error of our first order calculation of £, .V 
given in Table V. Since the kinetic energy is large, 
((T)>> (v) ) the percentage error in E/.V is small. Note 
that this situation for the neutron gas is much more 
favorable for our perturbation-theory calculation than 
in the nuclear matter problem. In the latter case 

T)= \(v); sothat & AA is the result of near cancellation 
of two large terms. 

We further note that our use of a velocity-dependent 
potential gives a more rapidly converging perturbation 
theory expansion than does use of the Gammel-Thaler 
potential. Levinger et al." found that E')/A consisted 
of the sum of three different singlet terms, having value 
at ky=1.4 f"' of +10, —7, and +2 Mev/particle re- 
spectively. These numbers (even when reduced by the 
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factor } appropriate to the neutron gas problem) are 
much larger than E°/N given in Table VI. 

Table V shows that our two velocity-dependent po- 
tentials dg and é, give fair agreement for the value of the 
energy of the neutron gas for the range 0.5<k,<1 f-. 
This agreement at moderate densities supports the belief 
that the properties of the many-body system are in- 
sensitive to the shape® of the two-body potential, so 
long as it reproduces the moderate energy phase shifts. 
The results for dg and 3, seem below those of Brueckner 
et al., particularly when we consider that including the 
second-order energy would lower our values further. 
This difference may be due to the dependence of the 
energy of the many-body system on the local vs non- 
local character? of the two-body force. On the other 
hand, the difference may be due to the different calcu- 
lational methods used. 

From the variation principle we know that if some 
specified well-behaved potential is the “true” two-body 
potential, then the energy calculated through first 
order represents an upper limit on the true energy of 
the many-body system. (Of course, we are neglecting 
the possibility of many-body forces). It is generally be- 
lieved that the energy calculated by the phase-shift 
approximation represents a lower limit for the energy. 
We might then be able to bracket the energy between 
these two limits. The supposition as to the phase shift 
approximation seems very reasonable on _ physical 
grounds, but we do not know if it has been proved. 
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The virial theorem is derived for a system of W relativistic electrons interacting with each other via 
electrostatic forces and subject to arbitrary external electromagnetic fields. The results are presented in a 
form that is useful in perturbation calculations and investigations of nonisotropic systems. The equation 
of state for a system of N electrons confined to a box is discussed on the basis of the virial theorem. 


I. INTRODUCTION 


HE standard quantum mechanical versions of the 

virial theorem refer to a single nonrelativistic or 
relativistic particle or to a system of V nonrelativistic 
particles.'? In this note, we show that the single- 
particle Dirac virial theorem can be generalized to the 
N-particle case in a manner analogous to the nonrela- 
tivistic generalization; the results apply to a system of 
N relativistic electrons interacting via electrostatic 
forces and subject to arbitrary external electromagnetic 
fields. The complete identity, of which the virial 
theorem is a special case, applies to off-diagonal matrix 
elements and is a tensor, not a scalar, relation. This 
general form of the virial theorem can be applied in 
perturbation calculations and in investigations of non- 
isotropic systems*; the relations may be useful in dis- 
cussing high-temperature plasmas. We employ the 
virial theorem to describe the equation of state for a 
system of NV relativistic electrons confined to a box, and 
obtain results analogous to those found in the nonrela- 
tivistic case. 


II. VIRIAL THEOREM 


We consider a system of N electrons whose behavior 
is governed by the following Hamiltonian!: 


N 
H= Dd {a(i)- 
=| 


a(1)+8()+V@)}+> 1,7), () 
i<.) 


where 
(i) =p(i)+eA(i). 

The quantities V (7) and A(z) are the external scalar and 
vector potentials evaluated at the position of the 7th 
particle, and /(i,7) represents the interaction between 
the electrons. For many cases of interest, 

V (i)= —Ze/r;, 2) 
and 

[(i,7) =e/13;, 3) 


* Supported by the National Science Foundation. 

' The virial theorem in quantum mechanics has been reviewed 
by R. M. Schectman and R. H. Good, Am. J. Phys. 25, 219 (1957 
A complete list of references is contained in this article. 

2 The single-particle Dirac virial theorem is discussed in detail 
in M. E. Rose, Relativistic Electron Theory (John Wiley & Sons, 
Inc., New York, 1961), p. 132. 

3 For a discussion of the applications of the classical tensor form 
of the virial theorem to nonisotropic systems, see EF. N. Parker, 
Phys. Rev. 96, 1686 (1954). 

‘We use units in which h=m=c=1. 
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but the particular form of V and J will not be important 
in what follows; we shall only make use of the fact 
that they depend solely on the coordinates of the par- 
ticles. The largest interelectron interaction that is 
omitted in the Hamiltonian of Eq. (1) corresponds to 
the exchange of a single virtual photon; this omitted 
term is of order v*/c? times the electrostatic interaction 
and hence of order a’Z times the leading terms of (1) 
for bound atomic electrons.®® In general, the rela- 
tivistic effects included in Eq. (1) are of order 
(«*/c4)mc? and the omitted one-photon exchange is of 
order (v®/c?)(e?/rj2). The omitted term is small for low- 
density plasmas. We neglect effects associated with the 
creation of real photons or electrons; these effects are 
most important at high densities. 

The generalized virial theorem is obtained by con- 
sidering’ ' 


a| (d/dt)M ,,\ b), (4) 
where 
Mys= 0 x,(j)ms()), (5) 
and .V is the number of electrons in the system. We 
write, 


a| (d/dt)M,\b)=i(a\[H,M,]|6 


i(/:,—F4)<a M,. b + Se, (0) 


where S,g is a boundary term that arises because H is 
not Hermitian, in the usual sense, for continuum states. 
Evaluating the commutator and performing the appro- 
priate partial integration in (6), we find 


a\ >> x4(j)Fa(j)| 6) +S, (7) 


5 J. N. Bahcall and D. Layzer, Ann. Phys. (to be published). 
For bound atomic electrons, the relativistic effects retained in 
Eq. (1) are of order atZ*; the omitted one-photon exchange 
interaction (the Breit interaction) is of order a‘Z*. The neglect 
of the a'Z? term seriously limits the usefulness of the virial 
theorem for relativistic atomic systems, but appears unavoidable 
since the Breit interaction, which arises in perturbation theory, 
cannot be used in Eq. (6). 

6 The omitted interaction for free electrons is the well-known 
Mdller correction to Coulomb scattering. 

7Myg is the generalized time derivative of the moment of 
inertia 


> 


3 
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where 
N 
Tys= >. ay(j)ms()), (8) 


j=l 
F3( )) =— Val(JLV r;) +>°, T( rj) | 


—e{a(j)XH(j)}s—i(E.— B)x3(j), (9) 


and 


Syp=1 +2 


tJ 


fa P(i)- {Yate(i)xy(j)ms(j)vo}, (10) 


where 


. 
dr=]][ dr,. 


The sum of the diagonal components of T is the 
generalized kinetic energy; F is the Lorentz force; and 
S is the surface term. Since Eq. (7) has been derived 
for arbitrary matrix elements, it can be used in per- 
turbation calculations in which off-diagonal matrix 
elements must be considered. The tensor form of (7) 
enables one to apply the results to nonisotropic systems. 

The meaning of the surface term S can be found by 
a procedure due to Cottrell and Paterson.* We consider 
a system composed of N electrons confined to a volume 
V=L' and assume that ¥, and YW are zero whenever 
any of the electrons is on the bounding surface. One 
can show that 


te) OF, 
> S,,= L(E.— B) farve —y, |—-L—,». (11) 
Y OL OL 
Thus, for diagonal matrix elements 
>, S,,7= —L(@E/dL) 
=3PV, (12) 


where P is the pressure exerted by the electrons on the 


8 T. L. Cottrell and S. Paterson, Phil. Mag. 42, 391 (1951 
® We neglect radiation pressure. 
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walls of the container.’ Hence, Eq. (7) can be specialized 
to 


(13) 


PV =3(a|>, T,,|a)+}(a| >; x(7)-F(y) |). 
Equations of this form have been used in discussing 
equations of state” and the equivalence of kinetic and 
thermodynamic pressure." 

Formulas (11) and (13) have been derived by re- 
quiring that ¥ be zero whenever any of the electron 
coordinates is on the surface. However, for free Dirac 
particles, one cannot form a linear superposition of the 
four periodic positive-energy solutions, two each corre- 
sponding to plus and minus p, that vanishes on the 
surface of quantization.” Thus, it is of interest to 
evaluate S directly with periodic momentum eigen- 
functions. Ignoring all interactions, we find 


_ py (k) ps(k) 
; E(k) 


(14) 


If there is no macroscopic 
yields 


motion of the gas, Eq. (14) 


Ly S+y=L. p(k): v(R) 

=3PV, (15) 
which is identical with the previvusiy obtained result, 
(12). 
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The role of Mach’s principle in physics is discussed in relation to the equivalence principle. The difficulties 
encountered in attempting to incorporate Mach’s principle into general relativity are discussed. A modified 
relativistic theory of gravitation, apparently compatible with Mach’s principle, is developed. 


INTRODUCTION 


T is interesting that only two ideas concerning the 
nature of space have dominated our thinking since 

the time of Descartes. According to one of these pic- 
tures, space is an absolute physical structure with 
properties of its own. This picture can be traced from 
Descartes vortices' through the absolute space of 
Newton,? to the ether theories of the 19th century. 
The contrary view that the geometrical and inertial 
properties of space are meaningless for an empty space, 
that the physical properties of space have their origin 
in the matter contained therein, and that the only 
meaningful motion of a particle is motion relative to 
other matter in the universe has never found its com- 
plete expression in a physical theory. This picture is 
also old and can be traced from the writings of Bishop 
Berkeley® to those of Ernst Mach.‘ These ideas have 
found a limited expression in general relativity, but it 
must be admitted that, although in general relativity 
spatial geometries are affected by mass distributions, 
the geometry is not uniquely specified by the distribu- 
tion. It has not yet been possible to specify boundary 
conditions on the field equations of general relativity 
which would bring the theory into accord with Mach’s 
principle. Such boundary conditions would, among other 
things, eliminate all solutions without mass present. 

It is necessary to remark that, according to the ideas 
of Mach, the inertial forces observed locally in an ac- 
celerated laboratory may be interpreted as gravitational 
effects having their origin in distant matter accelerated 
relative to the laboratory. The imperfect expression 
of this idea in general relativity can be seen by consider- 
ing the case of a space empty except for a lone experi- 
menter in his laboratory. Using the traditional, asymp- 
totically Minkowskian coordinate system fixed relative 
to the laboratory, and assuming a normal laboratory of 


* Supported in part by research contracts with the U. S. Atomic 
Energy Commission and the Office of Naval Research. 

t National Science Foundation Fellow; now at Loyola Uni 
versity, New Orleans, Louisiana. 

1E. T. Whittaker, History of the Theories of Aether and Elec 
tricity (Thomas Nelson and Sons, New York, 1951). 
21. Newton, Principia Mathematica Philosophiae Naturalis 
(1686) (reprinted by University of California Press, Berkeley, 
California, 1934). 

3G. Berkeley, The Principles of Human Knowledge, paragraphs 
111-117, 1710-De Motu (1726). 

4E. Mach, Conservation of Energy, note No. 1, 1872 (reprinted 
by Open Court Publishing Company, LaSalle, Illinois, 1911), and 
The Science of Mechanics, 1883 (reprinted by Open Court Publish 
ing Company, LaSalle, Illinois, 1902), Chap. IT, Sec. VI. 


small mass, its effect on the metric is minor and can be 
considered in the weak-field approximation. The ob- 
server would, according to general relativity, observe 
normal behavior of his apparatus in accordance with the 
usual laws of physics. However, also according to general 
relativity, the experimenter could set his laboratory ro- 
tating by leaning out a window and firing his 22-caliber 
rifle tangentially. Thereafter the delicate gyroscope in 
the laboratory would continue to point in a direction 
nearly fixed relative to the direction of motion of the 
rapidly receding bullet. The gyroscope wouid rotate 
relative to the walls of the laboratory. Thus, from the 
point of view of Mach, the tiny, almost massless, very 
distant bullet seems to be more important that the 
massive, nearby walls of the laboratory in determining 
inertial coordinate frames and the orientation of the 
gyroscope.’ It is clear that what is being described here is 
more nearly an absolute space in the sense of Newton 
rather than a physical space in the sense of Berkeley 
and Mach. 

The above example poses a problem for us. Ap- 
parently, we may assume one of at least three things: 


1. that physical space has intrinsic geometrical and 
inertial properties beyond those derived from the matter 
contained therein ; 

2. that the above example may be excluded as non- 
physical by some presently unknown boundary condi- 
tion on the equations of general relativity. 

3. that the above physical situation is not correctly 
described by the equations of general relativity. 


These various alternatives have been discussed pre- 
viously. Objections to the first possibility are mainly 
philosophical and, as stated previously, go back to the 
time of Bishop Berkeley. A common inheritance of all 
present-day physicists from Einstein is an appreciation 
for the concept of relativity of motion. 

As the universe is observed to be nonuniform, it 
would appear to be difficult to specify boundary condi- 
tions which would have the effect of prohibiting un- 
suitable mass distributions relative to the laboratory 
arbitrarily placed; for could not a laboratory be built 
near a massive star? Should not the presence of this 
massive star contribute to the inertial reaction? 

The difficulty is brought into sharper focus by con- 

5 Because of the Thirring-Lense effect, [H. Thirring and J. 


Lense, Phys. Zeits. 19, 156 (1918) ], the rotating laboratory would 
have a weak effect on the axis of the gyroscope. 
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sidering the laws of physics, including their quantitative 
aspects, inside a static massive spherical shell. It is 
well known that the interior. Schwarzschild solution is 
flat and can be expressed in a coordinate system 
Minkowskian in the interior. Also, according to general 
relativity all Minkowskian coordinate systems are 
equivalent and the mass and radius of the spherical 
shell have no discernible effects upon the laws of physics 
as they are observed in the interior. Apparently the 
spherical shell does not contribute in any discernible 
way to inertial effects in the interior. What would 
happen if the mass of the shell were decreased, or its 
radius increased without limit? It might be remarked 
also that Komar® has attempted, without success, to 
find suitable boundary- and initial-value conditions for 
general relativity which would bring into evidence 
Mach’s principle. 

The third alternative is the subject of this paper. 
Actually the objectives of this paper are more limited 
than the formulation of a theory in complete accord 
with Mach’s principle. Such a program would consist of 
two parts, the formulation of a suitable field theory 
and the formulation of suitable boundary- and initial- 
value conditions for the theory which would make the 
space geometry depend uniquely upon the matter 
distribution. This latter part of the problem is treated 
only partially. 

At the end of the last section we shall briefly return 
again to the problem of the rotating laboratory. 

A principle as sweeping as that of Mach, having its 
origins in matters of philosophy, can be described in 
the absence of a theory in a qualitative way only. A 
model of a theory incorporating elements of Mach’s 
principle has been given by Sciama.’? From simple 
dimensional arguments** as well as the discussion of 
Sciama, it has appeared that, with the assumption of 
validity of Mach’s principle, the gravitational constant 
G is related to the mass distribution in a uniform 
expanding universe in the following way: 


GM Re~1. (1) 


Here M stands for the finite mass of the visible (i.e., 
causally related) universe, and R stands for the radius 
of the boundary of the visible universe. 

The physical ideas behind Eq. (1) have been given 
in references 7-9 and can be summarized easily. As 
stated before, according to Mach’s principle the only 
meaningful motion is that relative to the rest of the 
matter in the universe, and the inertial reaction experi- 
enced in a laboratory accelerated relative to the distant 
matter of the universe may be interpreted equivalently 
as a gravitational force acting on a fixed laboratory 

*A. Komar, Ph.D 
unpublished ) 

7D. W. Sciama, Monthly Notices Roy. Astron. Soc. 113, 34 
1953); The Unity of the Universe (Doubleday & Company, In¢ 
New York, 1959), Chaps. 7-9. 

*R. H. Dicke, Am. Scientist 47, 25 (1959 

+R. H. Dicke, Science 129, 621 (1959 


thesis, Princeton University, 1956 
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due to the presence of distant accelerated matter.’ 
This interpretation of the inertial reaction carries with 
it an interesting implication. Consider a test body falling 
toward the sun. In a coordinate system so chosen that 
the object is not accelerating, the gravitational pull of 
the sun may be considered as balanced by another 
gravitational pull, the inertial reaction.* Note that the 
balance is not disturbed by a doubling of all gravita- 
tional forces. Thus the acceleration is determined by the 
mass distribution in the universe, but is independent 
of the strength of gravitational interactions. Designating 
the mass of the sun by m, and its distance by r enables 
the acceleration to be expressed according to Newton 
as a=Gm,/r* or, from dimensional arguments, in terms 
of the mass distribution as a~mRc?/Mr*. Combining 
the two expressions gives Eq. (1). 

This relation has significance in a rough order-of- 
magnitude manner only, but it suggests that either the 
ratio of M to R should be fixed by the theory, or alter- 
natively that the gravitational constant observed locally 
should be variable and determined by the mass distribu- 
tion about the point in question. The first of these two 
alternatives is of course, in part, simply the limitation 
of mass distribution which it might be hoped would 
result from some boundary condition on the field equa- 
tions of general relativity. The second alternative is 
not compatible with the ‘‘strong principle of equiva- 
lence” and general relativity. The reasons for this will 
be discussed below. 

If the inertial reaction may be interpreted as a gravi- 
tational force due to distant accelerated matter, it 
might be expected that the locally observed values of 
the inertial masses of particles would depend upon the 
distribution of matter about the point in question. It 
should be noted, however, that there is a fundamental 
ambiguity in a statement of this type, for there is no 
direct way in which the mass of a particle such as an 
electron can be compared with that of another at a 
different space-time point. Mass ratios can be compared 
at different points, but not masses. On the other hand, 
gravitation provides another characteristic mass 


(hc/G)4=2.16XK10 


and the mass ratio, the dimensionless number 


m(G he) }=5 XK 10 


provides an unambiguous measure of the mass of an 
electron which can be compared at different 
time points. 

It should also be remarked that statements such as 
“h and c¢ are the same at all space-time points” are in 
the same way meaningless within the same context 
until a method of measurement is prescribed. In fact, 
it should be noted that # and ¢ may be defined to be 
constant. A set of physical “constants” may be defined 
as constant if they cannot be combined to form one or 


space- 


" R. H. Dicke, Am. J. Phys. 29, 344 (1960 
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more dimensionless numbers. The necessity for this 
limitation is obvious, for a dimensionless number is 
invariant under a transformation of units and the ques- 
tion of the constancy of such dimensionless numbers is 
to be settled, not by definition, but by measurements. 
A set of such independent physical constants which are 
constant by definition is “complete” if it is impossible 
to include another without generating dimensionless 
numbers. 

It should be noted that if the number, Eq. (3), 
should vary with position and / and ¢ are defined as 
constant, then either m or G, or both, could vary with 
position. There is no fundamental difference between 
the alternatives of constant mass or constant G. How- 
ever, one or the other may be more convenient, for the 
formal structure of the theory would, in a superficial 
way, be quite different for the two cases. 

To return to Eq. (3), the odd size of this dimension- 
less number has often been noticed as well as its ap- 
parent relation to the large dimensionless numbers of 
astrophysics. The apparent relation of the square of the 
reciprocal of this number [Eq. (3)] to the age of the 
universe expressed as a dimensionless number in atomic 
time units and the square root of the mass of the visible 
portion of the universe expressed in proton mass units 
suggested to Dirac! a causal connection that would lead 
to the value of Eq. (3) changing with time. The signifi- 
cance of Dirac’s hypothesis from the standpoint of 
Mach’s principle has been discussed.* 

Dirac postulated a detailed cosmological model based 
on these numerical coincidences. This has been criti- 
cized on the grounds that it goes well beyond the empiri- 
cal data upon which it is based.* Also in another publi- 
cation by one of us (R. H. D.), it will be shown that it 
gives results not in accord with astrophysical observa- 
tions examined in the light of modern stellar evolution- 
ary theory. 

On the other hand, it should be noted that a large 
dimensionless physical constant such as the reciprocal] 
of Eq. (3) must be regarded as either determined by 
nature in a completely capricious fashion or else as re- 
lated to some other large number derived from nature. 
In any case, it seems unreasonable to attempt to derive 
a number like 10” from theory as a purely mathematical 
number involving factors such as 47/3. 

It is concluded therefore, that although the detailed 
structure of Dirac’s cosmology cannot be justified by 
the weak empirical evidence on which it is based, the 
more general conclusion that the number [Eq. (3) ] 
varies with time has a more solid basis. 

If, in line with the interpretation of Mach’s principle 
being developed, the dimensionless mass ratio given by 
Eq. (3) should depend upon the matter distribution in 
the universe, with # and c constant by definition, either 
the mass m or the gravitational constant, or both, must 
vary. Although these are alternative descriptions of the 


Pp, A.M 


Dirac, Proc, Roy. Soc. (London) A165, 199 (1938) 
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same physical situation, the formal structure of the 
theory would be very different for the two cases. Thus, 
for example, it can be easily shown that uncharged 
spinless particles whose masses are position dependent 
no longer move on geodesics of the metric. (See Ap- 
pendix I.) Thus, the definition of the metric tensor is 
different for the two cases. The two metric tensors are 
connected by a conformal transformation. 

The arbitrariness in the metric tensor which results 
from the indefiniteness in the choice of units of measure 
raises questions about the physical significance of Rie- 
mannian geometry in relativity.” In particular the 14 
invariants which characterize the space are generally 
not invariant under a conformal transformation inter- 
preted as a redefinition of the metric tensor in the same 
space.’ Matters are even worse, for a more general 
redefinition of the units of measure can be used to re- 
duce all 14 invariants to zero. It should be said that 
these remarks should not be interpreted as casting 
doubt on the correctness or usefulness of Riemannian 
geometry in relativity, but rather that each such 
geometry is but a particular representation of the theory. 
It would be expected that the physical content of the 
theory should be contained in the invariants of the group 
of position-dependent transformations of units and co- 
ordinate transformations. The usual invariants of 
Riemannian geometry are not invariants under this 
wider group. 

In general relativity the representation is one in 
which units are chosen so that atoms are described as 
having physical properties independent of location. It 
is assumed that this choice is possible! 

In accordance with the above, a particular choice of 
units is made with the realization that the choice is 
arbitrary and without an invariant significance. The 
theoretical structure appears to be simpler if one de- 
fines the inertial masses of elementary particles to be 
constant and permits the gravitational constant to vary. 
It should be noted that this is possible only if the mass 
ratios of elementary particles are constant. There may 
be reasonable doubt about this." On the other hand, 
it would be expected that such quantities as particle 
mass ratios or the fine-structure constant, if they 
depend upon mass distributions in the universe, would 
be much less sensitive in their dependence’ rather than 
the number given by Eq. (3) and their variation could 
be neglected in a first crude theory. Also it should be 
remarked that the requirements of the approximate 
constancy of the ratio of inertial to passive gravitational 
mass,'* and the extremely stringent requirement of 
spatial isotropy,!® impose conditions so severe that it 
has been found to be difficult, if not impossible, to 

2 E. P. Wigner has questioned the physical signiticance of Rie 
mannian geometry on other grounds [Relativity Seminar, Stevens 
Institute, May 9, 1961 (unpublished) ]. 

13 B. Hoffman, Phys. Rev. 89, 49 (1953). 

144 R, Eétvés, Ann. Physik 68, 11 (1922). 

1 V. W. Hughes, H. G. Robinson, and V. 


Beltran-Lopez, 
Phys. Rev. Letters 4, 342 (1960). 
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construct a satisfactory theory with a variable fine- 
structure constant. 

It should be emphasized that the above argument in- 
volving the large dimensionless numbers, Eq. (3), does 
not concern Mach’s principle directly, but that Mach’s 
principle and the assumption of a gravitational ‘“con- 
stant” dependent upon mass distributions gives a 
reasonable explanation for varying “constants.” 

It would be expected that both nearby and distant 
matter should contribute to the inertial reaction experi- 
enced locally. If the theory were linear, which one does 
not expect, Eq. (1) would suggest that it is the reciprocal 
of the gravitational constant which is determined locally 
as a linear superposition of contributions from the mat- 
ter in the universe which is causally connected to the 
point in question. This can be expressed in a somewhat 
symbolic e juation : 

~>i(m;/ric*), (4) 
where the sum is over all the matter which can con- 
tribute to the inertial reaction. This equation can be 
given an exact meaning only after a theory has been 
constructed. Equation (4) is relation from 
Sciama’s theory. 


also a 


It is necessary to say a few words about the equiva- 
lence principle as it is used in general relativity and as 
it relates to Mach’s principle. As it enters general rela- 
tivity, the equivalence principle is more than the as- 
sumption of the local equivalence of a gravitational 
force and an acceleration. Actually, in general relativity 
it is assumed that the laws of physics, including numeri- 
i.e., dimensionless physical constants), as 
observed locally in a freely falling laboratory, are inde- 
pendent of the location in time or space of the labora- 
tory. This is a statement of the “strong equivalence 
principle.’ The interpretation of Mach’s principle 
being developed here is obviously incompatible with 
strong equivalence. The local equality of all gravitational 
accelerations (to the accuracy of present experiments) 
is the “‘weak equivalence principle.” It should be noted 
that it is the “weak equivalence principle” that re- 
ceives strong experimental support from the Eétvés 
experiment. 


cal content 


Before attempting to formulate a theory of gravita- 
tion which is more satisfactory from the standpoint of 
Mach’s principle than general relativity, the physical 
ideas outlined above, and the assumptions being made, 
will be summarized : 


1. An approach to Mach’s principle which attempts, 
with boundary conditions, to allow only those mass 


which produce the “correct” inertial 
reaction seems foredoomed, for there do exist large 
localized the universe (e.g., white dwarf 
stars) and a laboratory could, in principle, be con- 


distributions 
masses in 


structed near such a mass. Also it appears to be possible 
to modify the mass distribution. For example, a massive 


AND 


x. SB. Dice 
concrete spherical shell could be constructed with the 
laboratory in its interior. 

2. The contrary view is that locally observed inertial 
reactions depend upon the mass distribution of the uni- 
verse about the point of observation and consequently 
the quantitative aspects of locally observed physical 
laws (as expressed in the physical 
position dependent. 

3. It is possible to reduce the variation of physical 
‘constants” required by this interpretation of Mach’s 
principle to that of a single parameter, the gravitational 
“constant.” 

4. The separate but related problem posed by the 
existence of very large dimensionless numbers repre- 
senting quantitative aspects of physical laws is clarified 
by noting that these large numbers involve G and that 
they are of the same order of magnitude as the large 
numbers characterizing the size and mass distribution 
of the universe. ; 

5. The “strong principle of equivalence” upon which 
general relativity rests is incompatible with these ideas. 
However, it is only the ‘tweak principle” which is 
directly supported by the very precise experiments of 
E6tvos. 


‘“constants’”’) are 


‘ 


A THEORY OF GRAVITATION BASED ON A SCALAR 
FIELD IN A RIEMANNIAN GEOMETRY 


The theory to be developed represents a generaliza- 
tion of general relativity. It is not a completely geometri- 
cal theory of gravitation, as gravitational effects are 
described by a scalar field in a Riemannian manifold. 
Thus, the gravitational effects are in part geometrical 
and in part due to a scalar interaction. There is a forma! 
connection between this theory and that of Jordan," 
but there are differences and the physical interpretation 
is quite different. For example, the aspect of mass crea- 
tion’ in Jordan’s theory is absent from this theory. 

In developing this theory we start with the ‘weak 
principle of equivalence.”’ The great accuracy of the 
Eétvés experiment suggests that the motion of un- 
charged test particles in this theory should be, as in 
general relativity, a geodesic in the four-dimensional 
manifold. 

With the assumption that only the gravitational 
“constant” (or active gravitational masses) vary with 
position, the laws of physics (exclusive of gravitation) 
observed in a freely falling laboratory should be unaf- 
fected by the rest of the universe as long as self-gravi- 
tational fields are negligible. The theory should be con- 
structed in such a way as to exhibit this effect. 

If the gravitational “constant” is to vary, it should be 
16 P. Jordon, Schwerkraft and Weltall (Friedrich Vieweg and 
Sohn, Braunschweig, 1955); Z. Physik 157, 112 (1959). In this sec 
ond reference, Jordan has taken cognizance of the objections of 
Fierz (see reference 19) and has written his variational principle 
in a form which differs in only two respects from that expressed 
in Eq. (16). See also reference 20. 

17 For a discussion of this, see H. Bondi, Cosmology, 
1960. 
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a function of some scalar field variable. The contracted 
metric tensor is a constant and devoid of interest. The 
scalar curvature and the other scalars formed from the 
curvature tensor are also devoid of interest as they con- 
tain gradients of the metric tensor components, and 
fall off more rapidly than r~ from a mass source. Thus 
such scalars are determined primarily by nearby mass 
distributions rather than by distant matter. 

As the scalars of general relativity are not suitable, 
a new scalar field is introduced. The primary function of 
this field is the determination of the local value of the 
gravitational constant. 

In order to generalize general relativity, we start 
with the usual variational principle of general relativity 
from which the equations of motion of matter and non- 
gravitational fields are obtained as well as the Einstein 
field equation, namely,'® 


0 -6 [ [R+ (6x6 c*)L \(—g)'d4x. (5) 


Here, R is the scalar curvature and L is the Lagran- 
gian density of matter including all nongravitational 
fields. 

In order to generalize Eq. (5) it is first divided by 
G, and a Lagrangian density of a scalar field @ is added 
inside the bracket. G is assumed to be a function of ¢. 
Remembering the discussion in connection with Eq. 
(4), it would be reasonable to assume that G~ varies 
as ¢, for then a simple wave equation for @ with a scalar 
matter density as source would give an equation roughly 
the same as (4). 

The required generalization of Eq. (6) is clearly 


0 5 [oR+ (16 c) L—w($, b/g) ](—g)'d*x. (6) 


Here ¢ plays a role analogous to G~ and will have the 
dimensions M L~*T°, The third term is the usual Lagran- 
gian density of a scalar field, and the scalar in the de- 
nominator has been introduced to permit the constant 
w to be dimensionless. In any sensible theory w must be 
of the general order of magnitude of unity. 

It should be noted that the term involving the 
Lagrangian density of matter in Eq. (6) is identical 
with that in Eq. (5). Thus the equations of motion of 
matter in a given externally determined metric field 
are the same as in general relativity. The difference 
between the two theories lies in the gravitational field 
equations which determine g;;, rather than in the equa- 
tions of motion in a given metric field. 

It is evident, therefore, that, as in general relativity, 
the energy-momentum tensor of matter must have a 
vanishing covariant divergence, 

Tt. =0, (7) 


8, Landau and E. Liftschitz, Classical Theory of Fields 
(Addison-Wesley Publishing Company, Reading, Massachusetts, 
1951). 
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where 
Ti=[2/(—g)*](0/0g,;)[(—g)L]. (8) 


It is assumed that LZ does not depend explicitly upon 
derivatives of g;j. 

Jordan’s theory has been criticized by Fierz'® on the 
grounds that the introduction of matter into the theory 
required further assumptions concerning the standards 
of length and time. Further, the mass creation aspects 
of this theory and the nonconservation of the energy- 
momentum tensor raise serious questions about the 
significance of the energy-momentum tensor. To make 
it clear that this objection cannot be raised against 
this version of the theory, we hasten to point out that 
L is assumed to be the normal Lagrangian density of 
matter, a function of matter variables and of g;; only, 
not a function of @. It is a well-known result that for 
any reasonable metric field distribution g;; (a distribu- 
tion which need not be a solution of the field equations 
of gij), the matter equations of motion, obtained by 
varying matter variables in Eq. (6), are such that 
Eq. (7) is satisfied with JT’ defined by Eq. (8). Thus 
Eq. (7) is satisfied and this theory does not contain a 
mass creation principle. 

The wave equation for ¢ is obtained in the usual way 
by varying ¢ and ¢,; in Eq. (6). This gives 


2up Od— (w/¢?)6''6 ;: + R=0. (9) 


Here the generally covariant d’Alembertian 0 is defined 
to be the covariant divergence of $:': 


De=$'= (—g) L(—g)'b*J.+. 


From the form of Eq. (9), it is evident that @R and the 
Lagrangian density of @ serves as the source term for 
the generation of @ waves. Remarkably enough, as 
will be shown below, this equation can be transformed 
so as to make the source term appear as the contracted 
energy-momentum tensor of matter alone. Thus, in 
accordance with the requirements of Mach’s principle, 
¢ has as its sources the matter distribution in space. 

By varying the components of the metric tensor and 
their first derivatives in Eq. (6), the field equations for 
the metric field are obtained. This is the analog of the 
Einstein field equation and is 


R,;—1g;;R= (84d/c*)T 
+ (w/b?) (6,16, ;— 48:16 .'") 
+o oi j—gi0¢). 


(10) 


(11) 


The left side of Eq. (11) is completely familiar and needs 
no comment. Note that the first term on the right is the 
usual source term of general relativity, but with the 
variable gravitational coupling parameter ¢~'. Note 
also that the second term is the energy-momentum 
tensor of the scalar field, also coupled with the gravita- 
tional coupling ¢~. The third term is foreign and results 
from the presence of second derivatives of the metric 


19M. Fierz, Helv. Phys. Acta. 29, 128 (1956) 
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tensor in R in Eq. (6). These second derivatives are 
eliminated by integration by parts to give a divergence 
and the extra terms. It should be noted that when the 
first term dominates the right side of Eq. (11), the equa- 
tion differs from Einstein's field equation by the pres- 
ence of a variable gravitational constant only. 

While the “extra” terms in Eq. (12) may at first 
seem strange, their role is essential. They are needed 
if Eq. (7) is to be consistent with Eqs. (9) and (11). 
This can be seen by multiplying Eq. (11) by ¢ and then 
taking the covariant divergence of the resulting equa- 
tion. The divergence of these two terms cancels the term 
,;R;'='R;;. To show this, use is made of the well- 
known property of the full curvature tensor that it 
serves as a commutator for two successive gradient 
operations applied to an arbitrary vector. 

If Eq. (11) is contracted there results 
c)T (12) 


— R= (89g w/o")o, 6 *—3o"De. 


Equation (12) can be combined with Eq. (9) to give a 
new wave equation for ¢”: 


O¢=[82r/(3+2w)c4]T. (13) 
With the sign convention 
ds*=g;,dx‘dx? and go<9, 
for a fluid 
T 5= — (peut pgi;, (14) 
so that 
T= —e+3p, (15) 


where ¢ is the energy density of the matter in comoving 
coordinates and p is the pressure in the fluid. With 
this sign convention and w positive, the contribution to 
@ from a local mass is positive. Note, however, that 
there is no direct electromagnetic contribution to 7, 
as the contracted energy-momentum tensor of an elec- 
tromagnetic field is identically zero. However, bound 
electromagnetic energy contribute indirectly 
through the stress terms in other fields, the stresses 
being necessary to confine the electromagnetic field.” 
In conclusion, w must be positive if the contribution 
to the inertial reaction from nearby matter isto be 
positive. 


does 


THE WEAK FIELD APPROXIMATION 


\n approximate solution to Eqs. (11) and (13) which 
is of first order in matter mass densities is now obtained. 
This weak-field solution plays the same important role 
that the corresponding solution fills in general relativity. 


There are but two formal differences between the field equa 
tions of this theory and those of the particular form of Jordan's 
theory given in Z. Physik 157, 112 (1959). First, Jordan has de 
fined his scalar field variable reciprocal to ¢. Thus, the simple wave 
character of the scalar field equation [Eq. (13)] is not so clear 
and the physical arguments based on Mach’s principle and leading 
to Eq. (4) have not been satisfied. Second, as a result of its out- 
growth from his five-dimensional theory, Jordan has limited his 
matter variables to those of the electromagnetic field. 

21. Misner and P. Putnam, Phys. Rev. 116, 1045 (1959 
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As in general relativity the metric tensor is written as 


gy=nith (16) 
where »;; is the Minkowskian metric tensor 
to=—1, ta=l, a=], 2.3. (17) 


hy; is computed to the linear first approximation only. 
In similar fashion let 6=@o+£, where @po is a constant 
and is to be computed to first order in mass densities. 

The weak-field solution to Eq. (13) is computed first. 
In this equation g,;; may be replaced by n;;: 


1 
- heise 

Lb=Lié= L(—g)'g"&iJ., 
8aT 

» (BS) 

al (3 + 2w)ct 

It is evident that a retarded-time solution to Eq. (18 
can be written as 


—(2 (3-+20)) [ Ta e/tc", (19 


where 7 is to be evaluated at the retarded time. 

The weak-field solution to Eq. (11) is obtained in a 
manner similar to that of general relativity by introduc- 
ing a coordinate condition that simplifies the equation. 
As a preliminary step let 


Str 


_ — h 
Vig=hig— gnih, (20 


Ti= Vij.Kn 
Equation (11) can be written to first order in /,; and 
£as 


—UT Wij 


Equation (21) can now be simplified by introducing the 
four coordinate conditions 


ai=£ odo |, 22 
and the notation 
ai;=Vis—nijkpo |. 23) 
Equation (21) then becomes 
Ola,;= — (169/c*)bo"T;;. (24) 


with the retarded-time solution 


a;;= (4¢ of T;;/r)d°x (2: 


From Eqs. (20) and (23), 


st 


h aij;— dia nistdo (26) 


Thus 
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lor a stationary mass point of mass M these equa- 
tions become 
b= pot E= Got 2M /(34-2y)c*r, (28) 
S00 = noot hoo= — 1+ (2Mgo/rc?) [1+ 1/ (3+ 2) ], 
Raa = 1+ (2Mgo/re?)[1—1/(3+20)], a=1, 2, 3, 
1x}. 


(29) 
gij=9, 


The above weak-field solution is sufficiently accurate 
to discuss the gravitational red shift and the deflection 
of light. However, to discuss the rotation of the peri- 
helion of Mercury’s orbit requires a solution good to the 
second approximation for goo. 

The gravitational red shift is determined by goo 
which also determines the gravitational weight of a 
body. Thus, there is no anomaly in the red shift. The 
strange factor (4+2w)/(3+2w) in goo is simply ab 
sorbed into the definition of the gravitational constant 


Go= bo 1 (4420) (3+2w)™. 


On the other hand, there is an anomaly in the detlection 
of light. This is determined, not by goo alone, but by 
the ratio gaa/ goo. It is easily shown that the light deflec- 
tion computed from general relativity differs from the 
value in this theory by the above factor. Thus, the 
light deflection computed from this theory is 


60= (4GoM /Re?)[ (3+ 2w)/ (4+ 2) ], (30) 


(29a) 


where R is the closest approach distance of the light 
ray to the sun of mass M. It differs from the general 
relativity value by the factor in brackets. The accuracy 
of the light deflection observations is too poor to set 
any useful limit to the size of w. 

On the contrary, there is fair accuracy in the observa- 
tion of the perihelion rotation of the orbit of Mercury 
and this does serve to set a limit to the size of w. In 
order to discuss the perihelion rotation, an exact solu- 
tion for a static mass point will be written. 


STATIC SPHERICALLY SYMMETRIC FIELD 
ABOUT A POINT MASS” 
Expressing the line element in isotropic form gives 


ds?*= — edt? + e5[ dr?+-r? (de2+ sin26d@”) |, 31) 


where a and @ are functions of r only. For w>} the 
general vacuum solution can be written in the form 


” as ee (1 


78 = 6°0(14 B/r)§[(1—B/r)/(14+B/r) PLM, (32) 


B/r)/(A+B/r) }?”, 


7) dof (1 B/r)/(A+B r)}e N 
where 


A=[(C+1)2—C(1— 30) }, (33) 


and ap, Bo, do, B, and C are arbitrary constants. It may 


2 This form of solution was suggested to one of us (C. B.) by 
C. Misner 
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be seen by substitution of Eqs. (31) and (32) into Eqs. 
(13) and (11) that this is the static solution for spherical 
symmetry when 7;;=0. 

To discuss the perihelion rotation of a planet about 
the sun requires a specification of the arbitrary constants 
in Eq. (32) in such a way that this solution agrees in 
the weak-field limit [first order in M/(c?r@o)] with 
the previously obtained solution, Eqs. (28) and (29). 
It may be easily verified that the appropriate choice of 
constants is 

do given by Eq. (29a); 
ao=Bo=0, 
C=—1/(2+a), 


] 2c*po)[ (2w+4) (2w+3) }', (34) 


with A given by Eq. (33). 

Remembering the previous discussion of Mach’s 
principle, it is clear that the asymptotic Minkowskian 
character of this solution makes sense only if there is 
matter at great distance. Second, the matching of the 
solution to the weak-field solution is permissible only 
if the sun is a suitable mass distribution for the weak- 
field approximation. Namely, the field generated by the 
sun must be everywhere small, including the interior 
of the sun. With this assumption, the solution, Eqs. 
(31), (32), (33), and (34), is valid for the sun. It does 
not, however, justify its use for a point mass. 

The question might be raised as to whether a match- 
ing of solutions, accurate to first order only in M/ (¢yc"r), 
has a validity to the second order. It should be noted, 
however, that this matching condition is sufficient to 
assign sufficiently accurate values to all the adjustable 
parameters in Eqs. (32) except AB, and that we do not 
demand that \B be determined in terms of an integra- 
tion over the matter distribution of the sun; it is deter- 
mined from the observed periods of the planetary 
motion. 

With the above solution, it is a simple matter to 
calculate the perihelion rotation. The labor is reduced 
if e®* is carreid only to second order in M/(c*r@o), and 
e°8 to first order. The result of this calculation is that 
the relativistic perihelion rotation rate of a planetary 
orbit is 
1 


(4+ 3w)/(6+3w) ]X (value of general relativity). (35) 


This is a useful result as it sets a limit on permissible 
values of the constant w. If it be assumed that the ob- 
served relativistic perihelion rotation agrees with an 
accuracy of 8% or less with the computed result of 
general relativity, it is necessary for w in Eq. (35) to 
satisfy the inequality 


w> 6. (36) 


The observed relativistic perihelion rotation of Mercury 
(after subtracting off planetary perturbations and other 
effects presumed known) is 42.6’’+0.9’/century.”* For 


G. M. Clemence, Revs. Modern Phys. 19, 361 (1947). 
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w= 6, the computed relativistic perihelion rotation rate 
is 39.4". The difference of 3.2’ of arc per century is 
3.3 times the formal probable error. It should also be 
remarked that Clemence** has shown that if some re- 
cent data on the general precession constant and the 
Venus and the Earth-Moon system are 
adopted, the result is an increase in the discrepancy 
to 3.7” while decreasing the formal probable error by 
a factor of 2. 

The formal probable error is thus substantially less 
than 3.2” arc, but it may be reasonable to allow this 
much to take account of systematic errors in observa- 
tions and future modification of observations, adopted 
masses, and orbit parameters. Apparently there are 
many examples in celestial mechanics of quantities 
changing by substantially more than the formal prob- 
able errors. Thus, for example, the following is a list 
of values which have been assigned to the reciprocal of 
Saturn’s mass (in units of the sun’s reciprocal mass) by 
authors at various times: 


masses of 


M~'= 3501.6 +0.8, Bessel (1833) from the motion of 

Saturn’s moon Titan; 

= 3494.8 +0.3, Jeffrey (1954) and G. 
(1924-37) (Titan); 


+0.53, Hill (1895) Saturn’s perturbations 


Struve 


3502.2 
of Jupiter ; 
3497.64+0.27, Hertz (1953) Saturn’s perturba- 
tions of Jupiter; 
= 3499.7 +0.4, Clemence (1960) Saturn’s pertur- 


bations of Jupiter. 


While this example may be atypical, it does suggest that 
considerable caution be used in judging errors in celes- 
tial mechanics. 


MACH’S PRINCIPLE 


A complete analysis of Mach’s principle in relation to 
the present scalar theory will not be attempted here. 
However, because of the motivation of this theory by 
Mach’s principle, it is desirable to give a brief discussion. 
Having formulated the desired field equations, it re- 
mains to establish initial-value and boundary conditions 
to bring the theory in accord with Mach’s principle. 
This will not be attempted in a general way, but in con- 
nection with special problems only. 

The qualitative discussion in the Introduction sug- 
gested that for a static mass shell of radius R and mass 
M, the gravitational constant in its interior should 
satisfy the relation 

GM/Rc?~1. (37) 
Equivalently 
o~ M/Re?. 


It may be noted that in a flat space, with the bound- 


(38) 


24 G. M. Clemence (private communication). One of us (R.H. 
D.) is grateful for helpful correspondence and conversations with 
Dr. Clemence on this and other aspects of celestial mechanics 
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ary condition that ¢=0 at infinity, Eq. (13) has as a 
solution for the interior r<R 


@=2M/(3+2w)Re?. (39) 


This is a hopeful sign and bodes well for Mach’s 
principle within the framework of this theory. One 
should not be misled by this simple result, however. 
There are several factors which invalidate Eq. (39) as 
a quantitative result. First, space is not flat, but is 
warped by the presence of the mass shell. Second, the 
asymptotic zero boundary condition may be impossible 
for the exact static solution to the field equation. Third, 
it may be impossible to construct such a static massive 
shell in a universe empty except for the shell, without 
giving matter nonphysical properties. This third point 
is not meant to imply a practical limitation of real 
materials, but rather a fundamental limitation on the 
stress-energy tensor of matter. In this connection it 
should be noted that if Eq. (37) is to be satisfied, inde- 
pendent of the size and mass of the shell, the gravita- 
tionally induced stresses in the shell are enormous, of 
the order of magnitude of the energy density of the 
spherical shell. It is not possible to reduce the stress by 
decreasing M or increasing R, as the resulting change in 
the gravitational constant compensates for the change. 
We ignore here the above third point and assume for 
the moment that such a shell can be constructed in 
principle. 

To turn now to the massive static shell, consider 
first the solution to the field equations in the exterior 
region, r> R. This solution is encompassed in the general 
solution Eqs. (32) and (33). Note that the boundary 
condition 

@¢—0 as r—-c (40) 
is not possible. 

On the other hand, it is possible to change the sign 
in the brackets in Eq. (32) and absorb the complex 
factor into the constant before the bracket. These 
equations may then be assumed to hold for r< B rather 
than for r>B as in Eq. (32). The equations now have 
the form 


ce? = eof (B/r—1)/(B/r+1) }?”, 

e785 = ¢260o 1+ B/r }*((B/r—1)/(B/r+1) J#O-€ 

= dol (B/r—1)/(B/r+1) Je. 

It may be noted that this solution, interesting for r>R 
and A>0 only, results in space closure at the radius 


gx B provided 


(A—C—1)/A>0. (42) 


In similar fashion at the closure radius, ¢ 
C>0. 
Equations (36) and (33) require that 


> 0, provided 


C>2/w. (43) 


That this boundary condition is appropriate to 
Mach’s principle can be seen by an application of 
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Green’s theorem. Introduce a 


satisfying 
On= (—g)*C(—g)'g"4n5 = (—g)464(e—a0), 


also 


Green’s function 7 
(44) 


Oo=[8m/(3+2w)c*]T. (45) 


Combining Eqs. (44) and (45) after the appropriate 
multiplications gives 


L(—g)'g'4(nb,:—on,s) J, 
= (—g)'[8x/(3+2w)ct]Tn—o5'(x—a). (46) 


It is assumed that 7 is an “‘advanced-wave” solution 
to Eq. (44), i.e., »=0 for all time future to &. The 
condition given by Eq. (42) implies a finite coordinate 
time for light to propagate from the radius B to R, the 
radius of the shell, hence to any interior point %o. 

Integrate Eq. (46) over the interior of the closed 
space (r<B) between the time t2>¢) and the space 
like surface S; so chosen that the n wave starts out at 
the radius r= B at times lying on this surface and that 
the normal to the surface at r= B has no component in 
the r direction. The integral of the left side of Eq. (46), 
after conversion to a surface integral, vanishes, for 
n and mo both vanish on f2, and both @ and @¢,; vanish 
on S; at r=B, with i¥1. 

The integral over the right side of Eq. (46) yields 


(xo) =[82/(3+2w)c* far —g)id‘x, (47) 


$(%0)~M/Re?. (47a) 


Note that this equation states that @ at the point xo 
is determined by an integral over the mass distribution, 
with each mass element contributing a wavelet which 
propagates to the point «9. This is just the interpretation 
of Mach’s principle desired. 


COSMOLOGY 


A physically more interesting problem to discuss 
from the standpoint of Mach’s principle is the cosmo- 
logical model derived from this theory. It will be recalled 
that the assumption of a uniform and isotropic space 
is supported to some extent by the observations of 
galaxy distribution. The kinematics of the comoving 
coordinate system is completely free of dynamical con- 
sideration. In spherical coordinates, a form of the line 
element is 


ds*= —dt?+a*(t)[dr?/(1—Ar?) +1?(d0?+ sin?6d¢”) |, (48) 


with A=+1 for a closed space, A= —1 for open, and 

\=0 for a flat space, and where r <1 for the closed space. 

The Hubble age associated with the rate of expansion of 

the univese and the galactic red shift is a/a=a/(da/dt). 
The substitution 


r=sinx (closed space, \= +1) 


r=sinhx (open space, A= — 1) 
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simplifies the expression for line element somewhat: 


ds?= —dt?+a*[dx?+sin2x (dé+sin*6d¢*) | 


(closed space). (50) 


The most interesting case physically seems to be the 
closed universe. 

Using Eq. (50) for interval and writing the (0,0) 
component of Eq. (11), 
R’—}R=— (3/a*)(@+1) 

(+, space closed ; —, space open) 
Srp wo a¢ 
To —-—?¢’'+3--. 
e 2¢" ag 


(51) 


Assuming negligible pressure in the universe we have 
—T=—T(\’=+pc?, where the mass density is p (obser- 
vationally p seems to satisfy, p>10~* g/cm*). 

Again assuming negligible pressure, the energy den- 
sity times a measure of the volume of the universe is 
constant. Hence 
(52) 


pa® = podo*= const. 


Substituting these results in Eq. (51) yields 


ad id\? AX b\? 89r /a\? 
( 4 ) + , ae + mo ) = (53) 
a 2 ra) a 30 


Here po and dp refer to values at some arbitrary fixed 
time ¢/p. In similar fashion Eq. (13) becomes 


(d dt) (¢a*) [ 8a (3+ 2w) |poao*. (54) 


After integration, Eq. (54) becomes 


ga? = [82/ (3+ 2w) |poao® (t—t-). (55) 
The constant of integration, ¢, in Eq. (55), can be evalu- 
ated by considerations of Mach’s principle. 

As before, we introduce Mach’s principle into this 
problem by expressing ¢(/) as an advanced-wave inte- 
gral over all matter. Equations (46) and (47) require 
some assumption about the history of matter in the 
universe. We assume that the universe expands from 
a highly condensed state. It is possible that in the intense 
gravitational field of this condensed state, matter is 
created. For a closed universe, matter from a previous 
cycle may be regenerated in this high-temperature state. 
In view of our present state of ignorance, there seems 
to be little point in speculating about the processes 
involved. In any case the creation process lies outside 
the present theory. 

We assume, therefore, an initial state at the beginning 
of the expansion (¢=0) with a0 and matter already 
present. Although pressure would certainly be important 
in such a highly condensed state, with expansion the 
pressure would rapidly fall and no great harm is done 
to the model if pressure effects are neglected. In fact, 
an integration of the initial high-pressure phase for a 
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Fic. 1. The expansion parameter a as a function of ¢ for 
the three cases, closed, open, and flat space with w=9. 


particular cosmological model shows explicitly that it 
may be neglected to good approximation. 

It is assumed that the inertial reaction, and hence 
@, at time fo is determined uniquely by the matter dis- 
tribution from ‘=0 to t=¢to. Hence, if Eq. (46) is inte- 
grated over all 3-space from ¢=0 to t;>¢, the surface 
integral obtained from the left-hand side should vanish. 
Initial conditions for Eqs. (53) and (55) in the form of 
values of a and @ at t=0 and a value of the constant 
f. must be so chosen that the surface integral from Eq. 

46) vanishes. In order for this surface integral to be 
meaningful at =0, the a must be at least infinitesimally 
positive on the surface, otherwise the metric tensor is 
singular. If ¢.=0 and ¢=0 on this surface, the surface 
integral vanishes. This follows because the vanishing 
factors @ and a*$,o [see Eq. (55) ] occur in the integral. 
It is concluded, therefore, that the appropriate initial 
conditions are a=¢@=0 with ¢,=0. It should be noted 








Fic. 2. The scalar ¢, in arbitrary units, as a function of ¢ for. the 


three cases, closed, open, and flat space, with w=9. 


AND 
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that the other surface integral, over the surface t=4,, 
vanishes since 7 and all its gradients are zero on this 
surface (advanced-wave solution). 

Letting ¢-=0 in Eq. (55) and combining with Eq. 
(53) gives 
[ (a ‘a)+3(¢ o) P+rAa 2 


7 ; BS a ee 
1 (1+ 3w) (d/o + (1+ gw) (d/o) (1/2), 
oa® [ 8x (3+ 2w) |poao*t. 


It can be seen that for sufficiently small time the 
term 1/a? in Eq. (57) is negligible and the solution dif- 
fers only infinitesimally from the flat-space case. The 
resulting equations can be integrated exactly with the 
initial conditions 


(59) 


As both Eqs. (57) and (58) are now (in this approxima- 
tion) homogeneous in (a,ao), the solution is determined 
within a scale factor in a only. 

This solution, good for the early expansion phases 
(i.e., a>>2), is 


o=dolt/l 
(60) 


(61) 


62) 
and 


QD [ T JQ) ) } Ww) |poly. (O95 


For the flat-space case, the solution is exact for all ¢>0. 

It should be noted that Eq. (63) is compatible with 
Eq. (1), for in Eq. (1) M is of the order of magnitude 
of poc*to® and R is approximately cto. Thus, the initial 
conditions are compatible with Mach’s principle as it 
has been formulated here. 

For a nonflat space, the only feasible method of 
integrating Eqs.- (57) and (58) beyond the range of 
validity of the above solution is numerical integration. 
An example of an integration is plotted in Figs. 1 and 
2, where a and ¢ are plotted as a function of time for 
the three cases of positive, zero, and negative curvature 
with w=9, 

It should be noted that for w>6, and the flat-space 
solution, the time dependen e of a differs only slightly 
from the corresponding case in general relativity (Ein- 
stein-deSitter) where a ~/'. Consequently, it would be 
difficult to distinguish between the two theories on the 
basis of space geometry only. In similar fashion the mass 
density required for a particular Hubble age a/a (flat 
space) is the same as for general relativity if w>1. For 
w=6 there is only a 2% difference between the two 
theories. 

On the other hand, stellar evolutionary rates are a 
sensitive function of the gravitational constant, and 
this makes an observational test of the theory possible. 
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This matter is discussed in a companion article by one 
of us (R. H. D.).? 

At the beginning of this article a problem was posed, 
to understand within the framework of Mach’s principle 
the laws of physics seen within a laboratory set rotating 
within a universe otherwise almost empty. We are now 
in a position to begin to understand this problem. Con- 
sider a laboratory, idealized to a spherical mass shell 
with a mass m and radius r, and stationary in the co- 
moving coordinate system given by Eqs. (50) with 
Eqs. (60), (61), (62), and (63) satisfied. Imagine now 
that the laboratory is set rotating about an axis with an 
angular velocity ao. This rotation affects the metric 
tensor inside the spherical shell in such a way as to 
cause the gyroscope to precess with an angular velocity® 
[also see Eq. (27) ] 


a= (8m/3rcrdy)ao, (64) 


where @o is given by Eq. (63). Equation (64) is valid 
in the weak-field approximation only for which 
m/(repo)K1. Substituting Eq. (63) in Eq. (64) gives 


a= [2(3 + 2w ) 3x | } t- 3a) |: (m ‘re poto”)ao. (65) 


It may be noted that if the matter density po of the 
universe is decreased, with é) const, a increases. Thus, 
as the universe is emptied, the Thirring-Lense precession 
of the gyroscope approaches more closely the rotation 
velocity ap of the laboratory. Unfortunately, the weak- 
field approximation does not permit a study of the 
limiting process po — 0. 

In another publication by one of us (C. B.) other 
aspects of the theory, including conservation laws, will 
be discussed. 
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APPENDIX 


In general relativity the equation of motion of a 
point particle, without spin, moving in a gravitational 
field only, may be obtained from the variational principle 


(06) 


O= 6 f mi u'u’)ids, 


(d/ds)(mu;)—3mg;;.,uu* =0. (67) 


If the mass in Eq. (66) is assumed to be a function of 
| 

position, 

(68) 


m= my} (x) 
an added force term appears and 


(d/ds) (mu,;) —3meg;x, :0/u* —m «= 0. (69) 


Both equations are consistent with the constraint 
condition u‘#;=1. It should be noted that because of 
the added force term in Eq. (69), the particle does not 
move on a geodesic of the geometry. 

If now the geometry is redefined in such a way that 
the new metric tensor is (conformal transformation) 


9i5= fg, (70) 
and 


d#= f'ds?, a'= fu’. 


Equation (69) may be written as 


(d/ds) (mo i;) —4mo9 jx ct a* = 0. (71) 
- vJj 


The particle moves on a geodesic of the new geometry. 
With the new units of length, time, and mass appropriate 
for this new geometry, the mass of the particle is mo, a 


constant. 
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The scattering amplitude for Dirac potential scattering is shown to have a Mandelstam representation 
if the potential is a superposition of Yukawa potentials. This representation together with the unitarity 
condition is used to obtain an integral equation for the weight functions. The subtraction in energy makes 
it necessary to know the scattering amplitude’s dependence on momentum transfer at zero energy in order 
to solve for the weight functions. Dispersion relations for the partial wave amplitudes are obtained. 


I. INTRODUCTION 


HE purpose of this paper is to point out that the 

work of Blankenbecler ef a/.' on the Mandelstam 
representation for Schrédinger potential scattering can 
readily be extended to the Dirac case. The amplitude 
for the scattering of a Dirac particle by a scalar potential 
that is a superposition of Yukawa potentials is shown 
to be an analytic function of complex momentum 
transfer outside of a cut along the real axis. The proof 
consists of demonstrating that every successive Born 
term has a cut which moves farther out in the mo- 
mentum transfer plane while the exact remainder is 
analytic in a Lehmann ellipse of arbitrarily large size. 
It is shown that a knowledge of the potential along with 
the Mandelstam representation and unitarity is not 
the 
representation, as the presence of a subtraction in the 


sufficient to determine the weight functions of 
energy requires in addition a knowledge of the scattering 
amplitude as a function of momentum transfer at zero 


energy. 


Il. PROOF OF ANALYTICITY 


The Dirac equation is (E—H)y=Vy, where y is a 
four-component spinor wave function and 
H ia-V+ 3m 
is the free-particle Hamiltonian. @ and § are the usual 
Dirac matrices. The 
E—H)¢ 
that for a particle of momentum k, ¢ 


solutions of the free-particle 
equation 0 are taken to be plane waves so 
=U A eX tT where 
u(k) is a four-component spinor normalized to u'u=1. 
The matrix element which describes the scattering of a 
particle from an initial state 7 to a final state f is given 
by M, o;,Vy, . Tf we define a T 
M ;;=uy'T(fi)u;, then the Dirac equation can be used 
to reduce T to the form T 


matrix by 


a+ bt, where a and 6 are 
scalar functions of energy and momentum transfer and 


* Now at Phy 
Iowa. : 
1R. Blankenbecler, M. L 
Treiman, Ann. Phys. 


BGKT. 


cs Dept., State University of Iowa, Iowa ( ity, 


Goldberger, N. N. Khuri, and S. B 
10, 62 (1960); hereafter referred to as 


T (fi)= V(k;—k,) 

dq ._ 1 
+ V(ky—q) T (qi) 
J (27) E—a-q—Bm-+t1e 


= ¥(k,—k,) 


dq _ E+a-q+ im 
- { Fky-a) T (qi), 
(27)* g—P—ic 


where V(q) is the Fourier transform of the potential. 
The formal solution to this equation is given by 


T (fi) = V(k;—k,) 


(2.1) 


+ f davia, V(ky—qu)G(qi.q2; E) V(qo—k,), (2.2) 


where G is the Fourier transform of the exact Green’s 
function: 


dr 1 
G(qi,q2; £) f eur eter. 
(2r)6 E—H—V(r)+ie 


As in BGKT we shall assume that 


L 


¢ 
yu r 


This potential has the advantage that its 
transform has a particularly useful form: 


Fourier 


L 


_ oi.a 
V(k,;—k ) rf dx 
y?>+-+/ 


mm t 


where t= (ky—k,)?. We see that V(ky—k,) is analytic 
in the ¢-plane cut from —* to —y*. What remains to 
be proven is that a— V and b are analytic in the ¢-plane 
cut along the real axis. Equation (2.2) for T has the 
same form as the scattering amplitude for nonrela- 
tivistic potential scattering. The fact that G now has 
the form 


> 


G=G,+-8mGo+ a: qiGs+a:qoG,s tz.3 


produces no essential complications. The Lehmann 
coordinates are introduced and one of the azimuthal 
angles is integrated over while the angle between q, 
and q, is kept constant. The result is that 7 is analytic 
in a Lehmann ellipse in the complex cos#@ plane of 
semimajor axis 1+2y’/k*. The absolute minimum for 
t, 4u?, is just the maximum value of ¢ for which the 
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proof of ordinary dispersion relations given earlier by 
Khuri and Treiman? holds. If we iterate Eq. (2.1) n—2 
times and then use Eq. (2.2), we have 


T= V+ Tot+---+T7,+R, (2.4) 


where 
aq 
(2 dn) 


dora (x1)dx 


T,=(-1)"9 


dQn—1 
(2m)? x2-+(ky— 1)? q?—B—ie 
btomte Gn—1 Ara (Xp \dx, 


k?—ie re i k,)° 


E time: qi 


Qn "thee 
and R, is the exact remainder, 


R.: f cava: T ,.(E,ky-q:)G(qi,q2; E) V(q2—k,). 


Using an inductive show that 7, is 
analytic in the complex cos? plane outside of a cut 
running from cos6=1+-n?y?/2k? Then the 
Lehmann technique can be used again to show that R,, 
is an analytic function of cos@ inside an ellipse centered 
at the origin with semimajor axis yo= 1+ (m+1)?y?/2k?. 
Since this region is indefinitely enlarged as we iterate 
farther, we conclude that a— V and 6 are analytic in 
the cos@ plane cut from 1+ 2y?/k? to ©, except for a 
possible essential singularity at infinity which we 
suppose not to occur. The cut in the 
t=2k*(1—cos#) plane then extends from ‘= —4y’ to 
=— 6 


proof we can 


to ©, 


however 


III. UNITARITY CONDITION 


Having proved the analytic properties of T(/,t) as 
a function of momentum transfer /, we now wish to 
write dispersion relations which display this analy- 
ticity. For these purposes we write T in the form 


T=A(E,t)+e-kya-k;B(E,0). (3.1) 


Similarly the T matrix for antiparticle scattering can be 
written 


Te¢=A°+a:kya-k,B*. 


Then from KT? we see that if we include one bound 
s state, then 


ET, 
(Et) = A(0,)+ 
Ep(E— Ep) 


k Lie ImA (Et) ImA*(E’,t) 
. =e '—E-ie E'+E 


“fia er (Eb) 
_ ean Rah 
ImB°(E",) | 
+- “ 2 
RF+E J 


B(E,t) ---+ 
E— Es 


2N. N. Khuri and S. B. Treiman, Phys. Rev. 109, 198 (1958); 


hereafter referred to as KT. 


REPRESENTATION 


ET 4 


A*(E,t)= A (0,t)+- 


Ep(E+ Ep) 
E r* dE’ ImA°(E’,t) Im. A( E’,t) 
LE preeyinaces) imate) 
rim £E’ | k’—E-—ie E! +E 
I's 1 ,| ImB(E’, !) 
“(EE I)=—- —-+ f dE’ 
E+E, #4. \E'—-E=ie 
, mbe, *| 
. E+E 


where Eg is the energy of the bound state and l'4, T's 
are the residues of the amplitudes at this bound state. 
The simplest form of Im4, etc., that will display our 


proven analyticity properties and satisfy the condition 
—E,)M,, be unitary is 


f dt’ p(t’) 
ip° 7 r 


that S;;=6/;—2mid (Ey 


ImA (0) gi(/2), 


© dt’ p(E,t’) 
In B(£,t) +92(k), 
x t'+t 


f dt’ p3(E,t’) 
4u° F 


ImA °*( Et) 


* dt’ ps(E,t’) 


ImB°(£,t) +94(/). 


w +t 
Then T may be written in the form 


@(E,t')+¢(t’) 


“ © dt’ ie T 
Li(khE)+ V() Hf 
4p 7 t+ 
a dl’ @(ELt’) 
(fk) +f ——j. 
4y* 7 . 


T(E,t) 


+ea-kya-k [ 


A (0,0) 


, * dt’ p(t’) 
ro+f 
74y° 7 y + l 
I'z © dk’ g (E’) g4( 2’) 
‘or 
E— Ep ' « \E’'—E-ie E+E 
i f --( pil Et) p =") 
ad, E'\E-E-ie E+ET 
: dE! p»( Et) pa( Le’,t) 
(B( EL) f ( + ) 
wn \E'—E-ie E'+E 


m 


Q( 1,1) 
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The unitary requirement for S becomes the following condition for T: 


k 
i[T(fi)—- ren fea Tt(qf)(E+8m+a-q)T (qi). 


v 


substitute 
equations for the weight functions of the form 


If we now 


= dt, f* dle ? 2 
p E,t)= [ | K (R?,t; t1,t2) V (ty) V (te) Xi(t,h1,t2,) 
Ji wd, 


(3.4) in (3.5) and take the discontinuity across the cut in the ¢ plane, we obtain 


+f dty a (Rt; t1,t2) Fu,)| [ dE! Ag EE’ tstuts)03( Els) +0(ts) ¥ (tastes) 
“ TF “4,* |. m ° 


x 


f dt, 


dts . 
Koes) | f dE, > B,(E,Eutsts)p;(Eut) +6(t) | 
“su? TW May? © | m ,] 


a 


where K is the same as in the Schrédinger case: 


® 


} 
dE» > Cul E, Eo,t,ti,te)p;( Ee, te) + (ls) |Z (t,t, lo, B (3.6) 
2 


wr Of f—t)—to— (titey 2K?) — (dite) 10K +- 482 (4 +h) $hite }!/ 2%} 


2 {RCt— (3+. JDt— (4!—t.!)?]— tht}! 


The 6 function in K [0(x)=0 for x<0 and @(x)=1 for 
x>0O] determines the actual regions of integration for 
each term. In order for @ to be nonvanishing for small 
k?, t>tyto/k®; for large k?, t> (t;!+4.)?. Thus the first 
term is nonvanishing in a region of the k?, ¢ plane 
bounded by t= '/k? for small k? and t=4u? for large k?; 
the second term, 4u*/k? and 9y*; the third term, 16y*/k? 
and 16u?. This is best illustrated by Fig. 1. As shown in 
the diagram there is a region of the &’, ¢ plane in which 
the p’s are given exactly by the first term. This first 
term is determined entirely by the potential. If we now 
substitute this exact value for the p’s into the second 
term we can generate a larger region over which the 
p's are known exactly if we know ¢(¢). By taking this 
new expression for the p’s and substituting it back into 
the equation, we generate a still larger region over which 
p; is known exactly. In this manner the entire &?, ¢ plane 
can be obtained through simultaneous iteration of the 
four weight functions. If the subtraction in energy was 
not present, a knowledge of the potential would be 


Fic. 1. Regions in 
which the K function 
is nonvanishing 


sufficient to determine the weight functions p; exactly 
as in the Schrédinger case. 


IV. DISPERSION RELATIONS FOR PARTIAL 
WAVE AMPLITUDES 


The partial wave decomposition of the Dirac particle 
scattering amplitude is essentially that of pion-nucleon 
scattering. We follow the usual notation and introduce 
the conventional scattering amplitude f;;(#), a two- 
by-two matrix in Pauli spin space. The differential 
cross section is given by 
(4.1 


da 5;/dQ= | f ¢;(8) \*, 


fy, can be related to My; by the fact 


= [E2/(2m)*]! Myi\? 


fri=fite-kyo-k; fs 


that da,,/dQ 
, so that, if 


then 
E+m 
fi= . [A J 
4dr 


-m)*B }. 


E-—m 
—[A+(E+m)°B]. 
4 

The partial wave expansions for /; and f2 are given by 
A= Dil fuPu’—fi-Pr’), 

fo= Soil f,,)P,’, (4.3 

where P, are the Legendre polynomials, P;’=dP;(z)/dz, 

and fi,=k~' exp(id,,) sind:,, 5:4 being the phase shift 





MANDELSTAM REPRESENTATION 


for a state with total angular momentum j=/+}3 and 
parity (—1)'. Inverting the equations for f1, we find 
that 


l ds 
fram f SLhiPu(s)+ foPrss(2) J. (4.4) 


1 


When we substitute our representation of A and B into 
f, and f, and substitute these into fi,, the resulting 


integral is 
Pi(s) 
J i= f dz ae 
1 '+2k(1—:) 


Thus the term involving the Fourier transform of the 
potential is cut in the k? plane from —}y? to — «, while 
the double integral term is cut from —yp? to —~. 


(4.5) 
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Application of Cauchy’s theorem to f;, considered as 
a function of the variable s=k? produces the dispersion 
relation 


1 fe? Imfi(s’) 
, f ds’ 
, : 
0 9 ee 


if it can be assumed that Imfi,(s) > 0 as s 
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Electromagnetic potentials are found to be significant in quantum theory, even when the fluctuations 
of the vacuum are taken into account. Conditions are found under which the fluctuations will, nevertheless 


wash out an interference pattern. 


N a paper by Aharonov and Bohm! it is demonstrated 
that in quantum mechanics, electromagnetic poten- 
tials have physical significance, contrary to the case in 
classical mechanics, where they are merely mathe- 
matical fictions which facilitate the computation of 
fields. 

In doing this, Aharonov and Bohm assumed that 
quantum-mechanical electrons interact with classical 
electromagnetic fields. The question naturally arises, to 
what extent this effect—the measurability of the elec- 
tromagnetic potentials—is washed out by the zero-point 
fluctuations of the fields. That is, we would like to take 
into account the dynamical character of the vacuum by 
quantizing the electromagnetic field. 

Aharonov and Bohm show that the additional phase 
difference in the wave functions between two electron 
beams which have been subjected to two different 
potentials is just 


Av=(e W) § Ards, 


i.e., just the change of phase of one electron resulting 
from traveling around a closed path which follows one 
beam from source to screen, and the other beam back 
to the source. This difference then determines the shift 
in the observed interference pattern between the two 
beams. (This shift is independent of position, i.e., the 
whole pattern will shift.) 

Now consider their first experiment: It is a two-slit 
diffraction experiment, where the packets pass through 
two long metal pipes before they have a chance to 
interfere with each other—this they do only upon 
emergence from these Faraday cages. The top packet 
(or beam, if we ignore fringing fields) has its phase 
changed relative to the bottom one. One need therefore 
only consider this one packet (beam), and the extent 
to which its phase difference with any reference phase 

say, that at the origin of its path—becomes blurred. 


Classically, the action is 


S()= -f Hin (dt, 


where the interaction is between the electron and the 


* Work supported by the National Science Foundation 


+ Present address: Smithsonian Astrophysical Observatory, 


Cambridge, Massachusetts. 
1Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959). 


electromagnetic field: 


Hin (lt) fina, 


Rint (x) 


and 
= j,(x)A, (x), 


where the summation convention over u 
used, and 


(Boldface quantities are three-vectors, italics are four- 
vectors.) 

The current density for a smeared-out charge dis- 
tribution is 


gle) —ep(x)v,(xX), 


where —e is the (negative) charge of the electron, p(x) 
the density, and v, the wth component of its four- 
velocity. For a strongly localized distribution 


p(x)—~6(x—Xp), 
where 
Xo= Xo(t) 


is the centroid of the particle at time /. 

In making the transition to quantum mechanics, 
A,(x) becomes the operator A,,8(x,0) in the Schrédinger 
picture (indicated by the superscript S), at time /=0. 
If we do not second-quantize the electron-positron 
field, 7, becomes 


—es,= —(eh/2mi)[Paw—Vaw ], (1) 
and e*S *@originat becomes a WKB approximation to the 
solution of the Schrédinger equation 

Hb= ih(d’/ dt), 


where H includes the interaction, and Poriginal is the 
(exact) solution of the equation without the interaction. 
The uncertainty in the 


second moment: 


action then is defined by the 


(AS 


brackets indicate taking the 
value in a state of the system which will be defined by 
Eq. (2). 

Assuming the vacuum is unique, this expression is 
gauge invariant. From this follows the first result: 

The potential has no significance as far as the fluctu- 
ations are concerned, and the Aharonov-Bohm effects 
is not “washed out.” That is, in the experiments they 


where the expectation 
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propose, the potential will be manifest by a shift in the 
interference fringes from the no-potential case, and 
this effect will be masked by the vacuum fluctuations 
only to the same extent as the ordinary (no-potential) 
interference pattern is thus masked. It is still interesting 
to see what effect is predicted, if any. 

If Hint Were zero, then the state vector for the system 
electron+electromagnetic fields could be written, in 
the Schrédinger picture, as 


(r,t) =* (1,1) 8%, (2) 


where ®§ is the state vector of the electromagnetic field. 
In the case where there are no fields, =p, corre- 
sponding to a transverse vacuum—i.e., the state of no 
real transverse photons. In case Hins¥~0, Eq. (2) is a 
first-order approximation to the true state vector. We 
shall use this approximation. 

Since the electromagnetic four-potential A, can be 
written in covariant form in the interaction picture, we 
shall work in the latter: The Hamiltonian of the system 
is 


H=Hot+ Hin =H +H'+FAint, 


where H/ is the Hamiltonian for the free electron, Ho’ 
that for the radiation field. Then in the vacuum, 


etHot (r,t) _ W(r,0)®o, (3) 


where the omission of superscripts indicates that the 
quantities are in the interaction picture. The equation 
conjugate to (3) is 


ft (r,t) =by'p* (r,0)e' 


Ho(r)t 


(We use the natural units #=c=1 wherever no confu- 
sion can arise.) Collecting all terms, we find that 


t 
(b| S(t) |) =e a4) fvrcenenm f at f s,8(x.!) 
0 


X A, 8(x,0)Pxe~# 4p (1,0) dr »). 


Now H/(r) commutes with any operator function of x, 
so that 


etHots 8(x t/)A,8(x,0)e*#o'= 5, 8(x,t')A, (x), 


and we can integrate over r immediately, the integra] 
just giving us unity, so that 


t 
= ef at f5,9(x (0) AG) bodes 


In the transverse-photon vacuum, which we have here, 
the Gupta-Bleuler formalism? shows us that 


(A, (x))=0,A(x), 


2K. Bleuler, Helv. Phys. Acta 23, 567 (1950), 
Proc. Phys. Soc. (London) A63, 681 (1950). 


S. N. 


Gupta, 


IN QUANTUM MECHANICS 


where A is a function satisfying 
[ PA(x)=0. 
Let us work in the gauge where there are no longi- 
tudinal (and therefore scalar) photons at all, i.e., A=0. 
This is a total (photon) 0), and 


0 => (S)=0. (4) 


vacuum, i.e., Ppop= 


(0| A, |0)- 


Similarly, 


‘ ' 
°(t) -{ Hins(t)at f Hint" )dt” 
0 0 
t t 
ef at at” f s(x.) 
oe 0 
Sh 
(olexpiny f dt’. - «dy exp(- itt) 0) 


t t l 
ef at f au")  Aucatdsu(at es 
Xf Adlydoys Day 0. 


)| A, (x,t) A,(y,t) |0)=16,,D+(x— y) 

d*k 

a eik-(x-y) 
3 h . 


\sy(y,t’’) 


1,8(x.0)dx 
u 


 f ss(yeDA8(y,Oaty 


© 
Ouv 
? 


2(27) 
and summing over », we find 


ene) i 


on ”) sel (5) 
k 

In the presence of an electromagnetic field consisting of 
just » transverse photons, Eq. (4) still holds, since A, 
is linear in creation and annihilation operators. Simi- 
larly, Eq. (5) still holds, too, except for a factor (n+1) 
on the right-hand side. In order to obtain an explicit 
result, we must calculate the electronic current. Thus, 
consider the electron’s wave packet: 


(r,t) (27) f g(h) Kk -Tp-iwkt sh 


where fu,= E,= hk nonrelativistically.* If the 
packet, with momentum 7k, has its centroid moving 
in the z direction, and is centered at the origin when 
t=0, we can take the momentum-space packet to be 


+ (keke? }, 


2/9 
/2m, 


g\ k) = N exp{ — ST keoe+h,o 


with N = (0,0,0./m')', where oz, o,, ¢- are the half-widths 


expression for the 
ger keep Sys” 


nonrelativistic 
ss Which will 1 


$In using the 


energy, Eq. 
1) will give us an 


invariant. 


10 long 
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of the packet. Then with r=ht/2m, 





, ro y z— 2kor)? 
N exp] izko—irky————_—_——-—-- —_ - ——_— 
2(o7+2ir) 2(6,7+2ir) 2(¢7+2ir) 
Oe » nn lan Ores Airis at Aamaaaasoiiat 
(0,°+2ir)§(o,2+2ir)"o2+2ir)! 
It follows that the density is ‘ i ’ : 
oi See Su(x,t’)e™ *Bx~V, | p(x,’ *dx~Vei*¥! 
\ { xo VOy 
(FF exp— } >-— A 
. TT te lys yas and similarly 
~~ “Zr —y » 


2—2kor)*o, ; re 
wa ee r ff!\ 4—ik-yf3q,~ s—ik.vi 
oS seen | (6) Siar Py V ie 
y 4 . 
a3 
so that 


where . 


- 2 e’V.V ? d’k 
. Et=of+4r. (S?)-—— “f ar f at” fe sai : 
Since 16m* 0 . 


2r=ht/m < (h/mv)L=L/ko, ; : . 

In integrating over k, we must use a high-momentum 
where L is the distance from source to screen, the second cutoff, km. Then calling vtk,=£, we find 

term will be much smaller than the first whenever 2 VV 
» 7 > 
2 ‘ig vttt Sit-t-cost— 

kw >>L/o;. ere — [Cig—Iny&+ é Sié+cosé—1], 

ar vw 

Thus for L= 10-cm and 50-ev electrons, kox~4X 108 cm, 

and the condition is easily satisfied for ¢;>10-* cm. 

This corresponds to no appreciable spreading of the 
packet, i.e. the geometrical optics limit. 

We then find, for the flux, 


where y is the Euler-Mascheroni constant. If kn — ~, 
the bracket approaches rf/2, and writing #=L, the 
distance traveled to the screen (since it is at that point 
that we are really interested in the phase uncertainty), 


be as =) he : e V,V 
Wisix jy k(z—vt) (S?\~ ; ~(LRm). 
s=|v+—( —+—+———_ (r,t). o? 
wXxZ! ZS p ae , .. alli 
z y 2 Finally, 
As above, however, we find that 2,-o,, and the term VV p= P+ (180/2)?= LL — 3? | 
in parentheses is very much smaller than the first term. with the approximations made above, so that the phase 
Hence, _. uncertainty is 
s<—~0,p(4,1). (7) 
rors ‘ : : bg = (S*))/h =~ fal(Lkn/r)?. (10) 
Within exactly the same kind of approximation, we a 
find that pe the other hand, if &,,— 0, the bracket approac hes 
sy (it®/2c)p(r,2), (g) 2%, and 
and thus calling é V,I, e Lie 
iv/2c=Vy, 14=V,, (8a) rr <a (Lhm)? => 69™}a'—. (11) 
we have = 2 ” 
su V yp. (8b) km must be the inverse of a length appearing in the 


problem, probably the width of the wave packet. To 
see this explicitly, we must do the problem with a 
(9 particular packet. . 

Thus, instead of using the particle approximation 
to (8); then the space integrals in Eq. (5) can be done (9), we go back to the packet (6). Then in (5), we have 
immediately : the integrals 


For heuristic purposes, consider the particle approxi- 
mation 
p(r,t)—~6(r—vi) 


t t 
J at f ss(xie* xx f at {Violas e%*by Lby Eq.(7) ], 
) 1] 


f ipk2d, &,22,' k2d,! 


: | 4 2 2 J 


9” 
or Oy Oo; 


t hit’ * 
= vf dt’e'**"’ exp{—3[k2o/+---]}} wel -( ) =>: |} 
0 2m/ lo? 
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Now, from the middle exponential term, the “ranges” 
in k space are 2/c,, 2/o,, 2/o,. At these “maximum” 
values, the exponent in the last term takes the value 


—7[4/05+4/0,5+4/o/]. 


Recalling that ¢7>>rmax, the exponent is close to zero, 
and the integral becomes 


: ervtke/2 vtk, 
~exp{ —3[k2o2-+ ++ -]}V,— sin(—). 
(vk,/2) 2 
The integral over s,(y,t’’) is exactly the same, except 
that —k appears in place of k. Thus we come to 
4V,V, 
“* f exp{—s[ktoe-+:--} 
sin?(vtk,/2) dk 


kek 


Here we consider two cases: 


Case I. The packet represents a short pulse, i.e. 
o<L. Now, again because of the exponential, the 
range in k, is ~o;. The argument of the trigonometric 
term, at that range, is (at the screen) 


vwtk,/2—L/20,>1. 

Hence we may use the approximation 
sin(4Lk,) 
i : . 


~75(k,). 


Thus integrating, we have 


e iy. 
“s nf exp[ —}(k0,") +k,7o,7) | 


167° v 


(S?)> 


sin(}Lk,) dk 


Xexp(—}k,’c,’)- 5(k,)\— 


k, & 


al 
-L f exp[—}(k202+hk/o,7) ] 
: 
x dkydke/(ke+h,?2)?. 


Tad 


The calculation becomes much simpler if we assume 
0;—Cy=9, 


for then we can use cylindrical coordinates, and find 


1 CSU VAL. 3 aL 
(6¢)?= sya—(- — *)- = a ‘ 
i? Aic\ v o 4(2r)* 106 
This says that the concept of phase, for this situation, 
is meaningless for L/o >5X 104, as the phase uncertainty 
then becomes 27. 
Case II. The packet represents a beam, i.e., o,>L. 
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This time therefore, we can use‘ 
exp(—k202/2)~[ (22)!/o, ]6(k.), (12) 
and once again using cylindrical coordinates, we find 


OV al ns e* (vt)? 
SEL * PX 
Sroo S1roc; 


Rr) (L o(L o 


(; y(- )(=) 
Sr cg C; 

Thus, as long as the beam is steady, then aside from 
some transient end effects, ¢, is effectively infinite, and 
the dynamical vacuum does not wash out the inter- 
ference effect at all. 

We note the following points: 


and at the screen, this is (e’ 


(1) For short pulses, the length of the pulse does not 
appear, in first approximation. 

(2) km is indeed o the transverse width of the 
packet. 

(3) The smallness of the effect is greatly enhanced 
by the smallness of e, which is quite reasonable. 

(4) The effect, in case I, is proportional to the root 
of the distance traveled, as in Eq. (10), whereas in case 
II, the effect is linear in that distance, as in Eq. (11) 
This indicates that the use of a single cutoff, k», is 
misleading, as there are two lengths involved, o and o;. 
One might think that this effect is due to the spreading 
of the wave-packet giving rise to an uncertainty in its 
phase. That this is not the case is seen through the 
dependence on 4a, which makes this a dynamical, 
rather than a kinematical, effect. Moreover, remember 
that in the approximation used here, the packet only 
spreads very little. It may be understood as follows: 
In the case of the packet, what we do is follow the 
centroid. The spreading of the packet merely makes its 
position more uncertain. Its centroid, by Ehrenfest’s 
theorem, travels on undisturbed. When the interaction 
with the electromagnetic field is turned on, however, 
the fluctuations of the latter tend to “shake” the 


4We can do better: Since the approximation (12) improves as 
o, increases, it is natural to try to improve it by adding a power 
series in o,~'. This is naturally done by integrating 
xp o*x?/2)dx 
by parts, successively. Since the odd part of f(x) must integrate 
to zero, we need consider only even functions f, in the interval 
(0, ©). So long as f(x) does not increase as fast as exp(o%x?/2), 
and has derivatives of all orders at the origin (and at infinity), 
this will yield a series which is at least asymptotically convergent : 
(2r)} 2 f° (0 
S(o)= 2 
Cc 
» may write this symbolically as 
? 


exp (—o?x?/2 


when it occurs in such integrals. 
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electron, and do so the more violently the smaller the 
packet is. When the packet turns into a beam, it 
becomes increasingly improbable to find a fluctuation 
large enough to move the whole beam. 


One can understand the dependence on the various 
factors as follows: The vacuum fluctuations can be 
thought of as resulting in the uncertainty in the meas- 
urement of the fields. This uncertainty will depend (as 
is well known from Bohr and Rosenfeld’s work*) on the 
details of the measurement process: inversely on the 
size of the space-time region in which the field is 
measured. We can think of the electron as being the 
testing body, and its size will then be roughly the width 
of its packet. Thus the phase should be inversely 
dependent on o (or some power thereof). Moreover, 
remembering that the fluctuations are random, we 
would have to sum the squares of the microscopic fluc- 
tuations, and hence have a dependence on L?. Finally, 


5. N. Bohr and L. Rosenfeld, Kgl. Danske Videhskab. Selskab, 
Mat.-fys. Medd. 12, No. 8 (1933). 
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the argument above indicates that we should expect an 
inverse dependence on the length of the packet. 

An interesting question which was not looked into 
is the comparison of the size of this effect to the kine- 
matical effect. That is, for a short pulse, there will be 
an appreciable frequency distribution, and the purely 
classical diffraction minima will occur at different 
places on the screen, leading to a blurring of the inter- 
ference pattern. This effect, however, can be made as 
small as we like by making foc. large enough, while still 
keeping o:<L.§ 
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The static dispersion relations for the S-wave *—A and r—2 scattering amplitudes are investigated 
under the assumptions that the dominant forces result from a scalar rAZ interaction, and that multiple 


meson processes may be ignored. If it is required that the z 
that no subtractions be made in the dispersion relation for the denominator function of the x 


A effective range is small, or alternately, 
A amplitude, 


the AZ coupling constant is determined to be F?~1.6. However, such a strong interaction leads to an 


attractive force in the isotopic-spin 2, 7+ S state that is more than sufficient to produce a bound state. 
A brief discussion is given of the meaning of this result, and of a possible related mechanism for the 1380 


Mev z—A resonance. 


ECENTLY, various authors have proposed that 
the 2—A parity is odd and that the = particle be 
regarded as a A—7z bound state.! In this note static 
dispersion relations will be used to study the r—A and 
m— S-wave scattering amplitudes, under the assump- 
tion of a scalar AZ interaction. The principal result 
is the prediction of either a r— > bound state of isotopic 
spin two, or a very large /=2 scattering length. 

If one writes the dispersion relation for the S-wave 
m—A scattering amplitude in the static limit, and 
neglects all singularities other than the 2 pole, the 
unitary branch cut, the crossed pole, and the crossed 
unitary cut, the solution to the equation is of the form, 

e*®sing —2F°A 
T =—_——_=— : 
k (w*— A*)D 
F°A 2k° i2FAR 
i- — a - for 
Ko w’— A? (w?— A”) 


F°A 2k 
D=1+— (1 ) for 
Ko Ko+k 


where F? is the scalar rAd coupling constant, A is the 
=—A mass difference, u, w and k= (w?—y*)! are the 
pion mass, energy and momentum, and x» and « are 
given by Kxo=(u2—A*)!, «= (w—o")!. It is assumed 
throughout the paper that the denominators of the 
various amplitudes do not contain poles of the Castillejo, 
Dalitz, Dyson type. Since the KN branch cut has been 
neglected, Eq. (1) cannot be accurate at energies close 
to the K+N rest mass, especially if the r—A resonance 
of Alston et al.’ exists in the S state. 
accuracy is expected in the neighborhood of the r—A 
threshold, however, since this threshold is about twice 
as far from the resonance as from the = pole. 

Nambu and Sakurai have pointed out that if the r—A 
effective range is small, the coupling constant F? can be 
determined from the masses of the 7, A, and 3.” In the 
static limit, this determination may be made from Eq. 
(1) in the following manner. In the effective range 
approximation, xo (the inverse “radius of the bound 


Reasonable 


1 S$, Barshay, Phys. Rev. Letters 1, 97 (1958); S. Barshay and 
H. Pendleton, III, Phys. Rev. Letters 6, 421 (1961). 

2 Y. Nambu and J. J. Sakurai, Phys. Rev. Letters 6, 377 (1961). 

3M. Alston et al., Phys. Rev. Letters 5, 520 (1960). 


7—A in the 2 state’) is related to the scattering length 
T(u) and effective range ro by the well-known formula, 
ko= —T (uw) +43roxe. If T(u) and ro are determined 
from Eq. (1), the equation for xo becomes an identity, 
i.e., 


Ko=ko(kot F?A) (2F°A) — ky (ko — F°A) (2F?2A)-. 


The assumption of a small effective range implies that 
the last term in this equation may be neglected, and 
leads to the relation, 


F°SxyA "1.6. (2) 


A similar approach has been used recently by Bernstein 
and Oehme,! who estimate that F?&1.8. These authors 
use a fully relativistic dispersion relation, but neglect 
the singularities imposed by crossing symmetry. A 
different estimate of F°&1.47 has been made by Liu, 
using the relativistic dispersion relation for the wAZ 
vertex function.® 

An alternate derivation of Eq. (2) in the static model 
follows from the assumption that a subtraction should 
not be made in the dispersion relation for a scattering 
denomjnator function unless necessary to obtain a 
integral. The form of the denominator 
function D given in Eq. (1) was obtained from a 
once-subtracted dispersion relation, together with the 
unitarity requirement and the condition D(+A)=1 
(implied by the definition of the coupling constant F?). 
However, if no subtractions are made, the equation 
for D still involves a convergent integral, i.e., 


4F°A 7” din’ k's 
= f . (3) 
1 [w"*— (w—ie)* ](w’*— A?) 


a 


convergent 


D(w) 


It can be shown by direct integration that the condition 
D(+A)=1, when applied to Eq. (3), leads to the 
coupling constant relation F?=xoA-!. The two expres- 
sions for D, Eqs. (1) and (3), are identical if F? =x A~. 

The corresponding static equations for S-wave 7—= 
scattering are more complicated, because the crossing 
relations couple the amplitudes of different isotopic 
spins. For simplicity, we neglect the “crossed unitary 
cut,” and also neglect the effects of the pseudoscalar 


v 


‘ J. Bernstein and R. Oehme, Phys. Rev. Lett ers 6, 639 (1961) 
6 L. S. Liu (private communication; and to be published). 
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r= interaction. The equations may be written, 


T\=F°N,(w)/D,(w), 
A, BD (—A) 


w—A wtaA 


” 


F*(w—A) f dus’ (w’?— py")! V (w’) 


D;=1- 
’ \f . 
T (Ww —A)(w —w—te) 


where the values of the constants A; and B; for the 
different isotopic spin states are, 4g=A2.=1, A1=—1, 
B,=B,.=0, By= —3. The integrals in this equation are 
easily evaluated and are of the type encountered in 
the Lee model. In the case of isotopic spin 2, there is 
only the “attractive” pole at w= A, and it may be shown 
that for F?>0.9, the denominator function D vanishes 
at an energy in the interval A<w<yp, implying the 
existence of a r—Z bound state. A rough calculation 
that this insensitive to the 
presence of the crossed unitary cut. The effect of 


indicates conclusion is 
including the A+2z branch cut would be to increase 
the effective attraction, and decrease the value of F 
needed to produce binding. 

It is unlikely that a bound r—2 state of J =2 actually 
exists, since it has not been observed. It may be that 
the effects of interactions omitted in the various 
determinations of F*,,and in Eq. (4) (#—7 interaction, 
K—N interaction, etc.), weaken the attraction sufh- 
ciently that no bound state is predicted. If this is the 
case, however, it seems likely that the state is almost 
bound, so that the scattering length 7J.(u) is large and 
positive. [However, no resonance is predicted; it can 
be shown from Eq. (4) that if F* is small enough so 
that De fails to vanish for w<y, then ReD, fails to 
vanish for w>y.] If T2(u) is large and positive, the 
number of correlated #*=* and x=” pairs occurring 
in the final states of various high-energy processes 
should exceed the number predicted from phase-space 
considerations. One should look for pairs of kinetic 
energy less than 50 Mev in the r—Z center-of-mass 
system. 

In the case of /=, r— scattering, the negative pole 
term at w=—A (which is associated with scattering 
through a virtual A state), decreases the attraction so 
that even for F?=1.6, the predicted scattering length 
is not much larger than that given in Born approxi- 
mation. 

If F?>x A a ghost pole occurs in Eq. (1) at a 
negative value of (w— A’), and a “reverse resonance”’ 
(phase shift decreases through 90°) occurs at a positive 
value of (#2—x,?). We do not regard this as significant, 

This may be seen from the results of R. D. Amado, Phys. Rev. 
122, 696 (1961). [See particularly Eq. (52).] Amado derives the 
exact equation for @—V scattering in the Lee model, in which 
the state 20+N is the only coupled inelastic channel. In this 
model an increase in the coupling constant g* leads to a 0+ V 
bound-state (with no @—N ghost present) only if the cutoff 
function is sufficiently rapid 
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since for such large values of f°, the r—A state must be 
strongly coupled to the state of a pion plus the r— 
bound state, or nearly bound state, predicted by Eq. 
(4). The neglect of this coupling is expected to limit 
the validity of Eq. (1) to energies close to the r—A 
threshold. Even for small values of F?, a ghost pole and 
“reverse resonance” occur at large values of |w! in the 
expression for the 7=1, m—= amplitude. However, 
because of the neglect of crossing and of states involving 
more than one meson, Eq. (4) would not be valid for 
large |w 
the AZ interaction were the only interaction existing 
in nature. 

The above results are analogous to those that may 
be deduced from the simple model of the 2 as a r—A 
bound state. Franklin has pointed out that in this 
model, one would expect a state of a A plus two pions 
to be bound (relative to the r+ 2 rest mass) provided 


even if the hyperon masses were infinite and 


that there is no strong pion-pion repulsion.’ The two 
pions, being bosons, would exist in the same state 
relative to the A. The 7=2 bound state predicted by 
Eqs. (2) and (4) can be thought of as such a A+2z 
state. As discussed above, such a bound state would 
also be predicted for /=0 were it not for the “repulsive”’ 
effect of the A-particle pole. 

We now turn our attention to the r—A resonance, 
assuming that it exists in the S-state, and that the 
KAN parity and S—A parity are odd. It can be shown 
by the matrix .V/D dispersion relations that the poles 
in the coupled x—A and K—.NV S-wave channels cannot 
produc e the resonance by themselves. However, if a 
x—Z bound state (which we shall call the A’) did exist, 
and the binding energy were sufficiently large, the 
resonance would be predicted by the static dispersion 
relations for the coupled S-wave r—A, r—A’, and K—\ 
channels. The resonance would be roughly analogous 
to a state of a A’+a or a A+3n. If the A’ were of 
isotopic spin 0, it might have escaped experimental 
detection. Unfortunately, the static dispersion relations 
predict that the attractive r—2 force is much stronger 
for /=2. In order for the r+ to be bound in the J=0 
state and unbound in [=72 some strong 
mechanism would be necessary, such as an S-wav 


the state, 
x—m interaction that is very strong and isospin de- 
pendent. Hence, this possible mechanism for the r—A 
resonance appears to be unlikely. 
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The lepton and strongly interacting particle currents in the universal Fermi interaction are both 
assumed to be split into two parts, even and odd, with respect to an internal symmetry operation. The 


requirement that the over-all interaction be even allows 2u 


> 2e processes while forbidding single u — e 


conversion and requires that the nonleptonic decays come about through the coupling of the strangeness- 
changing current with itself. This leads us to a theory which differs from the schizon scheme by allowing 
AS=2 leptonic processes, and differs from the veton scheme by associating electrons with muon neutrinos 


in strangeness-changing processes. 


I, INTRODUCTION 


HE history of the universal Fermi interaction is 
marked by the growing recognition of symmetry 
in the form of interaction, together with restrictions on 
the universality of the weak four-fermion interaction, 
as more has been learnt from the experimental data. 
These questions of symmetry and of universality are, 
in all likelihood, intimately related. The most striking 
restriction on the universality of the Fermi interactions 
is the apparent absence of interactions by which muons 
convert into electrons without the emission of neutrinos. 
The most striking symmetry appearing in the weak 
interactions is the AJ=} rule for the change in isospin 
of strongly interacting particles. In this paper we 
attempt to relate these two outstanding problems in 
the theory of weak interactions. 
The universal Fermi interaction theory applied in 
this paper is that according to which there exists a 
weak interaction, 


L nt G3u3u'; \ 1 1 ) 


between currents 


Su=Iut J ut Su; (1.2) 
composed additively of a lepton part j,, a strangeness- 
preserving baryon part J,, and a strangeness-changing 
baryon part S,. J, and S, may contain strangeness- 
preserving and strangeness-changing boson terms as 
well, in order to express various conservation or partial- 
conservation laws that may obtain for the weak inter- 
action currents. 

‘In Sec. III we study the isospin and strangeness 
symmetry properties that J, and S, are expected to 
have in order to obtain the AJ=}4 rule. First, however, 
we wish to consider the restrictions on the universality 
of the Fermi interactions that are imposed by the 
absence of u—e conversion processes. InTthis next 
section we also consider the possibilities of intermediary 
mesons which, through Yukawa couplings to J,, could 
lead to (1.1) as an effective interaction. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
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II. u-e CONVERSION AND EVEN AND ODD 
LEPTON CURRENTS 


A. Unwanted Leptonic Processes 


The problem among the leptons is to forbid the 
occurrence of processes such as 
e+e+e, 


u—et+y or (2.1) 


u+nucleus — e+nucleus, (2.2) 


K,7,y— ute (with or without pions), (2.3) 
in which muons and electrons would convert into each 
other singly or be produced in association. It is im- 
portant to understand that the absence of these u—e 
processes and the nonoccurrence of like lepton pairs vv, 
ee, OF wu in certain reactions pose rather independent 
problems. Any theory permitting only charge exchange 
for the lepton currents would automatically forbid the 
production of like leptons but could still allow u— e. 
(Any charged-intermediary boson theory with one 
kind of neutrino is in this category.) On the other hand, 
a theory forbidding 1.—e conversion could nevertheless, 
if neutral lepton currents are admitted, allow the pro- 
duction of like leptons. (A charge-symmetric theory 
with different u and e neutrinos is in this category.) The 
logical independence of the like- and unlike-lepton 
problems must be appreciated; in this paper the non- 
occurrence of u—e conversions is used to suggest a 
theory in which, among other things, vv, uu, and ee are 
forbidden. 

The evidence for the suppressions of u.—e transitions 
comes from the failure to observe events in which a 
muon changes into an electron with the emission of a 
momentum-conserving real or virtual photon. The 
branching ratios 


(u— e+y)/(u— e+v+3), 
(utp? > e+p”)/ (ut p” > v+“n”) 


are expected to be (a/27)k, where, if the 1.—e conversion 
process were first-order in the Fermi coupling constant, 
k would be a number with order of magnitude unity. 
The experimental upper limits on these ratios are about 
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10-* and 10~° at present.'” Although the exact value 
expected for & depends, of course, on the electromag- 
netic properties of the structure responsible for the 
u—e conversion, a rather special model is required to 
make k~0 in the two processes considered.* Even if 
such an “accident” was obtained in these reactions, 
one would be concerned as to why other processes like 
u—e+2y or p— 3e are not observed. It seems more 
reasonable to assume‘ that uw and e are two different 
kinds of particles, distinguished by some kind of 
selection rule, and that associated with them are two 
different kinds of neutrinos, v’ and », respectively. Then 
in 8 decay, n — p+e+), whereas in w decay, r—> w+’. 
These two different neutrinos will be assumed through- 
out this paper. 


B. Selection Rule Between Muons and Electrons 


The selection rule between muons and electrons 
might be one absolutely conserving .V(u), the number 
of uw~ less the number of u*, or V(e), the number of e 
less the number of e*. In any reaction, by the con- 
servation of leptons, V(u)+N(e)=constant, so that 
conservation of V(u), conservation of N(e), or con- 
servation of V=N(u)—V(e) are all equivalent. Such 
an absolute or additive conservation law follows from 
invariance under a continuous gauge group. 

The symmetry between muons and electrons might 
also be that of a discrete group, in which case the 
selection rule is one by which NV is conserved modulo 
some integer » (multiplicative conservation law). In 
this case the conversion of m muons or yu neutrinos v’ 
into m electrons or electron neutrinos v would be 
forbidden for m <n, but allowed for m=n, or a multiple 
thereof. For example, it is conceivable that the reactions 
(2.1) to (2.3) and 

ote 


=P ee 


u++e- (muonium) — u~+e* (antimuonium) 


be forbidden, but that 


ote > 3u-+et 
be allowed, If, however, the reactions we are considering 
all originate in a basic Fermi or weak Yukawa inter- 

J. Halpern, and A. L. Whetstone, 
Phys. Rev. 118, 589 (1960); D. Berley, J. Lee, and M. Bardon, 
Phys. Rev. Letters 2, 357 (1959). 

2 R. D. Sard, K. M. Crowe, and H. Kruger, Phys. Rev. 121, 619 
1961); M. Conversi, L. di Lella, A. Egidi, C. Rubbia, and M. 
Toller, Nuovo cimento 18, 1283 (1960). 

2S. A. Bludman and J. A. Young, Proceedings of the 1960 
Annual International Conference on High-Energy Physics at 
Rochester (Interscience Publishers, Inc., New York), p. 564; 
J. A. Young, Ph.D. thesis, Lawrence Radiation Laboratory Report 
UCRL-9563, March, 1961 (unpublished) (earlier references are 
there cited). 

*K. Nishijima, Phys. Rev. 108, 907 (1957); J. Schwinger, 
Ann. Phys. 2, 407 (1957); S. Bludman, Gatlinburg Conference on 
Weak Interactions 1958 [Bull. Am. Phys. Soc. 2, 80 (1959) ]; 
B. Pontecorvo, Zhur. Eksptl. i Teoret. Fiz. 37, 1751 (1959) 
[translation: Soviet Phys.—JETP 10, 1236 (1960) } 


1S. Frankel, V. Hagopian, J 
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action, then this process (2.6) is of higher order in G 
than any of (2.1) to (2.5).§ 

We will consider as the simplest possibility for a 
multiplicative conservation law the possibility that V 
is conserved modulo 2, so that the processes (2.1) to 
(2.3) are forbidden but (2.4) and (2.5) are allowed.® 

This possibility can be expressed if we assume that 
the four leptons y, v’, e, vy can be formed into an even 
current 


Je = (uv’) + (ev), 
and an odd current 


ju'= (uv) + (er’), 


(2.7) 


(2.8) 


and that the Fermi interaction (1.1) must be even over 
all. The interaction 


Lint= Judut tin ju’ (2.9) 


then allows e++e~ > i+v— wt+yu 
+r— e+ 

Since v and v’ were defined to be the neutrinos asso- 
ciated with e and u in 8 decay and u capture, these four- 
fermion interactions will be generated by 


Lint= S pia’ +I an. 


In the next section we extend this notion of evenness 
and oddness to the strange-particle currents and find a 
natural raison d’étre for a simplified variant of the veton 
scheme of interactions. In the remainder of this section, 
however, we first wish to review some experimental con- 
sequences of assuming that the four-lepton interaction 
(2.9) is mediated by intermediary bosons, which we 
shall call B mesons. 


and wt+e-—— 9’ 


(2.10) 


C. Intermediary Bosons 


We should begin by emphasizing that the symmetry 
properties of the particular interaction scheme we are 
developing follow only from the existence of two kinds 
of currents, even and odd, and not from any intrinsic 
properties of intermediary bosons, which may or may 
not exist as real particles and carry evenness or oddness. 
We will discuss in this subsection and the following 
section certain additional experimental consequences 
which follow if B mesons do exist, and might also speak 
pictorially of the emission and absorption of these 
intermediary mesons as a means of generating the 
current-current interactions in which we are interested. 

We emphasize that intermediate vector mesons need 
not exist, because of an essential difference between 

5B. Pontecorvo, Zhur. Eksptl. i Teoret. Fiz. 33, 549 (1957) 
[translation: Soviet Phys.—JETP 6, 429 (1958)]. G. Feinberg 
and S. Weinberg, Phys. Rev. Letters 6, 381 (1961), have con- 
sidered the possibility of muonium-antimuonium conversion in 
first order through the four-fermion interaction G(eu) (eu) or 
G(ee) (up). It should be emphasized that, although this inter- 
action is first order, it is not of the charge-exchange form present 
in all other leptonic processes. 

*K. Nishijima (reference 4); N. Cabibbo and R. Gatto, Phys. 
Rev. Letters 5, 114 (1960); G. Feinberg and S. Weinberg, Phys 
Rev. Letters 6, 381 (1961). 
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symmetries under continuous and under discrete groups. 
In case of symmetry under a continuous group it is in 
the spirit of local-field theory to consider’ the possi- 
bility that the gauge transformations generating the 
(additive) conservation law can be effected inde- 
pendently at different space-time points; when this is 
done, the local or extended symmetry principle demands 
the existence of massless vector particles connecting 
different space-time points. The number N of such 
vector mesons equals the number of infinitesimal 
generators in the continuous group considered. There 
exist simple, compact Lie groups with V=1, 3, 8---, 
but not with V=2 or 4, infinitesimal generators. Thus, 
four vector mesons, which are apparently necessary in 
order to obtain the AJ=} rule, cannot be irreducibly 
introduced in this way. 

Symmetry under a discrete group, on the other hand, 
does not call for such localization nor compel the 
existence of particles maintaining the gauge principle. 
If intermediary particles do happen to exist, they can 
be massive (as any intermediary in the weak inter- 
actions must be) and of any number JV corresponding 
to the dimension of the finite group considered.*® 

There is at present no real evidence for or against the 
existence of B mesons. The absence of »— e+¥ is, if 
two different neutrinos exist, no argument against an 
intermediary meson. In yp decay the effect of an inter- 
mediary meson of mass M gz is® to increase the p value 
from that predicted by the local V—A theory to 


p=i+3(m,/Ms)’, (2.11) 


and to increase the yu-decay rate from that predicted 
in the local universal Fermi interaction theory by the 
relative amount 

A(ry)/ (ry!) = (my /M B)?. (2.12) 
The existence of a boson of mass Mg~4m, or 5m, is 

7C. N. Yang and R. L. Mills, Phys. Rev. 96, 191 (1954); S. A. 
Bludman, Phys. Rev. 100, 372 (1955); R. Utiyama, Phys. Rev. 
101, 1597 (1956). 

8 In an earlier paper, Nuovo cimento 9, 433 (1958), we assumed 
invariance of the weak interactions under a continuous group of 
dimension N=3, and a triple of vector mesons occurred in a 
natural way. As mentioned, four vector mesons cannot be intro 
duced through such a local symmetry principle. Nevertheless, 
we should summarize here those conclusions of the earlier point 
of view that have direct physical consequences: If the interaction 
between the lepton doublets Li=(ev), L2=(uv’) is charge 
symmetric and of the V—A form, then applying the Fierz rear 
rangement theorem, we have 

D> (Leal,)-(Lal;) 

‘,j=1,2 
= 2[ (vv) — (v’v’) JL (ee) — (ue) JA-L (vv) + (v’v’) 
+[ (ee) + (up) +4 (en) (v’v’) +4 (ue) (vv’). 


In a one-neutrino theory (v’=v), then, the weak (vv) (ee) or 
(ve) (ev) interaction vanishes identically and we have no neutrino- 
electron scattering »y-+e — v+e, no e — e+v+ 5 “bremsstrahlung” 
of neutrinos in electron scattering, and no possibility of trans 
ferring stellar energy to neutrinos by the scattering process 
e~+e* — v+7. 

°T. D. Lee and C. N. Yang, Phys. Rev. 108, 1611 (1957); S. A. 
Bludman and A. Klein, Phys. Rev. 109, 550 (1958). 
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therefore consistent with the present p-value measure- 
ments,” and tends to remove the 4% discrepancy 
between the calculated and observed uy lifetime which 
apparently results" if one takes seriously the existing 
measurements and radiative corrections. 


D. B-Meson Decay into Leptons 


The existence of real B mesons would facilitate a 
test for the identity of the neutrinos v and v’. In a 
high-energy neutrino experiment, the neutrinos origi- 
nating from «+ decay are supposed to allow inverse yu 
capture 

v’+n — a ie 
while allowing or forbidding 


v’+n— e+, (2.14) 


according to whether v’=»v or not. Now if B mesons 
exist, the semiweak processes 


vp +B, 


(2.13) 


(2.15) 
and 


y’ > e+ Bt (2.16) 


would have cross sections greater by several orders of 
magnitude than the reactions (2.13) and (2.14) in 
which we are interested. The B mesons will promptly 
decay into about equal numbers of uw and e secondaries 
of charge opposite to the primarily produced leptons, 
and of lesser energy. Although the decays (2.15) and 
(2.16) might conceal the originally proposed reaction 
(2.14), the presence or absence of the decay (2.16) 
would allow an easier test for the identity of v and 1’, 
provided only one B meson exists. 

Now let us suppose that two different pairs of charged 
vector mesons, B+ and B’*, coupled to j, and j,’ 
respectively, exist. Then, as Feinberg and Weinberg® 
have observed, (2.16) is forbidden, but 


y’ > e +B" (2.17) 


is allowed. Since the visible products of purely leptonic 
B* and B’* decay, 


et+y, 


+ , + 
+v or pty, 


(2.18) 
(2.19) 


B+— pt+v’ or 


are the same, the conversion of v’ into e~ will occur if 
there are two different kinds of bosons together with 
two different neutrinos, in apparently the same way 
as if there were only one kind of neutrino and one kind 
of boson. 

In Sec. III(D) we will find that the decay into K 
mesons identifies the meson in reaction (2.17) as being 


10The recent data, showing p>3, are summarized in Block 
et al., Proceedings of the 1960 Annual International Conference on 
High-Energy Physics at Rochester (Interscience Publishers, Inc., 
New York), p. 551. 

1 R. K. Bardin, C. A. Barnes, W. A. Fowler, and P. A. Seeger, 
Phys. Rev. Letters 5, 323 (1960); D. L. Hendrie and J. B. 
Gerhart, Phys. Rev. 121, 846 (1961). 
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a B’ rather than a B. This decay will furnish, after all, 
a semiweak process distinguishing the two-neutrino, 
two-boson theory from the one-neutrino (v= vy’), one- 
boson (B= 8B’) theory, because the mesonic decay of 
B and B’ will probably be about as frequent as their 
leptonic decay. 


Ill. STRANGE-PARTICLE CURRENTS 


The even and odd lepton currents [ (2.7) and (2.8) ] 
were introduced in order to forbid single .—e conversion 
but to allow the 2e— 2y processes (2.4) and (2.5). In 
the model (which might or might not be realistic), in 
which the Fermi interactions are mediated by vector 
mesons, these even and odd currents are coupled to 
even and odd mesons, B and B’. For 8 decay and yu 
capture, and all other couplings to the strangeness- 
preserving current J,, we had the interaction (2.10). 
This coupling of J, to j, and not to j,’ merely expressed 
the convention that the neutrinos involved in 8 decay 
and uw capture (or w decay) are v and v’ respectively. 

We will now consider the question of coupling the 
leptons to the strangeness-changing current of strongly 
interacting particles S,. We will assume that the strange- 
ness-preserving and strangeness-changing currents, J, 
and S,, like j, and j,’ differ by being coupled to different 
mesons B and B’, and that whereas J, was an even 
current (by convention), S, (which we will hereafter 
denote by J,’) is an odd current. This extension of the 
evenness-oddness character from the lepton current to 
the current of strongly interacting particles thus ex- 
presses the existence of two kinds of noninteracting 
currents for strongly interacting particles, strangeness- 
preserving and strangeness-changing. 

The interactions responsible for strange-particle 
leptonic and nonleptonic decays are then 

£ int=J jue '+H.c., (3.1) 
and 
L inc=J,'J,'t+H.c., (3.2) 


respectively. Since J, and J,’, being of opposite 
“parity,” are uncoupled, whatever symmetries are 
involved in strange-particle decays must be incor- 
porated into J,’. 


A. Production of Strange Particles by 
High-Energy v’ 


In any ‘two-neutrino theory, v’ produces unstrange 
particles in association with » but not with e~; i.e., 
(2.13) is allowed but (2.14) is forbidden. This result 
follows from the distinction between v’ and v, whether 
the conservation law is additive or multiplicative. It is 
characteristic of the interaction (3.1), however, that 
the strangeness-changing current J,’ is coupled to j,’ 
rather than to j,. In the leptonic decay of strange par- 
ticles, contrary to that of unstrange particles, v is 
associated with uw, and v’ with e. The neutrino production 
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of strange particles leads to electrons, 
e+N+K*t 
o+2-+Kt+K 
¢+N+K+t+K 
leo+N+K*t+K, 


where .V=(n,p), K=(K°,K*). The same final states 
with u~ substituted for e~ are forbidden. 


xs 
~~ 


(3.6) 


B. AS=2 Leptonic Interactions 


We have included as possible first-order weak 
leptonic processes (3.5) and (3.6), in which the strange- 
ness changes by two. The smallness of the K,°—K,° 
mass difference implies” that the K°— K° transition 
matrix element is of second order in the weak-coupling 
constant. Since K°—> K° through the emission and sub- 
sequent absorption of virtual lepton pairs would be a 
second-order process in any case, the K,°—K," mass 
difference does not imply that AS=2 interactions 
involving leptons must be doubly weak. 

This question of the possibility of AS=2 leptonic 
processes in first order is open until we observe enough 


= decays to know whether 
e~+7’ 
— no ( 3.7 ) 
be +p 


e~+7’ 
0 _» r+( ), and =~ 
w+ 


occur at a rate which is, except for the smaller phase 
space allowed, comparable to =~— A°+7-. If the 
effective coupling constant for the AS=2 Fermi inter- 
actions is the same as that for the AS=1 Fermi inter- 
actions, then the modes (3.7) should constitute one- 
twentieth of all = decays. It is of course possible that 
even though they are comparable, the AS=2 effective 
coupling strengths are different by an order of mag- 
nitude from those in AS=1, just as the AS=1 and 
AS=0 Fermi constants differ by an order of magnitude. 
This question of universality will be returned to in the 
last section. 

In the above reactions AS/AQ=1, 2 so that if 
v’—p- or e& we must have AQ=1 for the strongly 
interacting particles. Starting with unstrange targets, 
S=1 or 2 in the final state requires the production of 
K mesons. One can obtain S= — 1 or —2 without having 
to produce K mesons by starting with # from x decay, 
so that AO= —1 for the strongly interacting particles, 
i.€., 


2L. B. Okun’ and B. M. Pontecorvo, Zhur. Eksptl. i Theoret 
Fiz. 32, 1587 (1957) [translation: Soviet Phys.—JETP 5, 1297 
(1957) ]. 
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is allowed, whereas the same reactions with u* in place 
of e+ are forbidden. 

The schizon® and veton" schemes of interaction would 
predict the production of muons rather than electrons 
in reactions (3.3) to (3.6), and (3.8) and (3.9). The 
AS=2 leptonic reactions are forbidden by the schizon 
interaction scheme but, with uw substituted for e, are 
allowed by the veton scheme. 

For the small fraction of y neutrinos originating from 


(3.10) 


at — e+, 
and 


to W-+e*+», 


the roles of w~ and e~ in reactions (3.3) to 
(3.8) and (3.9) are reversed. 


(3.11) 
(3.6), and 


C. Nonleptonic Decay of Strange Particles 


Central to the scheme of even- and odd-current 
couplings is the idea that the strangeness-preserving 
and strangeness-changing currents J, and J,’ are non- 
combining. We must therefore obtain the strangeness- 
changing nonleptonic interactions by the coupling (3.2) 
of J,’ to itself, perhaps through the exchange of B’ 
mesons. In order to obtain an over-all change AS= +1 
in strangeness along with AQO=AS, J,’ must consist of 
parts Ji,’ and J»,’, for which AS=1 and AS=2 respec- 
tively. Thus 


Tp =I ig! +I op! (3.12) 


In order to obtain an over-all AJ = a J J\, and Jo, must 
transform as /=} and J=0 (e.g., Jo,’=NZE=pz="+n=, 


],,'= pA). Then in J,’J,’t the cross yin 
pI tA a! Ty’ 
AQ= sie Al=4, whereas 
Ty! T pt +S a4! To,"' (3.14) 
produces AS=0, AJ=0 weak interactions which will be 
hidden by the strangeness-preserving strong interactions. 
The presence of J,’ in the interaction (3.1) will lead 
to the AS= 2 leptonic processes (3.5) to (3.7), and (3.9). 
The interaction scheme forced upon us by the neces- 
sity of combining odd currents, J,’ or j,’, with odd 
currents is a variation of one of d’Espagnat’s veton 
schemes" in which, however, J,’ must be coupled to the 
odd \epton current j,’. The practical consequence of this 
is, as was already observed, that when the strangeness 
changes, the uw neutrinos v’ can produce electrons but 
not muons. In the conventional veton scheme," pv’ 
produces yw~ but not e~, for strangeness-changing as well 
as for strangeness-preserving reactions. 


(3.13) 
produces AS 


D. Mesonic Decays of B and B’ 


The B mesons are coupled to the 7=1, S=0 current 
J, of strongly interacting particles, whereas B’ is 
coupled to J,’, which contains both J=}3, S=1 and 
I=0, S=2 parts. This means that in its couplings with 


'3T, D. Lee and C. N. Yang, Phys. Rev. 119, 1410 
4B. d’Espagnat, Nuovo cimento 18, 287 (1960). 


(1960). 
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strongly interacting particles, B is an isovector, whereas 
B’ is both isospinor and isoscalar. 

B+ can decay into r++7° or K++ K°. If it decays 
into three pions in a spherically symmetric final state, 
then the (2x++27):(22°+7*) branching ratio must be 
1:1. B’* can decay into K* and K°+-+ with a 
branching ratio 1:2. These decays and branching ratios 
are the same as those expected in the schizon coupling 
scheme. B’ can, if its mass is great enough, also decay 
with AS=2 into K+t+K°® and into Kt+K°+7’, 
2K++72-, and 2K°+7+. The branching ratio into these 
last three-body final states is 1:2:2. 

On the basis of phase-space estimates, these mesonic 
decay modes for B and B’ should be comparable in 
frequency with the leptonic decay modes discussed in 
Sec. II(D). Now, in the present scheme, B’ is dis- 
tinguished from B by being produced in association 
with electrons rather than muons. Therefore, the 
strange-particle signatures, if energetically possible, will 
identify the meson in (2.17) as being a B’. This, unlike 
the leptonic decays (2.18) and (2.19), is an experiment 
of semiweak cross section, distinguishing between the 
predictions of a two-boson-two-neutrino and of a 
one-boson-one-neutrino theory. 


+7 


IV. CONCLUDING DISCUSSION 
A. Comparison with Other Coupling Schemes 


The assumption in this paper has been that in the 
current-current interaction (1.1) the lepton and strongly 
interacting particle currents both consist of two non- 
combining parts, j,+j,’ and J,+J,’, so that 
Lint=G( jut Iu) (Gut Iu) AG (je tu) Gu + Iu’). (4-1) 
We introduced the j,’j,’ interaction while excluding j, 7,’ 
in order to allow the 2u— 2e processes (2.4) and (2.5) 
while forbidding u — e for (2.1) to (2.3). Applying this 
same splitting to the current of strongly interacting 
particles, we were compelled to a veton-like interaction 
scheme in which the strangeness-changing decays arise 
from the interaction of a strangeness-changing current 
J,’ with itself. In a schizon-like coupling scheme the 
strange decays arise, on the contrary, from the coupling 
of J,’ to the strangeness-preserving current J,. Because 
J,’ and J, transform as /=} and J=1 respectively, 
their composition to give an over-all AJ = } then requires 
the coupling of neutral currents. 

The present theory agrees with the conventional 
veton scheme but differs from the schizon scheme by 
(a) requiring no neutral currents; (b) requiring that 
intermediary mesons, if they exist, consist of two 
charged pairs rather than a pair of charged and a pair 
of neutral vector mesons; and (c) allowing AS=2 
leptonic decays (at least in the simple theory presented 
here). 

The present theory differs from the d’Espagnat theory 
by (a) giving a reason, beyond of the AJ=4 rule 
we are trying to explain, why J, and J,’ should not 
interact, and (b) asserting that » neutrinos v’ can 
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produce electrons, and in fact must transmute into 
electrons (and not muons) in those leptonic-decay or 
production processes in which the strangeness changes. 

The experimental tests among the present theory and 
the schizon and veton theories can be summarized as 
follows. 

(A) If intermediary mesons exist: 

(1) In all three theories, B can be produced from 
m-decay neutrinos v’ in association with uw. Our theory 
is distinguished from the other two theories, however, 
by allowing (2.17), B’ production in association with e. 

(2) In all three theories the B, B’ decays (2.18) and 
(2.19) into uw or e and some kind of neutrino are allowed. 
In the nonleptonic B decays, those involving AS=0 
and AS= 1 lead to final states of J=1 and I=} respec- 
tively. In our theory and in the conventional veton 
theory, but not in the schizon theory, AS=2 B’ decays 
into two K mesons, leading to J=0 final states, are 
possible if the B’-meson mass exceeds 2M x. 

(B) Whether or not intermediary mesons exist: 

(1) In our theory and in one of d’Espagnat’s veton 
schemes AS=2 leptonic interactions are allowed; such 
processes are not admitted in the schizon coupling 
scheme. 

(2) In all three theories, high-energy v’ produce u~ 
but not e in strangeness-preserving reactions. The 


theory presented here is distinguished from the con- 
ventional veton and schizon theories by predicting that 
in strangeness-changing neutrino production experi- 


ments (3.3) to (3.6), and (3.8) and (3.9), e~ rather 
than uw will be produced. 

(C) If there is only one neutrino (v=v’), muons and 
electrons can in all cases be produced indiscriminately. 
In any case the weak process (2.14) tells whether or not 
the muon and electron neutrinos are the same. If inter- 
mediary bosons exist, however, the sequence (2.17) 
followed by B’—+2K or 2K+ (but not — 27 or 
K+K) is an experiment of semiweak cross section 
that discriminates a two-boson (B# B’), two-neutrino 
(vy’) situation from that in which there exist only 
one neutrino and one charged boson. 


B. Discussion 


The schizon scheme is symmetric in its treatment of 
the currents J, and J,’, but gives no explanation for the 
failure of universality by which those neutral couplings 
introduced for the currents of strongly interacting 
particles are absent for the lepton currents. This 
argument, unless B® and B° mesons can be detected, 
involves “explaining” the AJ=} rule by a construction 
contradicting universality. The veton schemes, on the 
other hand, avoid the introduction of neutral currents 
by assuming that different baryon currents are differ- 
ently coupled (through what d’Espagnat calls w* and 
v= mesons), whereas the lepton current (2.7) is coupled 
through both w* and v*. d’Espagnat’s formulation 
offers, however, a variety of possibilities without any 
apparent reason for the particular kind of dissymmetry 
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in the baryon and lepton couplings by which J,’ couples 
to J,’ and not to J,. 

In this paper we have distinguished even and odd 
weak-interaction currents, being careful mot to assign 
such quantum numbers to the strongly interacting 
particles themselves. We have, in a sense, done no more 
than argue for the division of the current-current inter- 
action (1.1) into the form (4.1). From the absence of 
processes in which muons and electrons interconvert 
singly, we have arrived at the necessity for the two 
currents J, and J,’ of different strangeness, and for the 
J,'J,' way of getting the strange-particle decays. We 
have been compelled towards a variant of one of 
d’Espagnat’s veton schemes, free of neutral currents, 
permitting (but not requiring) the AJ=} rule, in which, 
however, leptons and baryons are treated rather 
symmetrically, and for which muon neutrinos are asso- 
ciated with electrons in strangeness-changing processes. 


C. Question of Universality 


The phrase “universal coupling scheme’’ is used to 
denote a scheme in which processes that are somehow 
comparable and involve different particles proceed with 
comparable coupling strength. The Fermi interactions 
have, of course, never been universal in the sense that 
there were mo restrictions on the four fermions assumed 
to interact with the same coupling constant. Recent 
experimental data'® have emphasized that the Fermi 
interaction is not universal if the baryons assumed to 
participate are naively taken to be those physical 
particles apparently involved in the strong interactions 
at low energies. In fact, an argument has been given'® 
that the permitted interactions help to define the 
particles. 

The question as to which combinations of particles 
enter into the Fermi currents J, is thus bound up with 
the relation of weak- and strong-interaction phenomena. 
It is for this reason that we have avoided any statement 
about the rates at which processes allowed by the 
selection rules (like A or = 8 decay) actually proceed. 
In fact, because A @decay proceeds at a rate comparable 
with but still of an order of magnitude less than neutron 
decay, one should be cautious in predicting exactly the 
rate at which the AS=2 leptonic processes like (3.7) 
must take place. 

In the interaction (4.1), 8 decay and u capture proceed 
through only the first term, while uw decay (leading to 
v’+e-+¢ and v+e~+7%) proceeds through both terms 
on the right-hand side. This means that, if the lepton 
currents are normalized by (2.7) and (2.8), the equality 
of ft values in w and 8 decay requires that, for the latter, 


J,=v2pn. 


We cannot say how reasonable or unreasonable an 
expression of universality is involved in this v2. 

46 W. E. Humphrey, J. Kirz, A. H. Rosenfeld, J. Leitner, and 
Y. I. Rhee (to be published). 


16S. A. Bludman, Nuovo cimento 9, 433 (1958). 
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The 2x and 3x resonances are re-examined from the point of view that they are vector mesons coupled to 
conserved currents. The theory of unstable mesons is discussed and formulas are then derived for the emis 
sion and propagation of these mesons. The connection with electromagnetic form factors is then given, par 
ticularly for the simple case of infinite bare mass. The results are very similar to those of the dispersion 
method. Experimental manifestations of universality (connected with the conserved vector current) are 
discussed. Applications are then made to the decay of x° and a group of related phenomena, including several 
“pole” experiments. Also, the contribution of the 27 resonance to w-N scattering is discussed briefly from 
the vector meson point of view. Finally, we compare the vector meson approach to the alternative method 
using dispersion relations applied to presumably dynamical resonances. We conclude that the dynamical 
picture is an interesting special case of the vector meson theory with infinite bare mass, a case in which 
the mass and coupling constant are determined and the behavior at high energies is less singular. The 
methods we develop are applicable to the dynamical case. 


I. INTRODUCTION 


N recent years a considerable amount of effort has 

been expended on predicting the effects of a pro- 
posed P-wave resonance in pion-pion scattering on 
various elementary particle processes. This resonance 
was first suggested! in order to explain some features of 
the isotopic vector electromagnetic form factors of the 
nucleon. It has also been suggested* that there may be 
a resonance in the three-pion system (with J=1, /=0); 
that would facilitate an understanding of the isotopic 
scalar form factors. Some attempts* have been made to 
demonstrate the existence of the 27 resonance on a 
dynamical basis. Calculations involving the exchange of 
such a resonant state tend to be rather cumbersome, 
however, if the dynamical approach is used. That is 
especially true of the 3m resonance, since processes like 
3x — N+WN are genuinely complicated. 

A different picture is employed by Sakurai,‘ who 
treats the mm resonance as an unstable vector meson 
coupled to the isotopic spin current. He has also sug- 
gested the existence of an 7=0 vector meson (coupled 
to the hypercharge current), which corresponds to the 
3m resonance. In a generalization of Sakurai’s work, 
Gell-Mann® predicts in addition four strange vector 
mesons in two doublets each with 7=4. A ninth vector 
meson coupled to the baryon current may exist as well. 

The vector meson approach simplifies greatly the ap- 
proximate theoretical discussion of the resonances, as 
we shall show in a number of cases. We concentrate 
primarily on the description of the wm resonance as a 
particle coupled universally to the isotopic spin. The 


* Research supported in part by the U. S. Atomic Energy 
Commission and the Alfred P. Sloan Foundation. 

1 W. R. Frazer and J. R. Fulco, Phys. Rev. 117, 1609 (1960). 

2 Y. Nambu, Phys. Rev. 106, 1366 (1957); G. F. Chew, Phys. 
Rev. Letters 4, 142 (1960). 

3G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960); 
M. Baker and F. Zachariasen, ibid. 118, 1659 (1960). 

4J. J. Sakurai, Ann. Phys. 11, 1 (1960). 

5M. Gell-Mann, California Institute of Technology Synchro- 
tron Laboratory Report CTSL-20, 1961 (unpublished). 


treatment is particularly simple if the bare mass is 
infinite. 

We then take up the relation of such a description to 
the dynamical model. We conclude that essentially all 
the results can be carried over to the dynamical theory, 
which can be regarded as a special case of the vector 
meson theory with infinite bare mass. The special case 
is characterized by a mass and coupling constant that 
are determined and by less singular high energy be- 
havior, which may be necessary for consistency. 

The vector mesons are all unstable and some, at 
least, decay very rapidly. Let us adopt the notation of 
reference 5. The dominant decay mode for the p meson 
(the J=1 particle) is into two pions with a lifetime of 
the order of 10-% sec. The 7=0 meson, called w®, can 
decay into 7°+y7 with a lifetime of about 107! sec, or, 
if it is sufficiently massive, into three pions with a much 
shorter lifetime. A prerequisite of any discussion of the 
effects of the vector mesons, then, is an understanding 
of the properties of unstable particles and how to 
compute with them. We shall therefore begin with an 
illustration, in terms of a simple model field theory, of 
the behavior of an unstable particle. The concepts so 
developed will then be extended to the vector mesons 
in question, and to calculations of their effects. 


II. MODEL FIELD THEORY AS A GUIDE 


In order to remove all nonessential complications, we 
shall ignore spin. We are then interested in describing 
the properties of an unstable scalar meson (called a), 
which couples to pairs of another meson (called 7). 
To make everything explicit and obvious, we shall 


assume the interaction of o and = is described by a 
specific relativistic model field theory.® 


First, if the o meson did not exist, the rm (S-wave) 
scattering amplitude predicted by the model field 

6 F. Zachariasen, Phys. Rev. 121, 1851 (1961); see also B. 
and M. Vaughn, Phys. Rev. Letters 4, 578 (1960). 
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Fic. 1. The dynamical case: the phase shift in the 
absence of a CDD pole. 


theory would be 


ds’ | 
(s’—5,))(s’—s) | 


=h/D,(s), (2.1) 
where s is the square of the center-of-mass energy and 
where X is a constant defined by T'(s)=X. so is chosen 
less than 4y? so that \ will be real. The s-wave rr phase 
shift is related to T(s) by 


T(s)=- 1on( ) sind(s)e?'*’, (2.2) 
= = $y? 


for s>4yu*. If \>0 or if \ is sufficiently negative, there 
is a bound state (or a ghost). We are not interested in 
such a possibility, so let us restrict ourselves to \<0 and 
fairly small. The phase shift for this case is sketched in 
Fig. 1. There is no resonance, since for s-wave scattering 
there is no centrifugal barrier, and a purely attractive 
potential such as the simple model provides cannot 
give rise to a resonance. In the physical case, however, 
where o has spin one, the interesting state is the p-wave 
and a resonance can occur. If one does occur under 
these conditions, it is a ‘““dynamical” resonance. 

Now let us assume again the existence of the ¢ meson 
and see what effect it produces. If the bare mass of the 
a meson is m,o°, the existence of the meson is equivalent 
to adding a Castillejo-Dalitz-Dyson’ pole at m,,? to 
the denominator function Do(s) in Eq. (2.1). Thus we 
now have Do(s) — D(s) in (2.1) where 


. A = s— 42 } ds’ 
D(s)=14 ss) f ( ) 
167 das 5” (s’—55)(s’—s) 
R Sos 
+—_(——). (2.3) 
S— Mai \So— Mea" 


7L. Castillejo, R. H. Dalitz, and F. J. Dyson, Phys. Rev. 101, 
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It is necessary to require that R<0.’ Now the existence 
of the CDD pole forces ReD(s) to have a zero at one 
point at least. Let this point be m,?, which we define as 
the physical mass of the o meson. If m,?<4y?, then 
ImD(m,?)=0 and D(m,)=0, in which case T(s) has 
a pole at m,?. In this case the a meson is stable. The re- 
normalized coupling constant g for the orm coupling is 
defined as the square root of the residue of T(s) at the 
pole; that is, 

fmt 

g? ds T(s)\s er 


If m,?>4,y?, on the other hand, then 


h ¢m2—4y2\! 
16x mM,” 


and we have from Eq. (2.2) 


ImD(m,2) 


sind(m,”) exp[16(m.,*) |=i. 


There is a resonance at m,?. We may now define the 
renormalized coupling constant g of the unstable par- 
ticle, in analogy to the stable case by 


1 d 1 
Re( ) 
g- ds T ( § 


4 


and hence explicitly 


1 d i =) ds’ R 
g? 16m? 4,2 y (s’—m.2)? (m2—m,3)? 


If we define 


A= g?/ (m.2— ma"), 


S— Meo \X _ 
D(s ( )-p 5 
s—m,-/7 X 


then we may write the scattering amplitude in the form 


and 


ig—~—@,* 


(2.10 


The analogy with the stable case is thereby made 
obvious. The form of the solution is identical; the 
only difference is that in the unstable case m,?>4y? and 
therefore ImD(s) has a pole at m,? which cancels the 
pole in the numerator of (2.9) so that T(s) goes through 
a resonance at m,”. 





FORM FACTORS 

An alternative description of an unstable particle 
which has been suggested several times®” is that it 
manifests itself through a pole of the scattering ampli- 
tude on its second Riemann sheet. The real part of the 
position of the pole is defined as the mass, the imaginary 
part is the width of the particle. We can demonstrate, 
within the framework of the explicit solutions offered 
by the model field theory, that this property holds and 
those definitions of the mass and width agree with ours 
for small width. 

The existence of a pole on the second sheet of T is 
the same as the existence of a zero on the second sheet 
of D. D, on its second sheet, is given by 


D® (z)= D(z) +2i ImD(z), 
for y=Imz<0. The function ReD vanishes on the real 
axis at m,’; this was our definition of the physical mass 
of the unstable particle. Therefore, we can write 


a d 2 7s'—4y\ 3 ds’ 
D®)(z)= (c—me) f ( - ) es 
167? J 42 s’ (s’—m,?)(s’—2z) 


s—m, R 2ik ss—4y2\! 
S— Mey! (m,"—mMa") 167 z 
If D®(z)=0 for z=x+iy where y is small, then we 


must have approximately 


nN * 7s'—4u?\! ds’ 
(x—m,”) [ - ) - 
169° J 4, § (s’—m,*)(s’—x) 
( x—m “) R 
v— Moo J (Mm — Mo 


, 
ds 


s’—m,?)(s’—x) 
ty x—m,? R 
jovcetenesciatiaill eRe ses es 
X— Moy? MZ2—Mey? — X— Mao? X— Moe? MZ2— Moo" 


id 
= eae 


The first of these equations is clearly satisfied with 
x=m,?; the second may then also be satisfied with 


Si (~ “) 
167 mM, 


where g’ is defined by Eq. (2.6). 
Thus for small widths, that is, small g?, the pole on 


§R. Oehme (to be published); M. Lévy, Nuovo cimento 13, 
115 (1959); R. Jacob and R. G. Sachs, Phys. Rev. 121, 350 (1961). 

®R. Peierls, Proceedings of the 1954 Glasgow Corference on 
Nuclear and Meson Physics (Pergamon Press, New York, 1954), 
p. 296 
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Fic. 2. The case of an unstable particle: the phase shift 
in the presence of one CDD pole. 


the second sheet occurs on m,2—im,I’, where m, is the 
mass, defined as the position of the zero of ReD(s), and 


0? ‘ee | 
167 m,! 


is the width expressed in terms of the renormalized 
coupling constant defined by Eq. (2.5). For larger 
values of g?, of course, the mass and width defined in 
our way will not be precisely the same as the mass and 
width defined in terms of the pole on the second sheet. 
Let us now abandon the second sheet and return to 
develop further properties of unstable particles. 

We may observe at this point that m,c?= © is ob- 
tained by setting \=0 and allowing g* to be arbitrary 
instead of given by Eq. (2.6). The dynamical case, 
where the o particle does not exist, recurs if g? has the 
value given in (2.6) with m,.2=0, or R=0. This is 
easily verified by comparing with Eq. (2.1). 

As in the purely dynamical case, there is a bound 
state (or ghost) if A>0O and we are not interested in 
this. However, if \<0 we find the behavior of the phase 
shift shown in Fig. 2. There is no bound state so the 
phase shift starts at zero, rises through 2/2 at m,?, 
through w at m,,?, and drops asymptotically back down 
to m from above as s—> ©. Thus, we see that 5(0) 
—65(4yu*)= a for the case of a single unstable particle.” 
Only if m,.?—m.,? is finite and small does the scattering 
amplitude pass through zero near the resonance. If 
m= © the phase shift just rises asymptotically to 
from below as s— ©, without ever crossing 7. We recall 
that in the dynamical case the phase shift rises through 
n/2 at the resonance, then comes back down through 
a/2, and reaches zero at infinity. 

Next we may observe that the residue at the pole in 
ImD(s) is 


(s—m,?) ImD(s)! (=m, 


ge sme—4ey 
( . ) =m, (2.11) 
16x my 


10M. Ruderman and C. Sommerfield, Bull. Am 
375 (1959 


Phys. Soc. 
4 


’ 





956 M. GELL-MANN 
where I’ is the decay rate of the o particle. This justifies 
the definition of the renormalized orm coupling constant 
g by Eq. (2.5). 

The form factor for the dissociation of the o particle 
into two pions is given® by 


F oee(s)=1/D(s). (2.12) 


In contrast to the stable situation, where F,,,(m,?)= 
we have in the unstable case the result that Foe.(m, 
=(0. The coefficient of the zero is 


F cee’ (m2) = —i/m7. (2.13) 


Finally, we can introduce a weakly coupled particle 
(scalar photon) of zero bare and physical masses, 
coupled to the pion. The form factor F,(s) for this new 
particle can be computed in the model field theory by 
dispersion theory. The only possible intermediate states 
are the rm state and the o meson state. From these 
states we find 


ImF,(s) = F,*(s) sind! s jets s 
—75(s—m.*)F exe (S)A, 


(2.14) 


where A is an amplitude describing the transition of a 
virtual scalar photon into a o meson. Since F,,.(m,) 
=0, the second term in (2.14), from the o-meson inter- 
mediate state, in fact does not contribute. This is a 
generally true statement: namely, the single virtual 
unstable particle intermediate state never contributes 
to the absorptive part of any process. 
We can relate F,(s) to F,..(s) by observing that 


ImF ozs sj= F* (3) sind(s)e%®(*) , (2.15) 


which, when compared with (2.14) yields the result 


m s—mMee Fore(S) 

F,(s)=——_ ———__ —, (2.16) 
Mo s—m, F,7,(0) 

In deriving (2.16), use is made of the relations F,.,.(m,”) 

=0, F,(m,?)=0," and F,(0)=1. If m,.?= , an espe- 

cially simple relation obtains: 


—m, Foe7(s) 
F.(s i= 


s—m,? F,.-(0) 


For weak coupling of the a to x mesons, we see that in 
the region s<0, for example, [where ImD(s)=0 so 
F gex(S)=1/ReD(s) ] Eq. (2.17) gives the approximate 
result 
F,(s)=—m2/(s—m.,2). (2.18) 
Thus for weak coupling the result of calculating the 
photon form factor is the same as it would have been if 
one had (incorrectly) included the one o meson inter- 
mediate state (which actually gives zero) in the dis- 
persion calculation and dropped the two pion state. 
While the results of this section are all obtained 


11 See Sec. IV. 
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within the framework of the model field theory, many 
of the statements are in fact general. We shall devote 
the next section to repeating, for the actual case of 
unstable vector mesons and a complete field theory, the 
development of the basic formulas given here. 


Ill. INTERACTION OF AN UNSTABLE 
VECTOR MESON 


We shall now use the p meson and m mesons as ex- 
amples, with their correct spins and charges. Let 
T,«!'(s) denote the P-wave pion-pion scattering ampli- 
tude. The phase shift is expressed in terms of 7,,"(s) 
bv”? 


} 

§ 

Po2"(s)= 12a] sind(s)e™® “a (3.1) 
(s—4y2)3 


Now, associated with the existence of the vector p 
meson of isotopic spin one, there is a resonance in the rr 
P-wave scattering. We define the physical mass m,? of 
the p meson as the position of this resonance. Further- 
more, we define the renormalized pr coupling constant 
Yorn by 

1 


Yor’ ds T xx'1(s)|s=m,? 


We can write” in general 
Tex!'(s)=N(s) D(s), (3.3) 


where N is an analytic function with only a left-hand 
cut and D is analytic with only a right-hand cut. Thus, 
for s>4y’, 


ImD(s)=N(s) Im 
Tr 


Note that in the elastic region, 4u?<s< 16’, 


1 ¢(s—4y?)?z_ 
ey 
127 


If there is a p meson of bare mass m,,? and physical 
mass m,?, then ReD(m,2)=0 and D(s) has a pole at 
mo, by definition. In the physical case, the situation is 
complicated by the fact that apparently m,?> 16’, so 
that m,? lies in the inelastic region and the decay 
p— 4m can occur. In the remainder of this section, we 
shall ignore this complication“ and assume m,’< 16y’. 
Since m,? is then in the elastic region, we have from 
Eq. (3.5) that 


7 1 f(m?—4y*)*})_ 
ImD(m,?) =— N(m,”). 


127 mM.” 


ImD(s)= (3.5) 


(3.6) 


12 We use the notation: T matrix = (1/s)21,,P:(cos? )Qiq'Tre""(s), 
where S matrix = 1— (2x)*i6*(py— p;)[T matrix ] and where Q, is 
the isotopic projection operator. 

13 M. Baker, Ann. Phys. 4, 271 (1958). See also reference 3. 

4 R. Blankenbecler, Phys. Rev. 122, 983 (1961). 
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Furthermore, 


1 d neG)| 1 d ical 
= — ReD(s)| 
ds N(s) | omnes” N (m,?) ds | m 


A ’ . 
[prs p* 


Let us define a new function D(s), which also has only a 
right-hand cut, by 


Vora (S—Mv 1 aie 
D(s)=—— ( -- )( )doo. (3.8) 
N(m2)\s—m, m2—M pW 


D(s) thus has neither a pole at m,o? nor a zero at m,’. 
In fact, it is easy to see from (3.7) that 

ReD(m,*)=1, (3.9) 
and from (3.6) that ImD(s) has a pole at m,? with 
residue 


(s—m,*) ImD(s) 


a ‘| (m,”>—4y")* 
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m 


j 
| =m, I, (3.10) 


where Tis the decay rate of the p meson. In terms of D, 
we have 


N(s) \X +Y prx-/(S—m,”) 
r.2"(6)=(— ) ; 11) 
N(m,?) D(s) 


where the constant A is defined by 


V ora /A=M,2— Mv. (3.12) 


An infinite bare mass for the p meson is then equivalent 
to A=6; 

The entire development has been carried out in 
parallel with the model field theory described in Sec. II, 
and the important results obtained there, such as the 
methods of defining the renormalized mass and coupling 
constant of the unstable particle, have therefore been 
extended to real field theory. We may pursue the 
analogy further by observing that the form factor of 
the prm vertex, which we shall call F,,,(s), is just 


F nxx(s)=1/D(s), (3. 


in the elastic region near m,’. 
Therefore, just as in the model theory, we have 


PF ec(M&) =O. &) 
That the coefficient of the zero is again given by 


F px (m,2)= —i/m,I, 3.15) 


may be seen from Eq. (3.10). 

It may be of value to elaborate a bit further on Eq. 
(3.14). Let us define V,,2(s) as the sum of al! proper 
vertex graphs—that is, the usual renormalized vertex 
function—for the prm vertex. We choose V ,.,(m,”)=1. 
The form factor is then expressed as 


F prr(S)=[Ari(s)/Ar(s)]V pr(s), (3.16) 


AND 
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where Avi(s) is the renormalized p-meson propagator, 
and Ar(s)=(s—m,?)—. Now if the p particle is unstable, 
only ReAry'(m,?)=0, so that Ar;(s) does not have a 
pole at m,?. Therefore, the ratio Ari(m,?)/Ar(m,?)=0. 
From Eq. (3.15), we see that 


ImA rr (m,2)=+m,l, (3.17) 


as is, of course, to be expected. 

The difference between the form factors for stable 
and unstable particles is thus easily seen: if the p 
particle were stable, then near s=m,? we would have 


; s—m,” 
F e($) = : 7 , 
s—m,’+O(s—m,7)? 


then F,,,(m,?)=1. If, on the other hand, p is unstable, 
we have instead 


S— mM," 
(S$) 


s—m2+O(s—m,?)?+im,..+i10(s—m,?) 
in the vicinity of s=m,”, and hence 
F pee (m,?)=0. 


Since the ratio of Ar; to Ar vanishes at m,”, not only 
F xx but the form factor describing the vertex where a p 
meson interacts with any other particle—e.g., a nu- 
cleon—also vanishes at m,?. This means that, in the 
dispersion theory, the single p particle intermediate 
state never contributes to any given absorptive part. 
The p meson makes itself felt only through the resonance 
it produces in the rx system, which, of course, is allowed 
as one of the intermediate states in the same absorp- 
tive part. 


IV. ELECTROMAGNETIC FORM FACTORS 
AND UNIVERSALITY 


Let us now proceed to introduce electromagnetic form 
factors (of pions and nucleons, for example) and see 
what effects the unstable vector mesons may be ex- 
pected to”produce. We first discuss the pion electro- 
magnetic form factor, which we shall call F,(s), and 
normalize so that F,(0)=1. 

The photon is coupled to the electromagnetic current, 
which is conserved and has two parts, an isotopic vector 
and an isotopic scalar part. The p meson, we shall 
assume (in accord with references 4 and 5), is also 
coupled to the conserved isotopic spin current. Thus 
the p® meson and the isovector part of the photon are 
coupled to the same unrenormalized current, and we 
can write the unrenormalized field equations 


—O?A," (x)= te}, 


: Ae ° 4.1 
(— 02+ M07) p.9(%) = Vod u- —_ 


Here, the carets denote unrenormalized Heisenberg 
field operators, and the index V distinguishes the iso- 
vector part of the photon field from the isoscalar part. 
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The symbol p,°, of course, denotes the neutral p-meson 
field operator. 


The corresponding renormalized field equations are 
— 0?A," (x) = $¢0Z3,747,.= j,.7, (4.2) 
(— 02+ m,”)p,°(%) = 0235 19. +5m,*p,°= j,?. 
Now the pion electromagnetic form factor receives 
contributions only from the isovector part of the photon 


field, so we may write the definitions of the form factors 
as follows: 


—*t¢ 


-F 5) (Gi— G2) p (0116022 — 50126021) 
(4 we)? 
(919 1,920 2 ju™(O) 0), (4.3) 
and 
—1V prs 
F nex (S)(Gi— G2) p(60116022— 50126021) 
(4w w 
(911,420 2 Ju’ (O)}0). (4.4) 


Here, gi, 7; and g2 cz are the 4-momenta and charges of 
two pions. 
Note that 


(n| jy4?(O)|0)= (—P,?+m,")(n | py(0)|0), (4.5) 


for any state m. Using this fact, it is easy to extract 
from Eqs. (4.3) and (4.4) a relation between F, and 


F «x; namely, 
€ Ll3ap\? fS— Me 
las ( )( )( ) ee (4.6) 
Yo Zz oy 5 -m ,* 


If we use the fact that F,(0)=1, we may rewrite (4.6) as 


m,? S— M0" Faeats) 
F.()=(—)/( e \(=-) aie 
M oo" s—m, F ,22(0) 


This may be further simplified if we assume that 


mMi,o = 2 to 

(S) 

s—m,*\ F,,-(0) 
Equations (4.7) and (4.8) are identical with the results 
[Eqs. (2.16) and (2.17) ] obtained on the basis of the 


model field theory. Because of the restricted number of 
intermediate states in the model, it was not necessary 


F,(s)= (4.8) 


to assume explicitly a relation between the bare cur- 
rents of the photon and the p meson, as we did here. 
In Sec. VII we discuss the extent to which the dy- 
namical resonance approach (using dispersion rela- 
tions) really differs from the vector meson approach in 
which the photon and meson have bare currents that 
are proportional. 

The denominator s—m,? in (4.7) and (4.8) shows 
that the result obtained in Sec. III that F,..(m,?)=0 
is in fact necessary, for otherwise the electromagnetic 
form factor would have a singularity at the p-meson 


AND F. 
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mass, which is a manifest absurdity. What happens in- 
stead is that F,(s) goes through a maximum at m,?. 
This may be seen explicitly in the model theory; more 
generally, from Eq. (3.15) we have 

F, (m2) =im,T—F pex (0), (4.9) 
which is a rather large number. Furthermore, F, is 
pure imaginary at m,*, reflecting the fact that in the 
elastic region the phase of F, is the phase of the P-wave 
mmr scattering, which goes through 90° at m,?. 

Exactly analogous arguments may evidently be 
carried over from the nucleon form factors. By the 
Same means as were used in obtaining (4.7) and (4.8), 
we get 


m,” s— mo" F;,2°(s) 
F, »“(s) 
mM 0 s—m,? J Fy,2°(0) 


Vv 


(4.10) 


where F;,2" are the standard nucleon isovector charge 
and moment form factors, normalized to one at s=0, 
and F;,2° are the “‘charge”’ and ‘‘moment”’ form factors 


for the pVN vertex, defined by 


1 
an YonnNF 1?(S)¥u+u \ vi . On(p' +p), vp) 
pp! 74°(0)|0), (4.11) 


where y,vwn is the renormalized pV coupling constant 
and y,wn is the “anomalous moment” of the nucleon. 
According to references 4 and 5, the w® meson, with 
I=0, is coupled to the conserved isoscalar part of the 
electromagnetic current. If this is so, we may write 


mM.” S— Mo \ F;,2°(s) 
F, o5(s) ( )( ) a 
mM. 2 s—m. F, »* (0) 


where F 2° are the nucleon isoscalar charge and moment 
form factors, and the form factors for the w°V.V vertex 
F,,.* are defined in analogy to (4.11). 

Now in what we have done so far, the renormalized 
p-meson coupling constants to different particles—e.g., 
pions, nucleons, etc., are all different. Yet the p meson 
is coupled to a conserved current, and we know that if 
it had zero mass all these constants would be identical 
as a result of the Ward identity. We should next like to 
exploit this observation to correlate 4 
for example. 

If m,? were zero, the renormalized coupling cofistant 
of p to anything would be universal. Consequently, the 
constant defined by 


(4.12) 


pr® and SYpNN) 


Y p= Vorel pez (0), (4.13) 
should be universal; that is, we expect relations like 
Yo= YonnF1?(0). (4.14) 


This equality can be tested experimentally. From Eq. 
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(4.9) we see that 


V p= pram lf, | (m,?). (4.15) 


Hence, if F,(m,?) is measured (as it may be in the re- 
action e+é@—2+7, for example), y, can be found. 
Similarly, from Eq. (4.14) we expect 


Yo=1Ypnn(m,/T)(1/F 1" (m,2)), (4.16) 


so if the nucleon form factors are also measured at m,” 
[a somewhat harder experimental job than measuring 
F,(m,”) | the two values of y, can be compared and the 
universality observed, if it exists. We shall see below 
that by extrapolation we can, at least approximately, 
avoid the necessity of measuring F," (m,*) directly. 

There is one further interesting point to be made in 
connection with the topics under discussion in this 
section. From (4.6) we find 


e Yo Zsy\* Jm,- 
cto NEVE) 0 
€y Voew L3p M po" 


To lowest order in e, we can replace e/eoZ3,' by unity. 
Next note that F,,.,(0)=d,(0)V,.7(0) while y,,, 
= 0V pee (0)Z1,(0)Z3,'Z2= (¥0)Z2p'V oer 1(0) by the 
Ward identity. Hence, we get 


mM,” 1 
1m-(2)(2) 
M por Z3, 


Thus we see that the bare mass m,,? of the vector meson 
is no more divergent than Z3,. 

We may now rewrite Eqs. (4.10) and (4.12), assuming 
m,° and m,.o° are infinite, as 


—mMm," [VoNN 
WP (Ss), 
5—m ,* y 
~ Mo YoNnN 
F,°(s). 
S—MX\. Yu 


In the region measured by electron-proton scattering 
experiments, s<0 and the F’s are purely real. We know 
that Re(1/F\")=1 at s=m,? and Re(1/F,*)=1 at 
s=m.”. So we might try to approximate 


I Yo. 
Fye-*(s)=1 (sm 2)( )(Q- ), 
Mp uo” Vp.wNN 


in the s<O region. Thus (4.19) and (4.20) become 


YpNN <5 YoNN 
F," (s)= - +f 1— ; S28) 
Ye s—m,* Vp 
YoNN m.? YoNnN 
F,5(s) ( —)+(1 . (4.22) 
Ye s—m.. Yo 


(4.18) 


F,*(s) (4.19) 
and 


Fy ( §) 


(4.20) 


AND 
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Precisely this analysis of the experimental data has 
been made and yields'® 


m? = 20", 

M2 = Ou, 
(4.23) 

Yonn/Yp™ 1.2, 

Yonn/Yo= 0.56. 


It is worth emphasizing again that Eqs. (4.21) and 
(4.22) look basically just like the “pole” contributions 
from a single vector meson intermediate state, even 
though such a “pole” does not actually exist. The 
“pole”? type approximation used in (4.21) and (4.22) 
is only valid far away from the position of the supposed 
“pole.” 


V. VERTICES CONNECTED WITH =z’ DECAY 


The close relationship between the photon and the 
p® and w mesons may be explored more generally. We 
have already seen that the p® and the isovector part of 
the photon are coupled to the same unrenormalized 
conserved current; the same is true of w® and the iso- 
scalar part of the photon. As a result, one may expect 
to be able to correlate other vertices involving p® or w® 
and photons in the same way that the p® and w form 
factors were connected with electromagnetic form fac- 
tors in Sec. IV. The most interesting such vertex is that 
involving one neutral pion and two vector particles. 
This vertex can be identified in such processes as the 
decays 7° — y+y and w’— r°+7, in poles in p® and 
w°® photoproduction, and in poles in reactions like 
art+N > p +N, or r+N - ot. 

Associated with each of the possible 7° 
particle vertices we can define an effective renormalized 
coupling constant, which is just the amplitude for the 
decay described by the vertex. Thus, we have con- 
a a so with the four 
possible vertices and the four possible decays p®*— 


> two-vector- 


associated 
w+, p? > +7, w— w+y, and r°— +7. 

The basic assumption we shall use is again that the 
unrenormalized current operators for the p® and w® are 
the same as those for the isovector and isoscalar parts 
of the photon, respectively. Thus, 

V3-yahu#°= (€0/2)9,8, 
and (5.1) 
Yodu’ €u 25a" « 


( 


The ratio v3 between the p® and w® currents is a conse- 
quence of unitary symmetry.® When we express our 
results in terms of renormalized constants, they are 
independent of unitary symmetry. 

From Eq. (5.1), by the method used in Sec. IV, it is 
straightforward to relate matrix elements of the corre- 


16 R. Hofstadter and R 
(1961). 


Herman, Phys. Rev. Letters 6, 293 
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sponding renormalized currents: we find 


eo Zao? fS— Mow? 
(nm | Jy°|m)= — —-- — (n| j,*°| m), 
2v3¥0 234 s—m. 


and (5.2) 
eo 23, 3 S—M,—" 
(—)( “) (- a J jn” sid 
2y0o7 \Zs4 s—m,? 


Here, m, m are arbitrary states, and s=—(P,—P,,)* 
where P,,,, are the total 4-momenta of the states. 

& Now the photon will be treated to first order, so 
éo=e and Z;,=1. Furthermore, we have y,=0Z3,'d,(0) 
and y.=¥0Z3w!d.(0) by the Ward identity. [y, and y., 
remember, are defined, for example, by y,=y,wnF'1°(0) 
and may be thought of as the coupling constants that 
p and w would have if their masses were zero. | Finally, 
we note (4.20), which tells us that d,(0)m,.?Z3,=m," 
and d,(O)m.°Z3.=m.2. These observations, when ap- 
plied to (5.2) result in 


e —m.,” 
(n| 7,°|m)= — }(n| 7j,°°|m), 
2v3y.. \s—m2 
e€ —m,* 
2 ¥ ss ; re = as - 
(it) Jy’ | m)= ("| Ju m), (Od. 
27> s—m, 


if we assume the bare masses m,o? and m,¢° are infinite. 

If 2 is taken to be the nucleon-antinucleon state, and 
m the vacuum, (5.3) reproduces (4.10) and (4.12). 
~jEquations (5.3) may be applied, for example, to the 
mr yy vertex if we choose n to be a wy state and m to be 
the vacuum. The form factor for this vertex, as a func- 
tion of the momentum of one of the photons, is F,,,(s 
where 


(n| 7," | m)= 


’ 


(5.3a) 


and 


3b) 


t- (>) 
ry! vy 


— €aBuy(R1)a( R2)3(e2) 
(4kaw)! 
= (koe2,q™ | ju(0)|0), (5.4) 
and s=—k,’. From Eq. (5.3) we have 
e¢ —m,* 
oe pes tol se<tt) 
27, 5—m,* 
é —m," 
41 et pee 5 & (5.5) 


2V SY PE ee m2 


where F,,, and F,,, are the corresponding form factors 
for p—a+y and w—x+y¥. In the same “pole” 
approximation used at the end of Sec. IV for the 
electromagnetic form factors, which we hope may be 
valid for values of s well below m,”, we may replace 
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F ,xy(s) and F,,,(s) by unity and obtain 


e (—"); 
- wi . l oe 
2y,\s—m,? 
€ —m.,” 
s (- | for (5.6) 
2v3y~4\s—m.2 


From (5.6) we can obtain a relationship between the 7° 
decay rate and either the rate for w’— °+y or p°— 
m+. The first of these is presumably the dominant 
decay mode of the w® if m,?<9u?; otherwise the 
decays primarily and 7°. First set s=0 in 


(5.6). This gives 
(=) (=) 
2N ¥, 2\v3y7.7- 


Now note that in the vertex pry the photon must 
couple through the isoscalar current, while in the 
vertex wiry it must couple through the isovector cur- 
rent. Therefore, exactly the same and 
approximations which led to (5.7) yield 


fray ryy(5) 


into mt, 2 


(5. 


7) 


fey 


argument 


and 


oY ry 4 
(5.10) 
Ye V3 
which, coupled with (5.7), gives 
f 
avy ~ Jory: (5.11) 
v3y 
From this we find the ratio of the rate for w® — r°+y¥ 


to the w° decay rate to be 
r(w— 2°+y) 1 


("——") (*) , 
' ; te 
r(r®—yty) 2 M of e 


Returning to (5.6) and substituting (5.8) and (5.9), 


we find an expression for the amplitude for r° — y+7 
where one of the y’s is virtual : 
é mM, — a | 
feyaF eya($) a . (5.13) 
W3y,Y. s—m,- s—m, | 


By examining the mass-distribution of Dalitz pairs, as 
suggested by Berman and Geffen,'® one can measure 





16S. Berman and D. Geffen, Nuovo cimento 28, 1192 (1960 
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the form factor in (5.13). Our crude approximation 
suggests a dependence on s of the form (1+ as) with 
a positive and of the order of }(m,-*+-m,~). We cannot 
see, within the framework of a single resonance approxi- 
mation, how a could turn out negative, as suggested.!’ 
Preliminary experiments, however, do indicate a nega- 
tive value'’; if they continue to do so, then we must con- 
clude that the two resonances do not dominate the form 
factor. 

The wry vertex also appears in the process y+) — 
w+ p through a pole term due to a single 7° meson. 
The contribution of this pole term to the differential 
cross section for the w°® photoproduction is 


my koe? 


da aN Nn? 
( ) . 6(- ) ia 
dQ ¢c.m. m Ne 4dr 


(1 —B, cos’)? 


"EE E+R) 


—_—— , (514) 
[2m y2—2EE’ (1—68’cosd) — p2 


where k and g are the photon and w momenta, re- 
spectively, E and E’ the initial and final nucleon en- 
ergies, and 8, 6’, and 8, the initial and final nucleon 
velocities and the w velocity. 

In the same way as the constant fu«°, appears in «° 
photoproduction; the analogous constant f,°,°,, which 
is the amplitude for the decay p®—7°+y7, may be 
measured in a 7° pole term in p® photoproduction. The 
pole contribution to the cross section is the same as 
Eq. (5.14) with fury replaced by f,., and m, replaced 
by m,. 

Inverting the roles of 2° and w in w® photoproduction, 
and 7° and p° in p® photoproduction, we see that there 
are “pole” terms produced by w® and p® contributing 
to r° photoproduction. As we have seen in the fore- 
going, of course, these are not true poles, since w® and 
p° are unstable. Stated more precisely, there is a con- 
tribution to ° photoproduction from two and three 
pion exchanges; the existence of p® and w’ produces 
resonances in these systems and the over-all effect, if 
the resonances are narrow, is to make the contribution 
look as if they were “poles” due to p® and @® if one is 
not right at the places where the “poles” should be. If 
these “poles” could be isolated experimentally, the con- 
stants for’, and f,,°, could again be measured. 

Finally, the constant f,,. can be measured through 
another “pole” term in the reaction +N — p+.N or 
in the reaction +N — w+. In the first case, the 
“pole” is due to a w® meson; in the second case, to a p 
meson. 


VI. CONTRIBUTION OF THE 0 MESON 
TO x—N SCATTERING 


In this section we translate into the language of 
vector mesons the work on the contribution of the 2 





17 How-Sen Wong, Phys. Rev. 121, 289 (1961). 
18 N. Samios, Phys. Rev. 121, 275 (1961). 
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resonance to rN scattering, as given for instance by 
Bowcock et al.}9 

In the BCL paper, the s-wave charge-exchange +N 
scattering amplitude is written as the sum of two parts. 
The first represents the contribution of the 27 resonance. 
The other comes from all other singularities, which are 
treated as if they occurred at infinite mass. (How such 
an approximation can be justified, we have no idea; we 
are merely transcribing.) 

The approximate formula for the difference of 
and /=} s-wave scattering amplitudes is then 


in( 1+ 


we neglect the “magnetic” coupling of the p 
meson to the nucleon since we will work at low energies. 
The contribution of higher singularities is lumped into 
the arbitrary constant B. Here w is the pion energy, k 
the momentum, and W the total energy in the c.m. 
system. 

Now the constant A is proportional to the product 
of the pion and nucleon coupling constants to the p 
meson or 27 resonance. In our language, we have 


I=} 


2 
« 


4k? 
)+ Bw, (6.1) 


m ,* 


Mn ® 
oa . 
fe—fei= A 


W RP 


, 


where 


\YeN NY pre 


=3 (6.2) 
4or 


We know that y,,- is connected directly with the width 
of the 2m resonance by Eq. (3.10). From their point of 
view, BCL obtain the same relation. Thus, A is pro- 
portional to the width [, multiplied by y,vw/Ypr. If 
we have the ratio y,vw/Ypr~ and if we believe the ap- 
proximation, then we may fit Eq. (6.1) to the data on 
aN scattering and so measure I’,. 

In the vector meson theory, we know that Ypvn/Yore 
is just F,.7(0)/F1°(0). [See (4.13) and (4.14). ] It must 
be approximately one. If we want to know it better, we 
can use the rough determination of F\°(0)=y,/y nn 
from the nucleon form factors in Eq. (4.23) and obtain 


1/F1°(0) = 1.2. (6.3) 


But the determination of F,,.(0)=y,/7Y rx must await 
a measurement of the pion electromagnetic form factor; 
for the time being, we can only try the approximation 


Foxx (0) = .. YpNN one 12. (6.4) 


and hope for the best. 

From the point of view of BCL, the problem of deter- 
mining Y,vn/Yprr is a dynamical one, but they dismiss 
previous attempts at calculating it as too unreliable 
and evaluate it instead from experiment. They look at 
the nucleon electromagnetic form factor and use what 
amounts to the same method as in the previous para- 
graph. They take the number 1.2 (or rather an earlier 


19 Bowcock, Cottingham, and Lurié, Phys. Rev. Letters 5, 386 
(1960); referred to hereafter as BCL. 
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version of it) from experiment, use a dispersion theory 
approximation in which essentially F,..(0)+1, and 
obtain just the estimate of Eq. (6.4). A determination 
of y,*-°/4m from wN scattering then yields a result of 
the order of 3? with their parameters or } with ours. 

Note that without vector mesons and conserved cur- 
rents, there is no principle of universality as such. Yet 
it is not unreasonable in the work of BCL, Chew, etc., 
that y,*:/Y,vv should come out of the order unity, 
since Y,rr/Y, is, for them as for us, the coefficient of the 
2x resonance term in the pion electric form factor and 
y.nn/Y, is the corresponding coefficient in the nucleon 
isovector electric form factor. For the dispersion theo- 
rists, it is to be expected that the 27 resonance will 
dominate these form factors and therefore that the 
numbers should both be of the order unity. 


VII. SUMMARY OF RESULTS 


We have derived some detailed conclusions from 
Sakurai’s theory of vector mesons coupled to conserved 
currents. Many of them are known from the dispersion- 
theoretic treatment of presumably “dynamical” reso- 
nances. Let us list the most important ones, using the p 
meson as an example. We shall take its bare mass 
infinite and we shall neglect the decay mode p — 4. 

First of all, 9 appears as a resonance at s=m,? in rr 
scattering with J=1, J=1. We have 


T .<''(s)= —124s}(s—4y*) sind(s) expid(s 
=N(s)/D(s), (7.1) 
where .V(s) and D(s) have the following properties 


near s=m,”: 


V(s)=Yoe2/(S—m,’ ReD(s)~1, 
ImD(s)~im,T,/(s—m,?), (7.2 
with 
P= 3 (Ype0?/ 4) (m,2—Ap?)'m,. (7.3) 


We see that the position and width of the resonance 
determine m,* and y,+"/4r. Away from s=m,?, N and 
D are analytic functions of s with branch cuts on the 
negative and positive s axes, respectively. 

The “form factor” for the dissociation p — 27 is the 
product 


F yer= cl (7.4) 


where V is the sum of all proper vertex graphs and d is 
the propagator for p divided by the free propagator 
—s+m,7)—'. We have the relation 


Fi.2=D", 7.5 


and so near s=m,2 the form factor has the behavior 


S—mM, 
F yee? a (7.6) 
‘— m +im T+ eee 
where the denominator is corrected by real terms 
O[(s—m,?)?] and imaginary terms iO(s—m,?). 
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The p meson is coupled to the conserved isotopic spin 
current. Thus, at zero momentum transfer, it has a 
universal interaction with the isotopic spin I. As an 
example of a particle carrying isotopic spin, let us take 
the nucleon. We define the renormalized coupling con- 
stant y,vyv at momentum transfer m,”, and we consider 
the form factor F,* for the “electrical” coupling of p 
to the nucleon. Then the universality at zero momentum 
transfer is expressed by the rule 


Y p= peal’ per (0) =y,nnF1°(0), etc. (7.7) 


Just as all form factors would be normalized to unity 
for a stable meson, so they all have the form (7.6) near 
m,* for the actual case of instability: 

) l 


im, ,+::: 
4 
s—m," 


near § m,”. 


s—m,* 
Fy= . naaiiin 
s—m2+im To +:-- 


(7.8) 


Of course, p also has a “magnetic” interaction with 
the nucleon with a “strong magnetic’? moment pu wy 
and a form factor F 2° normalized exactly as in Eq. (7.8). 

In the region of negative s, the F’s are all purely real. 
The imaginary part of 1/F, which varies so rapidly 
near s=m,", is now gone; only the real part, which 
equals unity at m,” and varies rather slowly, is present. 
We may therefore try to approximate each F in the 
region of small negative s by an expansion of the real 
part in a power series in s—m,”. If we keep only the 
first two terms, we may use 


s—m,? Yp 
Fy=1+— i- ) + 
m” Y oNN 


for small negatives. (7.9) 


7.7) to obtain 


Now the actual measurement of y,vy can be dis- 
cussed in connection with 7V scattering. In Sec. VI, 
we have presented a very rough treatment of the low- 
energy s wave based on the exchange of a single p. 
A much better approach is to consider high-energy rV 
scattering at small momentum transfers and extrapolate 
to the “pole” at t=m,?. Such a procedure would deter- 
mine y,nvn*Y,*r, unambiguously if p were stable. Since 
the breadth of the p state is in fact of the order of a 
hundred Mev, we must take into account the insta- 
bility, which turns the “pole” into what is merely a 
large lump. Since there is no longer a true pole in the 
crossed p-wave channel, the other partial waves in the 
crossed channel are not completely negligible even at 
the extrapolated value t=m,?. If we can somehow 
neglect or correct for the small contribution of the 
other crossed partial waves, then the extrapolation 
gives us effectively the p-wave amplitude for the anni- 
hilation N+N— 2+ in the neighborhood of the 
unphysical energy for which ‘=m,?. If Q(t) is the 
I=1, J=1 annihilation amplitude, we have explicitly 
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1 d 1 
leita aia 
YoNNY pre dt 


, (7.10) 
O(t) t=m,? 


in analogy to Eq. (3.2). 

If we measure y,,* from mm scattering and then 
Yonn* from wN scattering, we must still apply the cor- 
rection factors F,,.(0), F,°(0) in order to check the 
exact universality relation (7.7). These form factors 
are, however, directly related to electromagnetic ones, 
since the source currents for p and the isovector part 
of the electromagnetic field are essentially the same. 

In all problems each matrix element for a virtual 
isovector y ray (to lowest order in e) can be expressed 
in terms of the corresponding matrix element for a 
virtual p meson by multiplying by the factor 


e —m, 
—. (7.11) 


27, s—m,? 


The simplest example is provided by the relations 
between form factors F,.., etc., for the meson and the 
electromagnetic form factors F,, etc. : 


' e —m, 
eF ,(s)=— 
27, 5—m,” 


Vigil cals) 


—m,? Fex(s) 
— o- —EE ¢. { 


s—m,? F,77(0) 


—m,* F,°(s) 

F,"(s) —, > 
s—m,? F,°(0) 
and so forth. 

Thus in e++e~ — x++7-, we can measure the pion 
electric form factor at the resonance: 

F,(m,2)=im,T 5 pee (0) =im TY pex/Vp- (7.14) 
where we have used Eqs. (7.12), (7.6), and (7.7). For 
the nucleon electric form factor, if we make use of the 
approximation (7.9) for F\’, we may put 


Yonn { —™," YoNN 

— (— )+(1- *), (7.15) 
Ye s—m,? Ye 

for small s<0. Applying the correction factors so deter- 

mined to the constants y,wn and Yprx, we can really 

check the universality. 

We have discussed another application of the con- 
version factor (7.11), namely the comparison of such 
vertices as r°yy (where one photon is isovector and the 
other isoscalar) and azp*y. The latter contributes im- 
portant “poles” in the photoproduction processes 
yt+p— +p and y+p— p°+ p. If we assume the 
w py vertex varies slowly with the virtual mass of p°, 
then we can use Eq. (7.11) to connect its value with the 
rv lifetime. 


F," (s)~ 
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So far in our summary we have used the p meson as 
an example. But parallel results have been found, of 
course, for the w. All told, the conserved vector current 
theory provides a simple and coherent picture of all the 
processes which these two resonances dominate. 

The question naturally arises how much of the pic- 
ture is identical with that obtained by dispersion- 
theoretic methods for dynamical resonances. 

Evidently the dispersion relations are common to 
the two points of view. The only matters at issue are, 
so to speak, the boundary conditions on the dispersion 
relations, viz.: the number of subtractions, the values 
of subtraction constants, and the number and char- 
acter of CDD poles, if any. 

From the vector meson point of view, the most im- 
portant result is universality. The constants Yprr, YpNN; 
etc., can all be measured in “‘pole” experiments and by 
decay widths. They should all be roughly equal; much 
more important, when they are corrected by the factors 
F rx(0), F1°(0), etc., all of which can be determined 
from electromagnetic form factors, the resulting quan- 
tities y, must all be exactly equal. 

The same universality statement, however, is also 
true in the dynamical theory, where the vector mesons 
are viewed as dynamical resonances, and where no state- 
ment is made about the “current” to which those dy- 
namical states are coupled. The fact that the reso- 
nances, for example the p, occur in states which can be 
reached by a photon, together with the fact that the 
photon is universaliy coupled, is sufficient to guarantee 
the universality of the p coupling, when the correction 
factors F (0) are applied. 

As we have seen in Sec. IV, the content of the uni- 
versality statement for the p meson is that 


Y pref’ pee (0) =V pN vF\°(0)=etc. 


(7.16) 


Equivalent to this is the statement that the associated 
electromagnetic form factors have “‘poles’”® with resi- 
dues in the ratios 
(s—m,*)F,(S)|s=m,? Yoer 

— —= , ete. (7.17) 
(s—m,?)F,' (S)|s=m,? YpNnN 

Equation (7.17) is however always true. For (if we 
ignore the instability of the p meson) the poles in the 
electromagnetic form factors are due to an intermediate 
state of one p meson. The contributions of these pole 
terms are just 


Ay nn 
. | 
S—™M, 


1Veee 
s—m,* 


where A is the amplitude of a photon to make a p meson 
on its mass shell. The ratio of residues is thus just 
Yorr/YpNN as required by Eq. (7.17). 


* Actually, the form factors will not have true poles, but only 
bumps, because of the instability of the p meson; this is however 
not an essential complication and we have discussed it above. 
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Now, if the universality statement of the vector 
meson point of view can be obtained equally well with- 
out regarding the vector mesons as elementary particles, 
what remains as the difference between this viewpoint 
and the dynamical one? Perhaps the simplest answer 
is given in terms of the model field theory of Sec. IT. 
With the mechanical mass of the vector meson set equal 
to infinity, the dynamical theory appears as a special 
case of the vector meson theory in which a particular 
relation holds involving the coupling constant of the 
particle and its physical mass. For this special case, the 
change in the phase shift between s=4y? and s= @ is 
zero instead of x and consequently the function D(s), 


which is given by 
S—So 5(s’) 
a (s’—so)(s’—s) 


goes like a constant, rather than linearly in s, at infinity. 
In other words, the coefficient of s at infinity is just 
equal to zero. 

In the model theory, setting this coefficient equal to 
zero is all that is necessary in order to convert the ele- 
mentary particle theory of the resonance (with infinite 
bare mass) into the dynamical theory. In a complete 
theory, the number of conditions that are needed to 
define the ‘““dynamical case”’ is presumably greater, but 
we can probably carry through the analogy and treat 


D(s)= exp| - 


AND F. 
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the dynamical theory as a special case by improving 
some conditions at infinity on the elementary particle 
theory. These conditions may well be needed for con- 
sistency of the dispersion relations. 

To sum up, then, it would appear that everything we 


‘ have concluded on the basis of the vector meson ap- 


proach can be applied to the dynamical theory ; the only 
practical differences will be that the masses and coupling 
constant, which for the vector meson theory are arbi- 
trary parameters, become in the dynamical framework 
predictable constants, and that the high energy behavior 
becomes less singular. 

For the p meson, the more singular behavior may be 
intolerable, since it is related to the unrenormalizability 
of the field theory for an elementary p. For other par- 
ticles, like the w meson, for which renormalizable field 
theories can be constructed, both hypotheses may be 
logically tenable—that of an elementary w® correspond- 
ing toa CDD pole and that of a dynamical w®. In such 
a case, differences in high energy behavior may lead to 
the possibility of experimental discrimination between 
the two situations. 
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